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2. Local width w(r, t)

It has been found that in many cases, local quantities mea-
suring the interface fluctuations over a smaller window r < L
also exhibit a power-law behavior as a function of r, charac-
terized by the same scaling exponents. One of these quantities
is the local width:

w(r, t) = h[u(z, t)� hu(z, t)ir]2ir
1/2

, (3)

where h· · · ir is a spatial average over windows z 2 Dr of size
r, e.g. hu(z, t)ir = r�1

R
z2Dr

dz u(z, t). This gives essen-
tially the average of the width of the portions of the interface
in a window of size r, and the disorder average is provided
here by averaging over the Nr such windows available on a
given interface, as illustrated in Fig. 1. The local width is the
natural generalization of its global counterpart, and allows us
to probe the geometrical fluctuations as a function of length
scale, exploiting more of the information that is provided by
the displacement field u(z, t). The global width is then the
limiting case w(r = L, t) = W (L, t).

Due to scale invariance, it is expected that when there is
only one characteristic length scale, the local width grows
with the window size as

w(r, t) ⇠
⇢

t⇣/zd for ⇠(t) ⌧ r
r⇣ for ⇠(t) � r.

(4)

The Family-Vicsek scaling property of the global width does
not necessarily imply this scaling behavior for the local
width [40–42] (see Sec. II B 2).

Figure 1. (a) Profile of a 1D interface, parameterized by the dis-
placement field u(z, t). The variance of its relative displacements
{�u(r, t)} is given by the displacement-displacement correlation
function B(r). (b) Schematic illustration of the local width w(r, t)
for r1 < r2. In each box, the dotted line indicates the mean position
hu(z, t)ir of the corresponding segment (which fluctuates with re-
spect to the global mean hu(z, t)iL), and the dashed area its standard
deviation whose average gives w(r, t).

3. Displacement-displacement correlation function B(r, t)

Another local quantity containing geometrical information
on interfaces is the displacement-displacement correlation
function, sometimes referred to as the height-height correla-
tion function, the height-difference correlation function, or
simply the roughness function:

B(r, t) = h[u(z + r, t)� u(z, t)]2iL, (5)

where �uz(r, t) = u(z + r, t)� u(z, t) is the relative trans-
verse displacement between pairs of sites a distance r apart, as
illustrated in Fig. 1, and B(r, t) is simply the variance of the
probability distribution function (PDF) of relative displace-
ments P(�u(r, t)).

For self-affine interfaces with a single characteristic
scale ⇠(t), we have:

B(r, t) ⇠
⇢

t2⇣/zd for ⇠(t) ⌧ r
r2⇣ for ⇠(t) � r.

(6)

This displacement-displacement correlation function provides
a convenient way to experimentally measure the roughness
exponent, and has thus been used as a primary analysis tool in
ferroic systems [8, 24, 26, 43, 44].

Dimensionally, we have B(r, t) ⇠ w(r, t)2, but the physi-
cal content of these two quantities is fundamentally different,
as emphasized side by side in Fig. 1: w(r, t) characterizes
the fluctuations around the mean position over a segment of
size r, whereas B(r, t) measures the correlation between two
points separated by a distance r.

4. Structure factor S(q, t)

An alternative option to real-space correlation functions is
to compute them in reciprocal space. A particularly useful
quantity is the displacement power spectrum, referred to as
the structure factor:

S(q, t) = ũ(q, t)ũ(�q, t), (7)

where

ũ(q, t) =
1

L

Z
dz u(z, t) e�iqz (8)

is the Fourier transform of the displacement field u(z, t) defin-
ing the interface position. Formally, the structure factor S(q)
and the displacement-displacement correlation function B(r)
contain the same geometrical information and are related
through

B(r, t) =

Z
dq

⇡
[1� cos (qr)] S(q, t). (9)

 Working in Fourier. structure factor
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Our roughness & structure factors are 2-pt spatial 
correlations in direct/continuous space, different 
physical content that the global/local width

 Alternative definitions/quantities:

 local width

 global width
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 Issues in experimental (and also numerical) studies of roughness:

Finite statistics: # of samples /       = #pairs for a given lengthscale:               when
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r %

Finite system size: e.g. in ferroelectric domain walls, L=512 pixels ⇒ relevance of power-law exponents?

Finite-time saturation: glassy behaviour, a priori not fully relaxed systems (experimentally/numerically)

Beware of strong impurities: might break locally the elastic description ⇒ non-Gaussian artefacts

Cf. Preprint: J. Guyonnet, E. Agoritsas, P. Paruch, S. Bustingorry,  arXiv:1904.11726 [cond-mat.dis-nn].
A.-L. Barabàsi & H. E. Stanley, Fractal Concepts in Surface Growth, Cambridge University Press, 1995.

S. Bustingorry, J. Guyonnet, P. Paruch, E. Agoritsas,  J. Phys. Condens. Matter 33, 345001 (2021).
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Static roughness regimes & characteristic crossover scales
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Interlude: 'Standard' Flory/Imry-Ma scaling argument

 Short-range elasticity & Elastic limit / Quenched random-bond weak disorder HDES = Hel +Hdis
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 Dimensional analysis / power counting:
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Interlude: Fourier transforms with discrete vs continuous modes

 NB. Fourier transform of the Dirac delta:

Because of the finite length tf and the periodic boundary conditions, the Fourier transform along the
direction t are discrete so we can index them as ! 2 2⇡Z/tf with the following definitions:

ỹ(!) ⌘
Z tf

0
dt e�i!ty(t) , ỹ(0) ⌘ ȳ , y(t) = ȳ +

X

!22⇡Z⇤

ei!tỹ(!) . (6)

or alternatively with sums over !̂ = !/tf 2 2⇡Z:

ỹ(!̂/tf) ⌘
Z tf

0
dt e�i!̂t/tfy(t) , ỹ(0) ⌘ ȳ , y(t) = ȳ +

1

tf

X

!̂22⇡Z⇤

ei!̂t/tf ỹ(!̂/tf) . (7)

Working with the dimensionless modes !̂ is equivalent to decomposing in Fourier modes directly the
rescaled distance t̂ = t/tf 2 [0, 1]. Beware of the additional prefactor 1/tf in front of the sums, which
can be simply understood from the change of variables in

