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Interfaces in disordered systems and directed polymer



Disordered medium

Interface

Role of disorder 
on the shape & dynamics of 

the interface?

Can we engineer given 
geometrical/dynamical properties 

by tuning disorder?

What can we infer on disorder 
from the interface shape?



Interfaces can be found everywhere…

⬅ Scotland coastline

⬅ Crack in a pavement

Crack at the Moon’s 
surface ➞

Lengthscale matters!

Scale invariance?



Moulinet et al., Eur. Phys. J. E 8, 437 (2002).

Contact line

Experimental examples of 'disordered elastic systems'

Buldyrev et al., Phys. Rev.  A 45, 8313 (1992).

Imbibition front



Moulinet et al., Eur. Phys. J. E 8, 437 (2002).

Contact line
Imbibition front

Burning front

Experimental examples of 'disordered elastic systems'



Moulinet et al., Eur. Phys. J. E 8, 437 (2002).

Contact line

Lemerle et al., Phys. Rev. Lett. 80, 894 (1998).

90x72µm2

Ferromagnetic domain walls

(Ultrathin film of Pt/Co/Pt)

Magnetic pulse

Buldyrev et al., Phys. Rev.  A 45, 8313 (1992).

Imbibition front

Burning front

Santucci et al., Phys. Rev. E 75, 016104 (2007).

Crack fronts

Experimental examples of 'disordered elastic systems'



Moulinet et al., Eur. Phys. J. E 8, 437 (2002).

Contact line

Lemerle et al., Phys. Rev. Lett. 80, 894 (1998).

90x72µm2

Ferromagnetic domain walls

(Ultrathin film of Pt/Co/Pt)

Magnetic pulse

Two competing ingredients: 
elasticity & disorder

Mini-review:  E. Agoritsas, V. Lecomte, T. Giamarchi, Physica B 407, 1725 (2012).
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Imbibition fronts in porous media
Burning fronts in paper/forest fires
Fracture/cracks fronts
Vortices in high-Tc supraconductors
Proliferating bacteria/cell fronts
etc.

Experimental examples of 'disordered elastic systems'



Moulinet et al., Eur. Phys. J. E 8, 437 (2002).

Contact line

Ferromagnetic domain walls

(Ultrathin film of Pt/Co/Pt)

Two competing ingredients: 
elasticity & disorder

Mini-review:  E. Agoritsas, V. Lecomte, T. Giamarchi, Physica B 407, 1725 (2012).
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J. Gorchon et al., Phys. Rev. Lett. 113, 027205 (2014).

Experimental examples of 'disordered elastic systems'

Imbibition fronts in porous media
Burning fronts in paper/forest fires
Fracture/cracks fronts
Vortices in high-Tc supraconductors
Proliferating bacteria/cell fronts
etc.



Statistical-physics approach: effective mesoscopic description

 Ubiquitous in nature, large variety of lengthscales & microphysics.
BUT do they share nevertheless common (universal?) features?

Review:  A.-L. Barabàsi & H. E. Stanley, Fractal Concepts in Surface Growth, Cambridge University Press, 1995.

MICRO

MACRO

⇒ Only statistical characterization of disorder

 Emergent structures, supported by a disordered underlying medium.

 Increasing complexity starting from a microscopic ‘bulk’ description.
⇒ Need of a mesoscopic effective starting point

 Effective description depending on the lengthscale considered.
⇒ Expectation of some kind of scale invariance

How do they look like?

How do they respond when one pulls at them?

How does disorder modify a pure system?

Probe of disorder-conditioned features 
in statics/dynamics



V (x, z)

Disordered Elastic Systems (DES) — Generic theoretical framework

 Competition of three physical ingredients:

DISORDERELASTICITY

TEMPERATURE

 Exploration of disordered energy landscapes

V (x)

x

Simplest extended objects in a 
quenched disordered landscape

Mini-review on DES:  E. Agoritsas, V. Lecomte, & T. Giamarchi, Physica B 407, 1725 (2012).



Disordered Elastic Systems (DES) — Physical ingredients

 Dimensionality Interfaces or periodic systems

2D interface ➡

⬅ 1D interface

x
y

z

Effective 1D interface? NO!!

Dimensional crossover?

Internal dimension:
Transverse dimension:

Physical space dim.
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Disordered Elastic Systems (DES) — Physical ingredients

 Dimensionality Interfaces or periodic systems

P. Le Doussal and T. Giamarchi, , "Moving glass theory of driven lattices with disorder", Phys.Rev. B 57, 11356 (1998).

physics in d53 and d532e . We study T50 and T.0. In
Sec. VII we study a two-dimensional version of the moving
glass equation model III. This allows us to obtain results in
d52 at T.0 and in d521e . Having obtained a good un-
derstanding of the transverse physics in the sections devoted
to model III, we are now in good position to tackle the full
problem. We treat in Sec. VIII A the RG of model II and in
Sec. VIII B we examine the full model I, show that linear
terms and KPZ terms are generated at large scales and dis-
cuss some consequences. Conclusions can be found in Sec.
IX and many technical details have been hidden in the six
Appendixes of the paper.