X

!22⇡Z/tf

ei!t = �(t) =
1

tf
�(t/tf) =

1

tf

X

!̂22⇡Z
ei!̂t/tf , (8)

though the zero mode has to be treated with care then. This should be physically equivalent to working with
continuous Fourier modes q 2 [qmin,⇤], with a finite infra-red cutoff qmin ⇠ 1/tf. Note that the ultra-violet
cutoff ⇤ is sent to 1 for a continuous interface. Introducing the compact notations d̄dq ⌘ ddq/(2⇡)d and
�̄ (d)(q) ⌘ (2⇡)d�(q) for a generic dimension d, we have then:

ỹ(q) ⌘
Z tf

0
dt e�iqty(t) , y(t) ⇡ ȳ + 2

Z
1

qmin

d̄q eiqtỹ(q) , (9)

where ȳ is the mean position or ‘center-of-mass’ of the interface, and also corresponds to the zero Fourier
mode ỹ(0) =

R tf

0 dt y(t) = ȳ. Contrarily to discrete modes !, here we choose the continuous modes q to
have the dimension of t�1

f ; we could instead have worked with q̃ = q/qmin 2 [1,1], but as we will see it
is physically more transparent to keep qmin as an explicit IR cutoff in the integrals. [Remark Vivien: would
it be possible to give a proper physical interpretation of working with cutoff continuous modes, by some
convolution? We need to understand what we are really capturing/missing by doing so; a minima we can
compute both the discrete and continous modes sums and compare them, cf. Appendices B-C.]

The interest of introducing Fourier modes is that the elastic energy per mode is then simply quadratic in
the displacement field:

Hel[y(t), tf] =
c

2

Z tf

0
dt (@ty(t))

2 =
1

2

X

!22⇡Z⇤/tf

c!2ỹ(�!)ỹ(!) =
1

2

X

!̂22⇡Z⇤

c!̂2

t3f
ỹ(�!̂/tf)ỹ(!̂/tf)

⇡
Z

1

qmin

d̄q cq2 ỹ(�q)ỹ(q) ,

(10)

and it does not depend on ȳ. In fact, when examining static properties of the interface, we can simply
fix ȳ = ỹ(0) = 0. Indeed, in path integral the sums over all possible configurations can be organised
around each possible value for ȳ 2 R, and by statistical translational invariance of disorder the configura-
tions �y(t) = y(t)� ȳ are infinitely redondant, so we can as well keep only those around ȳ = 0 and forget
once and for all about the zero mode. This can be immediately seen on the replicated Hamiltonian (5).
Choosing ȳ = 0 is equivalent to fixing y(0) = 0, as done in the mapping to the 1+1 directed polymer. For
dynamical properties however the fluctuations of this center of mass will be fundamental, for instance for
the steady-state velocity-force characteristics.

We will consider three cases of the static 1D interface, with ȳ = 0:

• (i) Periodic continuous system of finite length tf: discrete modes
We will have everywhere sums on discrete Fourier modes

P
! with ! 2 2⇡Z⇤/tf or equivalently

t�1
f

P
!̂ with !̂ 2 2⇡Z⇤. We should discuss specifically the role and interpretation of the mode ! = 0

that should in fact be excluded of the roughness study, the roughness being defined as the variance of
the relative displacement of the interface.

• (ii) Periodic continuous system of finite length tf: continuous modes
The IR cutoff qmin ⇠ 1/tf allows us to keep track of the finite length of the interface, while dealing
with continous integrals 2

R ⇤
qmin

rather than series (which is much nicer from a technical point of view).
The role of the mode q = 0 should also be discussed apart, especially because in our PRB2010 [1] it
is what forced the solution towards a simple affine power-law, leading eventually to the (wrong) Flory
roughness prediction.
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 If finite length     and periodic boundary conditions, Fourier transform with discrete modes
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where ȳ is the mean position or ‘center-of-mass’ of the interface, and also corresponds to the zero Fourier
mode ỹ(0) =
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fix ȳ = ỹ(0) = 0. Indeed, in path integral the sums over all possible configurations can be organised
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dq
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 Fourier formulation useful if elastic energy per mode is quadratic in the displacement field



CHAPTER 2. MODEL OF A 1D INTERFACE IN A DISORDERED MEDIUM

r ⌘ |z1 � z2|. Indeed, even though an interface is not invariant through translation in the z

direction for a given configuration of disorder V , the disorder average allows to recover this
invariance, which implies that the whole problem is diagonal in the Fourier modes q (cf. the
section 3.1):

D
u
⇤

q̃
uq

E
= �(q � q̃) ·

⌦
u⇤quq

↵
(2.18)

Let us give the details of the Fourier transform of the roughness, for the reader who may not
be used to such a procedure (cf. the appendix B):

B(z1, z2) ⌘
D
[u(z1)� u(z2)]2

E
=

*Z
ddq

(2⇡)d
(eiqz1 � eiqz2)u(q)

�2
+

=
Z

d
d
q

(2⇡)d

d
d
q̃

(2⇡)d

�
e
iqz1 � e

iqz2
� �

e
iq̃z1 � e

iq̃z2
�
huquq̃i

[q̃ 7!�q̃]
=

Z
d

d
q

(2⇡)d

d
d
q̃

(2⇡)d

�
e
iqz1 � e

iqz2
� �

e
�iq̃z1 � e

�iq̃z2
�
huqu�q̃i

[u�q̃=u
⇤

q̃]=
Z

d
d
q

(2⇡)d

d
d
q̃

(2⇡)d

⇣
e
i(q�q̃)z1 + e

i(q�q̃)z2 � e
i(qz1�q̃z2) � e

�i(q̃z1�qz2)
⌘ D

uqu
⇤

q̃

E

(2.18)=
Z

d
d
q

(2⇡)d
· 1
(2⇡)d

(2� 2 cos(q(z1 � z2)) ·
⌦
u⇤quq

↵

=
Z

d
d
q

(2⇡)d
· 2 (1� cos(q(z1 � z2)) · 1

(2⇡)d

⌦
u⇤quq

↵
(2.19)

The invariance by translation in (2.19), which is an even function in |z1 � z2|, implies that:

B(z1, z2) = B(z1 � z2, 0) ⌘ B(z1 � z2) (2.20)

and therefore we prefer the generic expression:
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Actually all the physics of disorder lies in
⌦
u⇤quq

↵
, which is also called the structure factor

S(q) (except for a possible normalization factor (2⇡)d). Nevertheless the convergence of the
integral over the modes q strongly depends on the dimensionality of the problem, in particular
for d  2, and the integration over q involving the cosinus is a necessary step to obtain the
roughness in real space B(r), so it could still have surprises in store.

Note that the mode ~q = 0 does not contribute to B(~r), since [1� cos(~q · ~r) |~q=0 = 0 8~r.
Actually this Fourier mode corresponds to a uniform translation of u(z), and thus do not affect
the correlation function of the relative displacements: (u(z1)+b)�(u(z2)+b) = u(z1)�u(z2).

We remind the reader that our interest in the analytical computation of the roughness lies in
the study of the different relevant lengthscales in the physics of an interface at equilibrium. If
B(r) behaves in a power law, we can define a roughness exponent ⇣ such that B(r) ⇠ r

2⇣ . In
fact,

B(r) ⌘ h(u(r)� u(0))2i ⇠ u
2 ⇠ r

2⇣ () u ⇠ r
⇣

and the determination of ⇣ gives the scaling law relating a lengthscale r and its mean relative
displacement u. Different power-law regimes would correspond to different values of ⇣, which
could then be interpreted as the signature of the predominant physics for given lengthscales.
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Roughness function & Structure factor — Derivation

• (iii) Continuous system of infinite length
It is precisely the Hamiltonian that we took as a starting point of our PRB2010 [1]. Note that in this
limit the discrete and continous modes description should coincide, in the sense that when tf ! 1
we have both the lowest allowed frequency |!min| = 2⇡/tf and the intervalle between each quantified
frequency which tend simultaneously to zero, which in absence of any rescaling corresponds indeed
to an integral over continous modes q 2 [0,1). At any finite tf on the contrary, we see upon the
rescaling q̃ = qtf that we could force the cutoff to be 1 while still keeping continuous modes, which
is a somewhat undefined intermediate case (that we will consider any way, for completeness).

We emphasise that we consider periodic boundary conditions because it allows to follow the finite size of the
interface while using Fourier modes. If we were able to circumvent them we might want to consider open
boundary conditions, though in numerical simulations it is usually periodic conditions which are consider
any way.

2.2 Static roughness and structure factor
2.2.1 Definitions with discrete/continuous modes & quid of the zero mode

The roughness function is defined as the variance of the relative displacements, as a function of the length-
scale ⌧ . As such it does not depend on the mean position ȳ and thus sums on Fourier modes exclude the
zero mode (even if the model did, which is not the case for the static interface anyway):

B(⌧ ; c,D, T, ⇠, tf) =
D
(y(t+ ⌧)� y(t))2

E
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5
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⇡ 2

Z
1
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d̄q 2 [1� cos(q⌧)]S(q) ,

(11)

where we used that the system is translational invariant in t under disorder averaging, and thus the correlation
hỹ(!1)ỹ(!2)i does not couple modes with different modulus |!|. The structure factor S(!) is defined as
the average complex modulus per mode h|ỹ(!|i2, but in order to be sure to properly account for the Dirac �
functions, we recall the definitions:

S(!) =
X

!022⇡Z/tf

hỹ(�!0)ỹ(!)i , S(q) = 2

Z
1

qmin

d̄q0hỹ(�q0)ỹ(q)i
(qmin!1)

⇡
Z

R
d̄q0hỹ(�q0)ỹ(q)i . (12)

Since the system is translational invariant, we can simply replace the lengthscale ⌧ by the length t.
We emphasise that the roughness B(t) describes the relative fluctuations of the interface, and thus com-

pletely misses the fluctuations of the center of mass ȳ = ỹ(0), which is a completely independent quantity.
Note that alternative definition of the roughness (such as the global width) might combine informations from
both B(t) and the distribution of ȳ, but thereafter we essentially fix ȳ = 0 and never include the zero mode.

2.2.2 Thermal roughness

In absence of disorder, the Hamiltonian is purely quadratic and the structure factor is S(!) = T/(c!2). The
corresponding thermal roughness can thus be exactly computed, as detailed in Appendix A. For discrete
Fourier modes, we use the Poisson formula to obtain:

Bth(t; c, T, tf) =
T

c
t

✓
1� t

tf

◆
= Bth(tf � t; c, T, tf) . (13)

For continuous Fourier modes, we first compute the integral 2
R
1

qmin

d̄q(. . . ), then expand at small qmin and

keep only the leading order which gives back (13), provided that qmin = ⇡/tf.
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Thermal average (at equilibrium)
CHAPTER 2. MODEL OF A 1D INTERFACE IN A DISORDERED MEDIUM

A sum over all its possible configurations {s} is thus discrete, as denoted thereafter by
P

{s}.
If the energy of the system is described by a Hamiltonian H, the partition function Z and the
thermal average of an observable O are defined by:

Z ⌘
X

{s}

e
��H({s})

hOi
H

=
X

{s}

O ({s}) · e
��H({s})

Z
(2.11)

where the partition function Z is a normalization factor, and e
��H({s})

/Z the usual Boltzmann
weight. hOi

H
is actually an average of the possible values of O [{s}] weighted by the respective

probability of realization of each configuration {s} at equilibrium (and the less energetic con-
figurations are the most probable). If the system is ergodic, the computed value of hOi

H
should

correspond to the experimental measure of O when the system is at equilibrium.
In order to construct Hel, we have previously introduced the discrete representation of an

interface, described by its displacements {ui} (cf. FIG 2.5). Since ui 2 Dx = Rm, the discrete
sum

P
{s} is then replaced by the multiple integral

Q
i

R
dui. In the continuous representation of

the interface, ui 7! u(z) and the sum over all the configurations in real space becomes eventually
a functional integral denoted by

R
Du. This sum in real space can be translated in Fourier space

via the Jacobian eJ of the transformation ui 7!
�
uq, u

⇤
q

�
(cf. the section 3.1.1):

Y

i

Z
dui

⇡1/2
⌘ eJ

Y

q>0

Z Z
du
⇤
qduq

2⇡i
(2.12)

The manipulation of such functional integrals will be illustrated in the section 3.1 with Gaussian
integrals, but we have essentially to remember that:

X

{s}

(a!0)�!
Z
Du ⌘

Y

i

Z
dui ⌘ J

Y

q>0

Z Z
du
⇤

qduq (2.13)

We are interested in physical samples where the disorder is quenched, i.e. the inhomo-
geneities of the medium are fixed. Since a thermal average aims to compute the expected value
of an observable for a given physical sample, it should be computed at fixed disorder V . The
thermal average of an observable, on our interface and at quenched disorder, is thus:

hOi
V
⌘ 1

Z

Z
Du · O [u] · e��H[u,V ] =

R
Du · O [u] · e��H[u,V ]

R
Du · e��H[u,V ]

(2.14)

2.4 Average over disorder O
Via the thermal average, we can compute the expected value of an observable if measured on
the system at equilibrium, but for a given configuration V (x, z) of disorder. We cannot give an
explicit form to the random potential V (x, z) of a given physical sample, and fortunately there is
no need to. Since it is by definition random, it deserves a statistical description, and the simplest
option is as usual to impose on V a Gaussian distribution.