II. MOVING STRUCTURES AND MOVING GLASSES

A. Moving structures: General considerations

All the structures we consider share the same basic fea-
tures. The static system in the absence of quenched substrate
disorder consists of a network of interacting objects at equi-
librium positions Ri

0 , forming either a perfect lattice ~peri-
odic case! or elastic manifolds ~nonperiodic case!. Depend-
ing on the system the objects can be either pointlike ~e.g.,
electrons in a Wigner crystal! or lines ~vortex lines in super-
conductors!. Deformations away from equilibrium positions
are described by displacements ui or in a coarse-grained de-
scription u(r ,t) where r is the internal coordinate. A com-
plete characterization of the structure in motion uses three
parameters ~i! the internal dimension D , ~ii! the number of
components n of the displacement field ua, and ~iii! the em-
bedding space dimension d . Two examples are shown in Fig.
2 and more details are given in Appendix E. Since we are
mostly interested here in periodic structures ~though not ex-
clusively! we can set D5d . We consider motion along one
direction called x , and we parametrize throughout all this
paper the space variable r as r5(x ,y ,z) where x is one
dimension, y has a priori n21 dimensions, and z has dz
5d2n dimensions, and the displacements along motion as
ux and transverse to motion as uy . Three-dimensional trian-
gular flux-line lattices driven along a lattice direction thus

have d53, n52, r5(x ,y ,z), u5(ux ,uy), where z denotes
the direction of the magnetic field. Two-dimensional triangu-
lar lattices of point vortices have d52, n52, r5(x ,y).
At finite temperatures or in the presence of quenched sub-

strate disorder the structure is deformed. An important issue
is then to characterize the degree of order. This can be ex-
pressed in terms of displacements correlation functions. The
simplest one measures the relative displacements of two
points ~e.g., two vortices! separated by a distance r

B̃~r !5
1
n ^@u~r !2u~0 !#2&, ~2!

where ^ & denotes an average over thermal fluctuations
and—is an average over disorder. The growth of B̃(r) with
distance is a measure of how fast the lattice is distorted. For
thermal fluctuations alone in d.2, B̃(r) saturates at finite
values, indicating that the lattice is preserved. Intuitively it is
obvious that in the presence of disorder B̃(r) grows faster
and can become unbounded. B̃(r) can directly be extracted
from direct imaging of the lattice, such as performed in deco-
ration experiments of flux lattices. Related to B̃(r) is the
structure factor of the lattice, obtained by computing the
Fourier transform of the density of objects r(r)5( id

d(r
2Ri

02ui). The square of the modulus urku2 of the Fourier
transform of the density is measured directly in diffraction
~neutrons, x rays! experiments. For a perfect lattice the dif-
fraction pattern consists of d-function Bragg peaks at the
reciprocal vectors. The shape and width of any single peak
around K can be Fourier transformed to obtain the transla-
tional order correlation function given by

CK~r !5^eiK•u~r !e2iK•u~0 !&. ~3!

For simple Gaussian fluctuations ~and isotropic displace-
ments! CK(r)5e2 (K2/2)B̃(r) but such a relation holds only
qualitatively in general ~as a lower bound!. CK(r) is there-
fore a direct measure of the degree of translational order that
remains in the system. Three cases are possible ~see Fig. 1 in
Ref. 35!: ~a! for thermal fluctuations alone CK(r)!Cste,
one keeps the perfect d-function Bragg peaks, albeit with a
reduced weight ~b! CK(r) decays exponentially fast. The
structure factor has no divergent peak, translational order is
destroyed beyond length Ra , although some degree of order
persists at short distance ~c! CK(r) decays as a power law.
The structure factor still has divergent peaks but not d func-
tions. One retains quasi-long-range translational order. This
is the case, e.g., in d52 at low temperature ~Kosterlitz-
Thouless! or in the Bragg glass. Depending on how much
crystalline order remains in the system the structure factor
has extremely different behaviors as depicted in Fig. 3.
Quite surprisingly, if one takes into account correctly the

periodicity of the lattice, a thermodynamic phase without dis-
locations was predicted to exist in d53 at weak
disorder.44,45 This phase, named the Bragg glass, has quasi-
long-range order with Bragg peaks diverging at least as
q2(32A3) ~with A3'1!, similar to dashed lines in Fig. 3. At
the same time displacements B(r) grow logarithmically at
large scale. Similar predictions hold for other elastic models
such as random-field XY systems, and a priori also for liquid

FIG. 2. Two cases of a driven structure. ~a! An interface D
52, n51, d53, driven orthogonal to its internal space. ~b! A tri-
angular line lattice D53, n52, d53 driven within its internal
space.

57 11 359MOVING GLASS THEORY OF DRIVEN LATTICES WITH . . .
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Disordered Elastic Systems (DES) — Physical ingredients

 Elasticity: Long-range versus short-range, e.g. Hel / system size

 Disorder:

- ‘Random-bond’ versus ‘random field’
- Collective weak pinning versus strong individual pinning centers

- Quenched versus annealed disorder
HDES = Hel +Hdis

 Dimensionality Interfaces or periodic systems

 Internal degree of freedom?

 Finite width / Disorder correlation

�⇠

⇠

 No bubbles nor overhangs

 Equilibrium / Out-of-equilibrium?
Mini-review on DES:  E. Agoritsas, V. Lecomte, & T. Giamarchi, Physica B 407, 1725 (2012).



Disordered Elastic Systems (DES) — Observables for probing disorder

Probe of disorder-conditioned features 
in STATICS/DYNAMICS

Geometrical fluctuations 
& roughness 

as function of the lengthscale

Center-of-mass dynamics: 
Steady-state velocity 

under an external force

 No bubbles/overhangs

 Internal structure (width, internal DoF, …)

 At (non-)equilibrium / external drive

V (x)

x

V (x)

x

V (x, z)

How do they look like?
How do they respond when one pulls at them?

How does disorder modify a pure system?