This choice has actually a deeper physical meaning: it corresponds to a weak disorder, as
evoked in the introduction chapter. Indeed, the effect of many weak impurities averages on
patches of the underlying medium. Via the central limit theorem, an increasing number of such
patches tend to be uncorrelated, and thus subjected to a potential with a Gaussian distribution.
We recall that an interface description is all the more adequate that its lengthscales are much
larger than the underlying sublattice, in which case the sampling of the impurities is all the more
reasonable.
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figurations are the most probable). If the system is ergodic, the computed value of hOi

H
should

correspond to the experimental measure of O when the system is at equilibrium.
In order to construct Hel, we have previously introduced the discrete representation of an

interface, described by its displacements {ui} (cf. FIG 2.5). Since ui 2 Dx = Rm, the discrete
sum

P
{s} is then replaced by the multiple integral

Q
i

R
dui. In the continuous representation of

the interface, ui 7! u(z) and the sum over all the configurations in real space becomes eventually
a functional integral denoted by

R
Du. This sum in real space can be translated in Fourier space

via the Jacobian eJ of the transformation ui 7!
�
uq, u

⇤
q

�
(cf. the section 3.1.1):

Y

i

Z
dui

⇡1/2
⌘ eJ

Y

q>0

Z Z
du
⇤
qduq

2⇡i
(2.12)

The manipulation of such functional integrals will be illustrated in the section 3.1 with Gaussian
integrals, but we have essentially to remember that:

X

{s}

(a!0)�!
Z
Du ⌘

Y

i

Z
dui ⌘ J

Y

q>0

Z Z
du
⇤

qduq (2.13)

We are interested in physical samples where the disorder is quenched, i.e. the inhomo-
geneities of the medium are fixed. Since a thermal average aims to compute the expected value
of an observable for a given physical sample, it should be computed at fixed disorder V . The
thermal average of an observable, on our interface and at quenched disorder, is thus:

hOi
V
⌘ 1

Z

Z
Du · O [u] · e��H[u,V ] =

R
Du · O [u] · e��H[u,V ]

R
Du · e��H[u,V ]

(2.14)

2.4 Average over disorder O
Via the thermal average, we can compute the expected value of an observable if measured on
the system at equilibrium, but for a given configuration V (x, z) of disorder. We cannot give an
explicit form to the random potential V (x, z) of a given physical sample, and fortunately there is
no need to. Since it is by definition random, it deserves a statistical description, and the simplest
option is as usual to impose on V a Gaussian distribution.

This choice has actually a deeper physical meaning: it corresponds to a weak disorder, as
evoked in the introduction chapter. Indeed, the effect of many weak impurities averages on
patches of the underlying medium. Via the central limit theorem, an increasing number of such
patches tend to be uncorrelated, and thus subjected to a potential with a Gaussian distribution.
We recall that an interface description is all the more adequate that its lengthscales are much
larger than the underlying sublattice, in which case the sampling of the impurities is all the more
reasonable.
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Statistical average over the disorder
CHAPTER 2. MODEL OF A 1D INTERFACE IN A DISORDERED MEDIUM

In a discrete representation of the interface, the random potential of each site i thus takes
a value Vi 2 R with a probability P(Vi) / e

�V
2
i /2D, i.e. of variance D and of mean value

Vi = 0. If the disorder is uncorrelated between two sites, the probability of realization of a given
set {V1, · · · , Vn} is simply given by the product P(V1) · (· · · ) · P(Vn). Note that physically
the random potential cannot be infinite, and so Vi 2 [�⇤,⇤] would be more adequate; but the
regulating term e

�V
2
i /2D conveniently replaces the cutoff ±⇤.

The average over disorder of an observable O is defined as the average over all the possible
values of O [V ], weighted by the respective probability of realization of each configuration of
disorder V . With the appropriate normalization, it is given by:

O =

R +1
�1

dV1 · e�V
2
1 /2D · (· · · ) ·

R +1
�1

dVn · e�V
2
n /2D · O [V1, · · · , Vn]

R +1
�1

dV1 · e�V
2
1 /2D · (· · · ) ·

R +1
�1

dVn · e�V 2
n /2D

=
�Q

i

R
R dVi

�
· e�

D�1

2

P
j V

2
j · O [{Vi}]

�Q
i

R
R dVi

�
· e�

D�1

2

P
j V

2
j

(2.15)

In a continuous representation of the interface, we have Vi 7! V (x, z) and
Q

i

R
dVi 7!

R
DV ,

and we can define:

O ⌘ 1
C

Z
DV · O [V ] · e�

D�1

2

R
dx dz·V (x,z)2 =

R
DV · O [V ] · e�D�1

2

R
dx dz·V (x,z)2

R
DV · e�D�1

2

R
dx dz·V (x,z)2

(2.16)

where D is now called the strength of disorder. We can check a posteriori that this definition of
O corresponds indeed to a ‘white Gaussian disorder’ :

⇢
V (x, z) = 0

V (x, z)V (x0, z0) = D · �(m) (x� x
0) �

(d) (z � z
0)

(2.17)

(cf. the appendix C for the details of this computation, as an illustration of the manipulation of
(2.16)).

The assumption of ergodicity for the validity of the thermal average is replaced, for an aver-
age over disorder, by the assumption of a self-averaging system. Indeed, if the system is large
enough, it can be subdivided into subsystems, each being a sample with its own configuration
of disorder, but which is assigned according to the statistical distribution of V . To average over
the whole system is the same as to average over those subsystems of known distribution. If the
system thus ‘self-averages’, the computed value of hOi should correspond to the experimental
measure of O on a real sample with disorder.