 Dimensionality

 Elasticity

 Disorder
 Temperature

<latexit sha1_base64="j1AnNL6KkYbjXPqvdxA72ANc/h0="></latexit>8
>>>>>>>>>><
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DES recipe

Mini-review on DES:  E. Agoritsas, V. Lecomte, & T. Giamarchi, Physica B 407, 1725 (2012).



Disordered Elastic Systems (DES) — Selective bibliography

 T. Giamarchi, Encyclopedia of Complexity and Systems Science (2009), 
"Disordered Elastic Media"

E. Agoritsas, V. Lecomte, T. Giamarchi, Physica B 407, 1725 (2012), 
"Disordered elastic systems and one-dimensional interfaces"

T. Giamarchi, A. B. Kolton, A. Rosso, Lecture Notes in Physics 688, 91 (2006) [arXiv:0503437], 
"Dynamics of disordered elastic systems"

D. S. Fisher, Physics Reports 301, 113 (1998), 
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K. J. Wiese, Reports on Progress in Physics 85, 086502 (2022), 
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Introduction to 
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About ~50 years of literature in theory/experiments/numerics! ⇒ See reviews with refs therein
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2.1 Observables: geometrical fluctuations and 
center-of-mass dynamics 

2.2 Specific model: Hamiltonian, Langevin 
dynamics, dynamical action



Observable 1: Geometrical fluctuations & roughness

RESOLUTION: 1µm
Ultrathin film of Pt/Co/Pt (a few atomic layers)

90x72µm2

S. Lemerle, J. Ferré, C. Chappert,  V. Mathet, T. Giamarchi, 
& P. Le Doussal, Phys. Rev. Lett. 80, 849 (1998).

Ferromagnetic domain wall (⇠ ⇠ 50nm)

J. Guyonnet, E. Agoritsas, S. Bustingorry, T. Giamarchi, 
& P. Paruch, Phys. Rev. Lett. 109, 147601 (2012).

RESOLUTION: 5nm
PbZr0.2Ti0.8O3 70nm / SrRuO3 30nm (electrode) / 

SrTiO3 (substrate)

500nm

Ferroelectric domain wall (⇠ ⇠ 1nm)



Observable 1: Geometrical fluctuations & roughness

 Statistical analysis of a snapshot of an interface configuration ⇒ access to the roughness

u(z+r)

u(z)

x

z

r

(uz, z)

�uz(r)

�u(r)

P(�u(r))

r

B(r)1/2

⇢
⇣thermal = 1/2
⇣KPZ = 2/3

 Roughness exponent for 1D interface:

(short-range elasticity & random-bond disorder)

 Probability distribution function P(�u(r))

 Roughness function: B(r) = h�u(r)2i ⇠ Ar2⇣

 Lengthscale    r �u(r)- Relative displacement

Signature of the predominant physics
⇒ Universality classes?

Roughness exponent    :
<latexit sha1_base64="hqZGXMQP82gXQtFJGzs5W1XBrLQ="></latexit>

⇣

Mini-review on DES:  E. Agoritsas, V. Lecomte, & T. Giamarchi, Physica B 407, 1725 (2012).

Different roughness regimes? 
Amplitude(s)/Crossover(s)



Observable 1: Geometrical fluctuations & roughness

Domain walls in ultrathin Pt/Co/Pt ferromagnetic films

S. Lemerle et al., Phys. Rev. Lett. 80, 849 (1998).

⇣exp = 0.69± 0.07

lo
g
B
(r
)

log r

SLOPE=2⇣

(55µm)(0.28µm)

SATURATION

Buldyrev et al., Phys. Rev.  A 45, 8313 (1992).

Fluid invasion in a porous medium

log r
lo
g
B
(r
)

⇣exp = 0.63± 0.04



versus

vT (F ) = @tuCM(t)

FFc0

QUASISTATICS DEPINNING LARGE VELOCITY
F ⌧ Fc F � FcF ⇡ Fc

vT=0(F )
T %

Thermal rounding
vT (Fc) ⇠ T� 

Nature of the moving phase?
B(r, t), S(q, t)Thermally Assisted 

Flux Flow (TAFF)
vT (F ) ⇠ e��/TF

Creep 

vT (F ) ⇠ e�
Uc
T (Fc

F )µ

Depinning exponent β
⇠ (F � Fc)

�vT=0(F & Fc)

E. Agoritsas et al., Physica B 407, 1725 (2012).
T. Giamarchi et al., Lecture Notes in Physics 688, 91 (2006).
E. Ferrero et al., Comptes Rendus Physique 14, 641 (2013).
E. Ferrero et al., Annu. Rev. Con. Math. Phys. 12, 111(2021).

‘Creep’ regime:
quasistatics at low temperature

& small force

 Focus on low temperature     / small force     / large system size    : creep prediction?T f L

1D interface, short-range elasticity 
(elastic limit), random-bond disordervT (F ) ⇠ e�

Uc
T (Fc

F )µ µ =
d� 2 + 2⇣

2� ⇣

(⇣=2/3)
=

(d=1)
=

1

4

Observable 2 — Steady-state velocity-force characteristics

In ferromagnetic domain walls: S. Lemerle et al., Phys. Rev. Lett. 80, 849 (1998).