2.5 Definition of the roughness B(r) ⌘
D
[u(r)� u(0)]2

E

The aim of this work is to compute the roughness of a 1D interface. After having defined the
thermal and disorder average, we can now focus on the definition of this particular observable.
Using the translation invariance of the interface in the z direction, recovered after the statistical
averages, we work preferentially in Fourier space.

To compute the roughness of an interface, we could at a first glance average over the dis-
placements from its mean position, and extract their variance. However, doing so supposes
that we have access to this mean position, and moreover it provides no information on the
lengthscale-dependence of the interface’s behaviour.

The roughness is thus more adequately defined as the correlation function of the rela-

tive displacements of the interface h(u(z1)� u(z2))2i, which is a function of the lengthscale

Master 15

<latexit sha1_base64="SzQe5bU2uezpoPKQCme+uwOwr9I="></latexit>

d = m = 1



Without disorder: thermal roughness

 Thermal structure factor:

 Elastic energy per mode quadratic in the displacement field
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Hel[u(z), L] =
1

2

X

q2 2⇡Z⇤
L

c(q) ũ(�q)ũ(q) ⇡

Z 1

qmin

dq

2⇡
c(q)ũ(�q)ũ(q)

<latexit sha1_base64="RfIrGX8XMLJwX+/YmzC8HKfX73k="></latexit>

Sth(q) = hũ(�q)ũ(q)i =
R
Du ũ(�q)ũ(q) e�Hel/T

R
Du e�Hel/T

=
T

c(q)

 Thermal roughness:
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Bth(r, L) =
X

q2 2⇡Z⇤
L

2(1� cos(qr))Sth(q) =
Tr

c

⇣
1� r

L

⌘

 Alternative with continuous modes & finite infra-red cutoff:

A Thermal roughness of the periodic interface of finite length tf

A.1 Poisson formula
Dealing with discrete Fourier modes amounts to being able to compute series. The Poisson formula allows
precisely to do so, at least in some cases, via a detour through inverse Fourier transforms. Using the conven-
tion of its WIKIPEDIA page (https://fr.wikipedia.org/wiki/Formule_sommatoire_de_
Poisson), it writes:

ĝ(k) =
R
R dx g(x) e�i2⇡kx

g(x) =
R
R dk ĝ(k) ei2⇡kx

9
=

; )
X

k2Z
ĝ(k) =

X

n2Z
g(n) . (128)

So let’s say we want to compute a series of the form
P

k2Z ĝ(k); if we can compute its inverse Fourier
transform g(x) and it has a ‘good’ analytical continuation for integer values x = n 2 N, then we can alter-
natively compute the new series

P
n2Z g(n). This is valid under strict convergence conditions, that we do

not recall here (cf. WIKIPEDIA).

A.2 Assuming discrete Fourier modes ! 2 2⇡Z⇤

The thermal roughness of the periodic interface with t̂ = t/tf 2 [0, 1] and !̂ = !tf 2 2⇡Z⇤, of temperature
T and elastic constant c, is related to the thermal structure factor S(!) = T/(c!2) as follows:

Bth(t) =
1

tf

X

!̂22⇡Z⇤

2
⇥
1� cos(!̂t̂)

⇤
S(!) =

T

ctf

X

!̂22⇡Z⇤

2
⇥
1� cos(!̂t̂)

⇤

(!̂/tf)
2 . (129)

In order to use the Poisson formula, we need:

ĝ(k) ⌘ 1� cos(2⇡kt̂)

(2⇡k)2
) ĝ(0) = lim

k!0
ĝ(k) =

t̂2

2
, (130)

and its inverse Fourier transform (using MATHEMATICA or the residue theorem):

g(x) =

Z

R
dk ĝ(k)ei2⇡kx =

⇢
1
2 (t̂� |x|) , x  t̂ ,
0 , x � t̂ .

(131)

Since we have t̂ 2 [0, 1], the Poisson formula involves only two integer values for x:

X

k2Z
ĝ(k) = g(n = 0) + g(n = 1)| {z }

=0

=
1

2
t̂ , (132)

and the thermal roughness excludes the zero modes so we eventually obtain:

Bth(t) =
Ttf

c

X

!̂22⇡Z⇤

2
⇥
1� cos(!̂t̂)

⇤

!̂2
= 2

Ttf

c

"
X

k2Z
ĝ(k)� ĝ(0)

#
=

Ttf

c
t̂(1�t̂) =

T

c
t

✓
1� t

tf

◆
. (133)

Because of the periodic nature of the interface in our model, the thermal roughness is a symmetric func-
tion under the transformation t̂ $ (1� t̂), so it increases till t̂ = 1/2 and then descreases symmetrically.
We recover the ‘standard’ thermal roughness of the infinite interface by considering the Taylor expansion at
small t̂, where we simply have Bth(t) ⇡ Tt

c .

A.3 Assuming continuous Fourier modes with a finite IR cutoff qmin ⇠ 1/tf

Coming back to our basics, how do we recover the same result using continuous Fourier modes? Let’s start
from the periodic interface before any rescaling, i.e. t 2 [0, tf], and approximate its roughness with a finite
UV Fourier cutoff:

Bth(t) ⇡ 2T

Z
1

qmin

d̄q
2[1� cos(qt)]

cq2
=

T

c

⇢
t+

2 [1� cos(qmint)]

⇡qmin
� 2t

⇡

Z qmint

0
dx

sin(x)

x

�
. (134)

34

Beware that there is an overall factor 2 to account for the negative modes q as well; for the infinite inter-
face we would simply have

R
R d̄q. We expect that continuous modes are a good approximation for large

interfaces, i.e. when qmin ⇠ 1/tf ! 0, so we can expand the above expression in this limit:

c

T
Bth(t)

(qmin!0)
⇡ t� t2qmin

⇡
+O

�
q3min

�
. (135)

Keeping only the two leading terms, we recover the same parabolic expression as in Eq. (133). Moreover, if
we define qmin as the IR cutoff needed in order to consistently recover Bth(tf) = 0, we find that qmin = ⇡/tf
as expected, and consequently:

Bth(t) ⇡
T

c

Z
1

qmin

d̄q
2[1� cos(qt)]

q2
(qmin!0)

⇡ T

c
t

✓
1� t

tf

◆
(tf!1)
⇡ Tt

c
. (136)

B Handbook for summing on discrete Fourier modes
In Sec. 3.3, when detailing the GVM approximation of the roughness, we have identified the list of sums
over discrete Fourier modes !̂ = !tf 2 2⇡Z⇤ that we will need to know explicitly in order to carry out our
computations, with A > 0 some constant (concretely it will be equal to [�](u)/c) and t > 0:

X

!̂22⇡Z⇤

1

!̂2 +A
,

X

!̂22⇡Z⇤

1

(!̂2 +A)2
,

X

!̂22⇡Z⇤

1

(!̂2 +A)k
with k 2 N⇤ ,

X

!̂22⇡Z⇤

2
⇥
1� cos(!̂t̂)

⇤

!̂2
,

X

!̂22⇡Z⇤

2
⇥
1� cos(!̂t̂)

⇤

!̂4
,

X

!̂22⇡Z⇤

2
⇥
1� cos(!̂t̂)

⇤

!̂2 (!̂2 +A)
.