A. I. Larkin, Sov. Phys. JETP 31, 784 (1970),

"Effect of inhomogeneities on the structure of the mixed state of superconductors"

 Vortices in high-Tc supraconductors

Observable 2 — Steady-state velocity-force characteristics
Elastic line, short-range elasticity 
(elastic limit), random-bond disorder



Observable 2 — Steady-state velocity-force characteristics

versus

vT (F ) = @tuCM(t)

FFc0

QUASISTATICS DEPINNING LARGE VELOCITY
F ⌧ Fc F � FcF ⇡ Fc

vT=0(F )
T %

Thermal rounding
vT (Fc) ⇠ T� 

Nature of the moving phase?
B(r, t), S(q, t)Thermally Assisted 

Flux Flow (TAFF)
vT (F ) ⇠ e��/TF

Creep 

vT (F ) ⇠ e�
Uc
T (Fc

F )µ

Depinning exponent β
⇠ (F � Fc)

�vT=0(F & Fc)

Elastic line, short-range elasticity 
(elastic limit), random-bond disorder

Scaling argument 
for the creep

Individual vortex v.s. 
collective pinning

M.V. Feigel’man et al., Phys. Rev. Lett. 63, 2303 (1989).
M.V. Feigel’man & V. M. Vinokur., Phys. Rev. B 41, 8986 (1990).
T. Nattermann, Phys. Rev. Lett. 64, 2454 (1990).
T. Giamarchi & P. Le Doussal, Phys. Rev. B 52, 1242 (1995).
Etc.

A. I. Larkin, Sov. Phys. JETP 31, 784 (1970).

 Vortices in high-Tc supraconductors

J. Ferré, P.  T. Metaxas, A. Mougin, J.-P. Jamet, J. Gorchon, 
& V. Jeudy, Comptes Rendus Physique 14, 651 (2013).

J. Gorchon et al., Phys. Rev. Lett. 113, 027205 (2014).
V. Jeudy et al., Phys. Rev. Lett. 117, 057201 (2016).
etc.

S. Bustingorry et al., Phys. Rev. B 85, 214416 (2012).

 Ferromagnetic domain walls in ultra-thin films

90x72µm2

Pt/Co/Pt

S. Lemerle et al., Phys. Rev. Lett. 80, 849 (1998).

 Imbibition fronts, fractures, fluid invasion in porous medium, etc. via DES modelling

 Ferroelectric domain walls in thin film (e.g. Pb(Zr0.2Ti0.8)O3)
P. Paruch & J. Guyonnet, Comptes Rendus Physique 14, 667 (2013).

Other dimensionality/elasticity/disorder



Roughness and creep exponents

Domain walls in ultrathin Pt/Co/Pt ferromagnetic films

S. Lemerle et al., Phys. Rev. Lett. 80, 849 (1998).

⇣exp = 0.69± 0.07

lo
g
B
(r
)

log r

SLOPE=2⇣

(55µm)(0.28µm)

SATURATION

VOLUME 80, NUMBER 4 P HY S I CA L REV I EW LE T T ER S 26 JANUARY 1998

FIG. 1. Typical magneto-optical image (size 90 3
72 mm2, l ≠ 638.1 nmd. The gray part corresponds to
the surface swept by the domain wall during 111 ms at 460 Oe
(T ≠ 23 ±C). The dark part is the original domain.

To measure the average MDW velocity y ≠ Lavgyt, one
simply generates a pulse of field during a time t and
measures the average distance Lavg, swept by the do-
main wall. An electromagnet is used at low fields sH ,
120 Oed and long times t s10 , t # 6300 sd. For higher
fields s100 # H # 1893 Oed and shorter times, a set of
small coils was used s524 ns # t # 2 sd. MDW veloci-
ties from 0.35 nmys to 41.4 mys were explored. Figure 1
shows a typical image obtained at a field H ≠ 460 Oe,
without processing other than thresholding. The errors of
the average velocities measurements were estimated to be
less than 5%. The curve y-H, displayed in Fig. 2(a), is
also shown as a semilog plot in Fig. 2(b). As can be seen
in Fig. 2(a), the critical field Hcrit is not easy to determine.
Following previous studies of AuyCoyAu sandwiches [25]
and extrapolating the high field linear part of Fig. 2(a) to
y ≠ 0, we obtain Hcrit ¯ 692 Oe (in Ref. [25], Hcrit was
called the propagation field). Since MDW motion was
observed down to H ≠ 38 Oe, the condition H ø Hcrit
was fulfilled and the creep regime explored. This ex-
plains the strong decrease of the velocity [Fig. 2(b)] in the
low field regime. This behavior could not be observed in
AuyCoyAu since the MDW propagation was too slow to
carry out experiments at H , Hcrity2. In order to check
Eq. (4), a plot of lnsyd versus s1yHd1y4 is shown in Fig. 3.
The variation is effectively linear in the low field range
fH , 0.15 kOe, i.e., s1yHd1y4 . 1.6g. A slight curvature
is observed above, which suggests that the system leaves
the creep regime. To verify m ≠ 0.25, we plot lnsyd ver-
sus s1yHdm (still for H , 150 Oe) for several m values
in the range 0.05–1.00. Linear and polynomial fit studies
then lead tom ≠ 0.24 6 0.04. This rules out the possibil-
ity of a three dimensional exponent,m ≠ 1y7 orm ≠ 1y2,
a further proof of the 2D behavior of our system. This is
the first direct evidence of the creep regime for an interface
moving in a disordered medium.
As was pointed out previously, the creep regime ex-

pression (4) comes directly from the scaling of the static
correlation function (2). To test the validity of expres-
sion (2), 36 measurements of the correlation function were

FIG. 2. (a),(b): MDW velocity versus applied magnetic field
at room temperature (y in mys). The dashed line in (a) is
the linear fit of the high field part sH . 0.86 kOed and the
arrow marks its intersection with the line ysHd ≠ 0. This is
the definition of Hcrit.

performed on 36 different MDW, on different parts of
the sample at room temperature. For each measurement,
the sample was saturated, a domain wall was created and
driven for 20 –45 min at H ≠ 50 Oe (i.e., at a MDW ve-
locity y ≠ 7 nmys). A sufficiently small field was applied
so that the system was in the quasistatic regime. Then,
just after switching off the field, the image of the MDW
was stored and the wandering exponent z determined. A
typical variation of the correlation function is displayed in

FIG. 3. Natural logarithm of MDW velocity as a function of
s1yHd1y4 (room temperature, H # 955 Oe).

851
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FIG. 1. Typical magneto-optical image (size 90 3
72 mm2, l ≠ 638.1 nmd. The gray part corresponds to
the surface swept by the domain wall during 111 ms at 460 Oe
(T ≠ 23 ±C). The dark part is the original domain.

To measure the average MDW velocity y ≠ Lavgyt, one
simply generates a pulse of field during a time t and
measures the average distance Lavg, swept by the do-
main wall. An electromagnet is used at low fields sH ,
120 Oed and long times t s10 , t # 6300 sd. For higher
fields s100 # H # 1893 Oed and shorter times, a set of
small coils was used s524 ns # t # 2 sd. MDW veloci-
ties from 0.35 nmys to 41.4 mys were explored. Figure 1
shows a typical image obtained at a field H ≠ 460 Oe,
without processing other than thresholding. The errors of
the average velocities measurements were estimated to be
less than 5%. The curve y-H, displayed in Fig. 2(a), is
also shown as a semilog plot in Fig. 2(b). As can be seen
in Fig. 2(a), the critical field Hcrit is not easy to determine.
Following previous studies of AuyCoyAu sandwiches [25]
and extrapolating the high field linear part of Fig. 2(a) to
y ≠ 0, we obtain Hcrit ¯ 692 Oe (in Ref. [25], Hcrit was
called the propagation field). Since MDW motion was
observed down to H ≠ 38 Oe, the condition H ø Hcrit
was fulfilled and the creep regime explored. This ex-
plains the strong decrease of the velocity [Fig. 2(b)] in the
low field regime. This behavior could not be observed in
AuyCoyAu since the MDW propagation was too slow to
carry out experiments at H , Hcrity2. In order to check
Eq. (4), a plot of lnsyd versus s1yHd1y4 is shown in Fig. 3.
The variation is effectively linear in the low field range
fH , 0.15 kOe, i.e., s1yHd1y4 . 1.6g. A slight curvature
is observed above, which suggests that the system leaves
the creep regime. To verify m ≠ 0.25, we plot lnsyd ver-
sus s1yHdm (still for H , 150 Oe) for several m values
in the range 0.05–1.00. Linear and polynomial fit studies
then lead tom ≠ 0.24 6 0.04. This rules out the possibil-
ity of a three dimensional exponent,m ≠ 1y7 orm ≠ 1y2,
a further proof of the 2D behavior of our system. This is
the first direct evidence of the creep regime for an interface
moving in a disordered medium.
As was pointed out previously, the creep regime ex-

pression (4) comes directly from the scaling of the static
correlation function (2). To test the validity of expres-
sion (2), 36 measurements of the correlation function were

FIG. 2. (a),(b): MDW velocity versus applied magnetic field
at room temperature (y in mys). The dashed line in (a) is
the linear fit of the high field part sH . 0.86 kOed and the
arrow marks its intersection with the line ysHd ≠ 0. This is
the definition of Hcrit.

performed on 36 different MDW, on different parts of
the sample at room temperature. For each measurement,
the sample was saturated, a domain wall was created and
driven for 20 –45 min at H ≠ 50 Oe (i.e., at a MDW ve-
locity y ≠ 7 nmys). A sufficiently small field was applied
so that the system was in the quasistatic regime. Then,
just after switching off the field, the image of the MDW
was stored and the wandering exponent z determined. A
typical variation of the correlation function is displayed in

FIG. 3. Natural logarithm of MDW velocity as a function of
s1yHd1y4 (room temperature, H # 955 Oe).
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e.g.

 Overdamped dynamics: ‘quenched Edwards-Wilkinson’:

� @tu(z, t) = c@2
zu(z, t) + Fdis(z, u(z)) + fext + ⌘thermal(z, t)

h⌘th(z, t)⌘th(z0, t0)i = 2�T �(z � z0)�(t� t0)
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Experimental realisation: moving ferromagnetic domain wall

 V. Repain et al. @ Orsay (Pt/Co/Pt)

 Here focus on ‘quenched Edwards-Wilkinson’ (qEW):

� @tu(z, t) = c@2
zu(z, t) + Fdis(z, u(z)) + fext + ⌘thermal(z, t)



Experimental realisation: moving ferromagnetic domain wall

 V. Repain et al. @ Orsay: Pt/Co(0,5 nm)/Pt/SiO2



Overdamped dynamics / RB vs RF disorder

 Overdamped dynamics for numerics / field-theory: HDES = Hel +Hdis
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where !0 the average density.11 The potential W is random,
of short range r f "e.g., point impurities for a vortex lattice or
a CDW#. We call this case ‘‘random periodic’’ "RP#.
In both cases, using Eqs. "2.3#–"2.6# and "2.2# one obtains

for the correlations of V in Eq. "2.2#

$V"r ,u #!V"r!,u!#%2"!2&rr!R"u!u!#, "2.7#

where R(u) is a periodic function with the periodicity a of
the lattice in the periodic "RP# case.28 The & function is cut
off at the microscopic scale r f .
For an interface, R(u) has the shape shown in Fig. 3. In

that case, the width r f of R(u) is typically given by the
width of the interface or the size of impurities. The force
resulting from such a random bond disorder has
correlations29