(137)

In practice, these can be computed using the Poisson formula or the residus theorem, but MATHEMATICA
should be hopefully do the trick; cf. Appendix A.1 for an example of how to use the Poisson formula, while
computing the thermal roughness. We will moreover indicate separately the corresponding contributions of
the zero mode, which should not be included in our computations, but was wrongly included for instance in
our JPhysA [2].

• We start from the plain sums over even powers of the modes, noting that the zero-mode contribution
would diverge:

X

!̂22⇡Z⇤

1

!̂2
=

1

12
,

X

!̂22⇡Z⇤

1

!̂4
=

1

720
,

X

!̂22⇡Z⇤

1

!̂6
=

1

30240
, . . . (138)

• Adding a finite ‘mass’ A at the denominator helps to regularise the sums including the zero-mode
contribution, hence this has to be removed explicitly by hand (cf. the additive terms 1/Ak thereafter):

X

!̂22⇡Z⇤

1

!̂2 +A
=

1

2
p
A

coth
⇣p

A/2
⌘
� 1

A

(A!0)
=

1

12

✓
1� A

60

◆
+O(A2) ,

X

!̂22⇡Z⇤

1

(!̂2 +A)2
=

p
A+ sinh

⇣p
A
⌘

8A3/2 sinh2
⇣p

A/2
⌘ � 1

A2

(A!0)
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1

720

✓
1� A

21

◆
+O(A2) ,

(139)
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Beware that there is an overall factor 2 to account for the negative modes q as well; for the infinite inter-
face we would simply have
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R d̄q. We expect that continuous modes are a good approximation for large

interfaces, i.e. when qmin ⇠ 1/tf ! 0, so we can expand the above expression in this limit:
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With disorder (perturbative approach): Larkin model

CHAPTER 2. MODEL OF A 1D INTERFACE IN A DISORDERED MEDIUM

2.6 Hamiltonian for a weakly distorted interface: the Larkin model

We mentioned first in the introduction chapter the possibility to expand perturbatively the dis-
order Hamiltonian for small distorsions of the interface, i.e. if |u(z)| << ⇠. This provides a
simplified and exactly solvable model, in fact proposed by A. I. Larkin in [11] to account for the
effects of inhomogeneities on the arrangement of vortex lines in superconductors.

Applied to an interface, this model relies on the supposition that for distorsions smaller than
the interface width ⇠ (cf. FIG 2.6), the effect of the random potential V (x, z) can be averaged
on the x direction, and replaced by a random force f(z) which pulls locally at the interface at
(u(z), z), as illustrated by FIG 2.7.
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(a) Flat interface
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(b) Small distorsions
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(c) Large distorsions

Figure 2.6: Examples of flat and distorted configurations of the interface. The dotted lines denote
the position of the corresponding flat configuration. The Larkin model does not apply in the case
of large distorsions.

A perturbative expansion of Hdis for |u(z)| << ⇠ actually leads to a disorder Hamiltonian
linear in the displacements. In the appendix D we give the details of such an expansion for
a generic density ⇢(x, z), and in particular for the Gaussian density (2.3). This perturbative
approach consists essentially in expanding the density up to its first order in u(z):
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which leads for d = m = 1 to the following generic definition for a random force, which can be
related to the gradient of the random potential:

f(z) =
Z

Dx

dx · V (x, z) ·
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�@x⇢(x, z)|u(z)=0
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(2.23)

Since f in linear in V , we can easily check that the random force f inherits the Gaussian distri-
bution (2.17) imposed on the random potential V :

(
f(z)f(z0) = eD · �(z � z

0)
eD = D

4
p

⇡⇠3

(2.24)

Master 17

 Hamiltonian for a weakly distorted interface: the Larkin model

CHAPTER 2. MODEL OF A 1D INTERFACE IN A DISORDERED MEDIUM

2.6 Hamiltonian for a weakly distorted interface: the Larkin model

We mentioned first in the introduction chapter the possibility to expand perturbatively the dis-
order Hamiltonian for small distorsions of the interface, i.e. if |u(z)| << ⇠. This provides a
simplified and exactly solvable model, in fact proposed by A. I. Larkin in [11] to account for the
effects of inhomogeneities on the arrangement of vortex lines in superconductors.

Applied to an interface, this model relies on the supposition that for distorsions smaller than
the interface width ⇠ (cf. FIG 2.6), the effect of the random potential V (x, z) can be averaged
on the x direction, and replaced by a random force f(z) which pulls locally at the interface at
(u(z), z), as illustrated by FIG 2.7.
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A perturbative expansion of Hdis for |u(z)| << ⇠ actually leads to a disorder Hamiltonian
linear in the displacements. In the appendix D we give the details of such an expansion for
a generic density ⇢(x, z), and in particular for the Gaussian density (2.3). This perturbative
approach consists essentially in expanding the density up to its first order in u(z):
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which leads for d = m = 1 to the following generic definition for a random force, which can be
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Since f in linear in V , we can easily check that the random force f inherits the Gaussian distri-
bution (2.17) imposed on the random potential V :
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 Expanding the interface density, e.g. a Gaussian function:
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Sov. Phys. JETP 31, 784 (1970).
V. Démery, V. Lecomte, A. Rosso, "The effect of disorder geometry on the critical force in disordered elastic systems", 
J. Stat. Mech. 2014, P03009 (2014)
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Figure 2.7: Schematic representation of the random force which is supposed to pull at the in-
terface in the Larkin model. The vertical dotted lines denote the position of the corresponding
flat configuration, centered on x = u(z) and of width ⇠. The horizontal dotted lines subdivide
the interface in the z-direction. (a) For a weakly distorted interface (|u(z)| << ⇠), the effect
of the inhomogeneities of the medium (represented by the random dots) may be averaged in the
x-direction, transversal to the interface. It may then be replaced by a random force which pulls
locally at the interface in (u(z), z), and be approximated by the effect of the disorder covered by
the corresponding flat configuration; so each arrow is the resulting force of its associated dotted
box. (b) For a strongly distorted interface, however, the averaged disorder of the boxes does not
correspond at all to the disorder sensed locally by the interface, and consequently the Larkin
model is clearly not valid.
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�

 Structure factor & Roughness scaling:
<latexit sha1_base64="Ca47wVSh93HmAiVIzkUvbxWLyno="></latexit>

S(q) ⇠
⇢

q�2 ) B(r) ⇠ r
q�4 ) B(r) ⇠ r4�d

<latexit sha1_base64="R8PgAfgs8ESA9fz+DlvocCRgvGQ="></latexit>

SL(q) =
T

cq2
+

eD
(cq2)2

CHAPTER 2. MODEL OF A 1D INTERFACE IN A DISORDERED MEDIUM

2.6 Hamiltonian for a weakly distorted interface: the Larkin model

We mentioned first in the introduction chapter the possibility to expand perturbatively the dis-
order Hamiltonian for small distorsions of the interface, i.e. if |u(z)| << ⇠. This provides a
simplified and exactly solvable model, in fact proposed by A. I. Larkin in [11] to account for the
effects of inhomogeneities on the arrangement of vortex lines in superconductors.

Applied to an interface, this model relies on the supposition that for distorsions smaller than
the interface width ⇠ (cf. FIG 2.6), the effect of the random potential V (x, z) can be averaged
on the x direction, and replaced by a random force f(z) which pulls locally at the interface at
(u(z), z), as illustrated by FIG 2.7.
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the position of the corresponding flat configuration. The Larkin model does not apply in the case
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A perturbative expansion of Hdis for |u(z)| << ⇠ actually leads to a disorder Hamiltonian
linear in the displacements. In the appendix D we give the details of such an expansion for
a generic density ⇢(x, z), and in particular for the Gaussian density (2.3). This perturbative
approach consists essentially in expanding the density up to its first order in u(z):
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which leads for d = m = 1 to the following generic definition for a random force, which can be
related to the gradient of the random potential:
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Since f in linear in V , we can easily check that the random force f inherits the Gaussian distri-
bution (2.17) imposed on the random potential V :
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locally at the interface in (u(z), z), and be approximated by the effect of the disorder covered by
the corresponding flat configuration; so each arrow is the resulting force of its associated dotted
box. (b) For a strongly distorted interface, however, the averaged disorder of the boxes does not
correspond at all to the disorder sensed locally by the interface, and consequently the Larkin
model is clearly not valid.
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�

 Structure factor & Roughness scaling:
<latexit sha1_base64="Ca47wVSh93HmAiVIzkUvbxWLyno="></latexit>

S(q) ⇠
⇢

q�2 ) B(r) ⇠ r
q�4 ) B(r) ⇠ r4�d

<latexit sha1_base64="R8PgAfgs8ESA9fz+DlvocCRgvGQ="></latexit>

SL(q) =
T

cq2
+

eD
(cq2)2

CHAPTER 2. MODEL OF A 1D INTERFACE IN A DISORDERED MEDIUM

2.6 Hamiltonian for a weakly distorted interface: the Larkin model

We mentioned first in the introduction chapter the possibility to expand perturbatively the dis-
order Hamiltonian for small distorsions of the interface, i.e. if |u(z)| << ⇠. This provides a
simplified and exactly solvable model, in fact proposed by A. I. Larkin in [11] to account for the
effects of inhomogeneities on the arrangement of vortex lines in superconductors.

Applied to an interface, this model relies on the supposition that for distorsions smaller than
the interface width ⇠ (cf. FIG 2.6), the effect of the random potential V (x, z) can be averaged
on the x direction, and replaced by a random force f(z) which pulls locally at the interface at
(u(z), z), as illustrated by FIG 2.7.
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Figure 2.6: Examples of flat and distorted configurations of the interface. The dotted lines denote
the position of the corresponding flat configuration. The Larkin model does not apply in the case
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A perturbative expansion of Hdis for |u(z)| << ⇠ actually leads to a disorder Hamiltonian
linear in the displacements. In the appendix D we give the details of such an expansion for
a generic density ⇢(x, z), and in particular for the Gaussian density (2.3). This perturbative
approach consists essentially in expanding the density up to its first order in u(z):
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which leads for d = m = 1 to the following generic definition for a random force, which can be
related to the gradient of the random potential:
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Since f in linear in V , we can easily check that the random force f inherits the Gaussian distri-
bution (2.17) imposed on the random potential V :
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locally at the interface in (u(z), z), and be approximated by the effect of the disorder covered by
the corresponding flat configuration; so each arrow is the resulting force of its associated dotted
box. (b) For a strongly distorted interface, however, the averaged disorder of the boxes does not
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 In Fourier space it can also be put in a quadratic form:

With disorder (perturbative approach): Larkin model
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2.6 Hamiltonian for a weakly distorted interface: the Larkin model

We mentioned first in the introduction chapter the possibility to expand perturbatively the dis-
order Hamiltonian for small distorsions of the interface, i.e. if |u(z)| << ⇠. This provides a
simplified and exactly solvable model, in fact proposed by A. I. Larkin in [11] to account for the
effects of inhomogeneities on the arrangement of vortex lines in superconductors.

Applied to an interface, this model relies on the supposition that for distorsions smaller than
the interface width ⇠ (cf. FIG 2.6), the effect of the random potential V (x, z) can be averaged
on the x direction, and replaced by a random force f(z) which pulls locally at the interface at
(u(z), z), as illustrated by FIG 2.7.
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Figure 2.6: Examples of flat and distorted configurations of the interface. The dotted lines denote
the position of the corresponding flat configuration. The Larkin model does not apply in the case
of large distorsions.