F"r ,u #F"r!,u!#"&rr!'"u!u!# "2.8#

as shown in Fig. 3 where

'"u #"!R""u #. "2.9#

The signature of such a RB disorder for the interface is that
('"0 since R!(u) decreases to zero at infinity.
Another type of disorder occurs in the case of interfaces

separating two phases, like, e.g., a domain wall in a disor-
dered magnet. A random field couples differently to the two
phases on the right and left of the interface, thus the energy
resulting from the coupling to disorder involves an integral
in the bulk of the system and not just at the interface posi-
tion. The correlation of the force can still be expressed by
Eq. "2.8# and ' still decreases to zero above a scale r f as
shown on Fig. 3. Contrarily to the RB case, (' does not
vanish. For a single-component displacement field u, the RF,
of correlator "2.8#, is still formally the derivative of a poten-
tial V(r ,u)"!(udu!F(r ,u!). The correlations of this ficti-
tious potential are of the form "2.7# with R(u)
"!(0

udu!(0
u!du"'(u"), and one has R(u)!! 1

2 "u"(' for
"u"#r f which can be visualized as a random walk "where u
plays the role of ‘‘time’’ and the random-field strength ('
"!2R!()) is the ‘‘diffusion constant’’#. Contrarily to the
RB for which R(u) is short range, R(u) for the RF grows at
large u as shown on Fig. 3.
In this paper we study the overdamped driven motion of

such elastic systems which obey

*+ turt"c,2urt$F"r ,urt#$-rt$ f , "2.10#

where * is a friction, f is the external driving force density
and -rt a Langevin noise. The correlation .-rt-r!t!/
"2*T&rr!& tt! defines as usual a temperature T for this out
of equilibrium system. The long time behavior of Eq. "2.10#
at zero drive f"0, reduces to the thermodynamics at tem-
perature T. In Eq. "2.10# the bare30 pinning force F(r ,u) is
Gaussian with zero average and correlator given by Eq. "2.8#.
We will consider three universality classes for ' correspond-
ing to an interface in a random potential "RB#, in a random
field "RF#, or a periodic system in a random potential "RP#.
Physical realizations of such disorders would be, respec-
tively, a random anisotropy for a magnetic domain wall,1 the
random-field Ising systems,31 and vortex lattices or
CDW’s.11,25
It is also useful to rewrite Eq. "2.10# in the comoving

frame at average velocity v".+ turt/ . In the remainder of this
paper, we switch to urt→urt$vt and thus study the follow-
ing equation of motion:

# .+ turt/"0

"*+ t!c,2#urt"F"r ,vt$urt#$-rt$ f̃
, "2.11#

where f̃" f!*v is the average pinning force and r belongs
to a D-dimensional internal space. From now on we special-
ize to an unidimensional displacement field ur as would be
the case for an interface model or a single Q CDW. This
simpler case already captures the main physics at small ve-
locity, investigated here. Extensions to many-component
systems will be briefly discussed.
Before giving a quantitative treatment using renormaliza-

tion group, let us review the qualitative arguments which
have been given previously to describe the physics originat-
ing from Eq. "2.10#.

III. PRELIMINARY ARGUMENTS

A. Statics

In the absence of drive, Eq. "2.10# is equivalent to the
equilibrium problem at temperature T. The state of the sys-
tem results from the competition between elasticity, pinning,
and thermal fluctuations. The physics of such problems can
be investigated by a host of methods4,11,16,7,8 and here we
only recall the salient points. Temperature does not play an
important role as will become clear and we begin with the
T"0 case.
A subsystem of size R, with displacement w(R)

"!(uR!u0)2, is submitted to a typical elastic force density
f el"cw(R)/R2 and to a typical pinning force density f pin
"!'(0)/RD. Balancing these quantities, one obtains that
elasticity wins at large scales for D%4, resulting in a flat
interface with a priori bounded displacements. In D&4, sys-
tems of size R smaller than the Larkin length

Rc"$ c2r f2'"0 # % 1/4!D

"3.1#

wander as predicted by the Larkin model:7

FIG. 3. Up: RB case, down: RF case. Right: correlator of the
potential, left: correlator of the force.
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Overdamped dynamics & MSR dynamical action

HDES = Hel +Hdis

h⌘th(z, t)⌘th(z0, t0)i = 2�T �(z � z0)�(t� t0)Gaussian noise of zero mean and 2-pt correlator :

 Here focus on ‘quenched Edwards-Wilkinson’ (qEW):

� @tu(z, t) = c@2
zu(z, t) + Fdis(z, u(z)) + fext + ⌘thermal(z, t)
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 Martin-Siggia-Rose (MSR) dynamical action:
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Interlude: random-bond versus random-field

Two equivalent formulations of the disorder Hamiltonian:
4 Recapitulation

4.1 Generic definition of the disorder Hamiltonian (1) and (2)

Hdis =

Z
d
d
z d

m
x · ⇢u (x, z)| {z }

density

· V (x, z)| {z }
random potential

=

Z
d
d
z d

m
x · Pu (x, z)| {z }

profile

· h (x, z)| {z }
random field

(45)

with
�rxV (x, z) = h(x, z) and rxPu(x, z) = ⇢u(x, z)
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Random-bond ↔ delta-correlated random potential:
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formulation:
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4 Recapitulation

4.1 Generic definition of the disorder Hamiltonian (1) and (2)
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density

· V (x, z)| {z }
random potential

=
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profile
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random field
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with
�rxV (x, z) = h(x, z) and rxPu(x, z) = ⇢u(x, z)

4.2 RB v.s. RF starting point
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4.4 Potential v.s. field (7) (8) (11)

V (x, z) ⌘ �
1

2

✓Z x

�1
�

Z 1

x

◆
dx

0
· h

�
x
0
, z
�
= �

Z
dx

0
Z

d̄q
e
iq(x�x0)

iq
· h

�
x
0
, z
�

4.5 Density v.s. profile (13) (14) (17)

Pu (x, z) ⌘
1

2

✓Z x

�1
�

Z 1

x

◆
dx

0
· ⇢u

�
x
0
, z
�
=

Z
dx

0
Z

d̄q
e
iq(x�x0)

iq
· ⇢u

�
x
0
, z
�

4.6 RB Hamiltonian (20) (22) (21) (23) (29)

The starting point of a random-bond disorder is a �-correlated random potential, so we use the
formulation:

H
RB
dis [u, V ] =

Z
dz

Z
dx · ⇢u (x, z) · V (x, z)

| {z }
effective random potential

=

Z
dz · eV (uz, z)

with the corresponding disorder correlators:

V (x, z)V (x0, z0) = D · �
�
z � z

0�
· �

�
x� x

0�

eV (x, z) eV (x0, z0) = �
�
z � z

0�
·R

RB
⇢

�
uz, u

0
z

�

=) R
RB
⇢

�
uz, u

0
z

�
⌘ D

Z
dx · ⇢u (x, z) ⇢u0 (x, z)

Correlators of RB v.s. RF Disorder 9

and using the invariance through translation and the symmetry of the density, we have:
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4.7 RF Hamiltonian (37) (38) (39) (40) (43) (44)

The starting point of a random-field disorder is a �-correlated random field, so we use the for-
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Random-field ↔ delta-correlated random force:
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The starting point of a random-field disorder is a �-correlated random field, so we use the for-
mulation:

H
RF
dis [u, h] =

Z
dz dx · Pu (x, z) · h (x, z) =

Z
dz

1

2

✓Z uz

�1
�

Z 1

uz

◆
dx · h̃ (x, z)

with the corresponding disorder correlators:

h(x, z)h(x0, z0) = D · �
�
z � z

0�
· �

�
x� x

0�

h̃ (x, z) h̃ (x0, z0) = �
�
z � z

0�
·�RF

⇢

�
x, x

0�

and using the invariance through translation and the symmetry of the density, we have again:

⇢u(x, z) = ⇢ (|x� uz|) =)

⇢
�RF

⇢ (x, x0) = �RF
⇢ (|x� x

0
|)

e�RF
⇢ (�) = D · ⇢̃ (�)2

or alternately:

e�RF
⇢ (�) =

Z
d̄�

0
· e�RF

⇢

�
�,�

0� = D

Z
d̄�

0
· �̄

�
�+ �

0�
⇢̃ (�)2 = D · ⇢̃ (�)2

We thus have:
R
dx dx

0
·
1
2 [✓ (uz � x)� ✓ (x� uz)]

1
2 [✓ (u

0
z0 � x

0)� ✓ (x0 � u
0
z0)] · h̃ (x, z) h̃ (x0, z0)

= � (z � z
0) ·

R
d̄� ·

ei�(uz�u0z)

�2
e�RF
⇢ (�)

= � (z � z
0) ·

⇣R uz

�1�
R1
uz

⌘
dx

⇣R u0
z

�1�
R1
u0

z

⌘
dx

0
·�RF

⇢ (x� x
0)

10 Correlators of RB v.s. RF Disorder

4 Recapitulation

4.1 Generic definition of the disorder Hamiltonian (1) and (2)

Hdis =

Z
d
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m
x · ⇢u (x, z)| {z }

density

· V (x, z)| {z }
random potential

=

Z
d
d
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x · Pu (x, z)| {z }

profile

· h (x, z)| {z }
random field

(45)

with
�rxV (x, z) = h(x, z) and rxPu(x, z) = ⇢u(x, z)

4.2 RB v.s. RF starting point

Random Bond: �-correlated random potential V (x, z) and density of the interface ⇢u (x, z)

V (x, z)V (x0, z0) = D · �
(d)
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Random Field: �-correlated random field or force h(x, z) and profile of the interface Pu (x, z)

h(x, z)h(x0, z0) = D · �
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4.3 Fourier transform of the Heaviside ✓ function (6)
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4.4 Potential v.s. field (7) (8) (11)
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4.5 Density v.s. profile (13) (14) (17)
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4.6 RB Hamiltonian (20) (22) (21) (23) (29)

The starting point of a random-bond disorder is a �-correlated random potential, so we use the
formulation:

H
RB
dis [u, V ] =

Z
dz
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dx · ⇢u (x, z) · V (x, z)

| {z }
effective random potential

=
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with the corresponding disorder correlators:
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and using the invariance through translation and the symmetry of the density, we have:
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4.7 RF Hamiltonian (37) (38) (39) (40) (43) (44)

The starting point of a random-field disorder is a �-correlated random field, so we use the for-
mulation:
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and using the invariance through translation and the symmetry of the density, we have again:
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Be careful about slightly alternative definitions:

where !0 the average density.11 The potential W is random,
of short range r f "e.g., point impurities for a vortex lattice or
a CDW#. We call this case ‘‘random periodic’’ "RP#.
In both cases, using Eqs. "2.3#–"2.6# and "2.2# one obtains

for the correlations of V in Eq. "2.2#

$V"r ,u #!V"r!,u!#%2"!2&rr!R"u!u!#, "2.7#

where R(u) is a periodic function with the periodicity a of
the lattice in the periodic "RP# case.28 The & function is cut
off at the microscopic scale r f .
For an interface, R(u) has the shape shown in Fig. 3. In

that case, the width r f of R(u) is typically given by the
width of the interface or the size of impurities. The force
resulting from such a random bond disorder has
correlations29

F"r ,u #F"r!,u!#"&rr!'"u!u!# "2.8#

as shown in Fig. 3 where

'"u #"!R""u #. "2.9#

The signature of such a RB disorder for the interface is that
('"0 since R!(u) decreases to zero at infinity.
Another type of disorder occurs in the case of interfaces

separating two phases, like, e.g., a domain wall in a disor-
dered magnet. A random field couples differently to the two
phases on the right and left of the interface, thus the energy
resulting from the coupling to disorder involves an integral
in the bulk of the system and not just at the interface posi-
tion. The correlation of the force can still be expressed by
Eq. "2.8# and ' still decreases to zero above a scale r f as
shown on Fig. 3. Contrarily to the RB case, (' does not
vanish. For a single-component displacement field u, the RF,
of correlator "2.8#, is still formally the derivative of a poten-
tial V(r ,u)"!(udu!F(r ,u!). The correlations of this ficti-
tious potential are of the form "2.7# with R(u)
"!(0

udu!(0
u!du"'(u"), and one has R(u)!! 1

2 "u"(' for
"u"#r f which can be visualized as a random walk "where u
plays the role of ‘‘time’’ and the random-field strength ('
"!2R!()) is the ‘‘diffusion constant’’#. Contrarily to the
RB for which R(u) is short range, R(u) for the RF grows at
large u as shown on Fig. 3.
In this paper we study the overdamped driven motion of

such elastic systems which obey

*+ turt"c,2urt$F"r ,urt#$-rt$ f , "2.10#

where * is a friction, f is the external driving force density
and -rt a Langevin noise. The correlation .-rt-r!t!/
"2*T&rr!& tt! defines as usual a temperature T for this out
of equilibrium system. The long time behavior of Eq. "2.10#
at zero drive f"0, reduces to the thermodynamics at tem-
perature T. In Eq. "2.10# the bare30 pinning force F(r ,u) is
Gaussian with zero average and correlator given by Eq. "2.8#.
We will consider three universality classes for ' correspond-
ing to an interface in a random potential "RB#, in a random
field "RF#, or a periodic system in a random potential "RP#.
Physical realizations of such disorders would be, respec-
tively, a random anisotropy for a magnetic domain wall,1 the
random-field Ising systems,31 and vortex lattices or
CDW’s.11,25
It is also useful to rewrite Eq. "2.10# in the comoving

frame at average velocity v".+ turt/ . In the remainder of this
paper, we switch to urt→urt$vt and thus study the follow-
ing equation of motion:

# .+ turt/"0

"*+ t!c,2#urt"F"r ,vt$urt#$-rt$ f̃
, "2.11#

where f̃" f!*v is the average pinning force and r belongs
to a D-dimensional internal space. From now on we special-
ize to an unidimensional displacement field ur as would be
the case for an interface model or a single Q CDW. This
simpler case already captures the main physics at small ve-
locity, investigated here. Extensions to many-component
systems will be briefly discussed.
Before giving a quantitative treatment using renormaliza-

tion group, let us review the qualitative arguments which
have been given previously to describe the physics originat-
ing from Eq. "2.10#.

III. PRELIMINARY ARGUMENTS

A. Statics

In the absence of drive, Eq. "2.10# is equivalent to the
equilibrium problem at temperature T. The state of the sys-
tem results from the competition between elasticity, pinning,
and thermal fluctuations. The physics of such problems can
be investigated by a host of methods4,11,16,7,8 and here we
only recall the salient points. Temperature does not play an
important role as will become clear and we begin with the
T"0 case.
A subsystem of size R, with displacement w(R)

"!(uR!u0)2, is submitted to a typical elastic force density
f el"cw(R)/R2 and to a typical pinning force density f pin
"!'(0)/RD. Balancing these quantities, one obtains that
elasticity wins at large scales for D%4, resulting in a flat
interface with a priori bounded displacements. In D&4, sys-
tems of size R smaller than the Larkin length

Rc"$ c2r f2'"0 # % 1/4!D

"3.1#

wander as predicted by the Larkin model:7

FIG. 3. Up: RB case, down: RF case. Right: correlator of the
potential, left: correlator of the force.
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Case study of the 1D interface in short-range correlated disorder

Experimental motivation: 
relevant e.g. for ultrathin ferromagnetic domain walls Pt/Co/Pt looking 
for characteristic length- and energy-scales

Technical motivation: 
comparison of analytical approximation schemes on a well-defined 
system, while predictions possibly relevant more broadly for the 1D 
KPZ universality class

Universal scalings:
roughness exponent 𝞯=2/3 at 

asymptotically large scales

Non-universal features:
characteristic crossover scales & 

roughness amplitude

• Accessible assuming uncorrelated disorder 
(because of ad hoc exact solutions & symmetries, 
renormalization fixed points, …)

• How does universality emerge from specific 
microphysics, e.g. from correlated disorder?

• If correlated disorder, no exact solutions 
anymore but possible pathologies/divergences 
are regularized

• Allows for existence of physically relevant 
temperature-induced crossover

(⇠ > 0)

Statistical-physics motivation:  
simplest extended object in a quenched disorder

⟹ Model reduction? Center-of-mass dynamics, 
effective disorder/noise? Mean-field descriptions?
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