A perturbative expansion of Hdis for |u(z)| << ⇠ actually leads to a disorder Hamiltonian
linear in the displacements. In the appendix D we give the details of such an expansion for
a generic density ⇢(x, z), and in particular for the Gaussian density (2.3). This perturbative
approach consists essentially in expanding the density up to its first order in u(z):
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which leads for d = m = 1 to the following generic definition for a random force, which can be
related to the gradient of the random potential:
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Since f in linear in V , we can easily check that the random force f inherits the Gaussian distri-
bution (2.17) imposed on the random potential V :
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With disorder: Gaussian Variational Method (GVM) roughness computations

GVM in a 
nutshell

6. GAUSSIAN VARIATIONAL METHOD (GVM) WITH REPLICÆ

ical meaningful, this trick yields the formal expression:

hOi = lim
n!0
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eH[~u]
(6.3)

with ~u = (u1, . . . , un). So the problem of a single disordered system (e.g. a 1D
interface living in a random potential V ) can be reformulated into a problem of
n coupled pure systems (n coupled interfaces without disorder), in the peculiar limit
n ! 0.

Focusing now on the effective replicated Hamiltonian eH [~u], this quantity inherits
the translational invariance of the underlying disorder (cf. Sec. 2.4.5) and can thus be
conveniently expressed in Fourier space. The Gaussian Variational Method consists
then in approximating the exact eH [~u] in the Boltzmann weight of (6.3) by a trial
quadratic Hamiltonian H0 [~u] of the form:

eH0 [~u] =
1

2

Z

R

dq
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ua(�q) G�1
ab (q) ub(q) (6.4)

The variational parameters
�
G�1

ab (q)
 

form a n ⇥ n matrix encoding all the possible
couplings of each pair of replicæ in Fourier space, and taking the remarkable struc-
ture of a symmetrical hierarchical matrix, as pictured in Fig. 6.1. It can be com-
pletely reconstructed by all the permutations of its first line – the total variational
energy eH0 [~u] must be invariant under a permutation of the replica indices (a, b),
which are arbitrary – which can be chosen conveniently as the reference sequence in
which the coefficients are classified monotonously.

& Random V

H [u, V ] eH [u1, . . . , un]
& lim

n!0

GVM⇡ ~uT ~uReplicæ!
X

Fourier
modes

Figure 6.1: Summary of the replica trick and the GVM approximation of the Hamilto-
nian with eH0 (6.4). The aim is to determine the optimal hierarchical matrix

�
G�1

ab (q)
 

directly in the limit n ! 0, or with the full-RSB formulation defined in the Sec. 6.1.3:�
G�1

c (q),��(q, u)
 

with u 2 [0, 1]. The colour blend represents the different values
of the n⇥ n matrix coefficients, the first line being described by the function �(q, u).
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ical meaningful, this trick yields the formal expression:
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(6.3)

with ~u = (u1, . . . , un). So the problem of a single disordered system (e.g. a 1D
interface living in a random potential V ) can be reformulated into a problem of
n coupled pure systems (n coupled interfaces without disorder), in the peculiar limit
n ! 0.

Focusing now on the effective replicated Hamiltonian eH [~u], this quantity inherits
the translational invariance of the underlying disorder (cf. Sec. 2.4.5) and can thus be
conveniently expressed in Fourier space. The Gaussian Variational Method consists
then in approximating the exact eH [~u] in the Boltzmann weight of (6.3) by a trial
quadratic Hamiltonian H0 [~u] of the form:

eH0 [~u] =
1

2

Z

R

dq

2⇡

nX

a,b=1

ua(�q) G�1
ab (q) ub(q) (6.4)

The variational parameters
�
G�1

ab (q)
 

form a n ⇥ n matrix encoding all the possible
couplings of each pair of replicæ in Fourier space, and taking the remarkable struc-
ture of a symmetrical hierarchical matrix, as pictured in Fig. 6.1. It can be com-
pletely reconstructed by all the permutations of its first line – the total variational
energy eH0 [~u] must be invariant under a permutation of the replica indices (a, b),
which are arbitrary – which can be chosen conveniently as the reference sequence in
which the coefficients are classified monotonously.

& Random V

H [u, V ] eH [u1, . . . , un]
& lim

n!0

GVM⇡ ~uT ~uReplicæ!
X

Fourier
modes

Figure 6.1: Summary of the replica trick and the GVM approximation of the Hamilto-
nian with eH0 (6.4). The aim is to determine the optimal hierarchical matrix

�
G�1

ab (q)
 

directly in the limit n ! 0, or with the full-RSB formulation defined in the Sec. 6.1.3:�
G�1

c (q),��(q, u)
 

with u 2 [0, 1]. The colour blend represents the different values
of the n⇥ n matrix coefficients, the first line being described by the function �(q, u).
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Hierarchical matrices: 
 
invariance upon permutation of replica indices 
⇒ every line/column with reshuffled coefficients 
 
Example here: color code = coefficient values 
(continuous blend on the first line/column)

Algebra of inverting such             matrices 
in limit            :

<latexit sha1_base64="tODeTJ+orK6WnLmE5AV8g+K5NJI="></latexit>

n⇥ n
<latexit sha1_base64="zWMsqZD2dAL1NlaNLB5ya5uuuw0="></latexit>

n ! 0

M. Mézard & G. Parisi, J. Phys. I 1, 809 (1991) [Append. II]
E. Agoritsas, V. Lecomte, T. Giamarchi, Phys. Rev. B 82, 
184207 (2010) [Appendix B]

With disorder: Gaussian Variational Method (GVM) roughness computations



GVM in a 
nutshell

6. GAUSSIAN VARIATIONAL METHOD (GVM) WITH REPLICÆ

ical meaningful, this trick yields the formal expression:

hOi = lim
n!0

Z
Du1(· · · )Dun · O [u1] · e�

1
T

Pn
a=1 H[ua,V ]

⌘ lim
n!0

Z
Du1(· · · )Dun · O [u1] · e�

1
T

eH[~u]
(6.3)

with ~u = (u1, . . . , un). So the problem of a single disordered system (e.g. a 1D
interface living in a random potential V ) can be reformulated into a problem of
n coupled pure systems (n coupled interfaces without disorder), in the peculiar limit
n ! 0.

Focusing now on the effective replicated Hamiltonian eH [~u], this quantity inherits
the translational invariance of the underlying disorder (cf. Sec. 2.4.5) and can thus be
conveniently expressed in Fourier space. The Gaussian Variational Method consists
then in approximating the exact eH [~u] in the Boltzmann weight of (6.3) by a trial
quadratic Hamiltonian H0 [~u] of the form:

eH0 [~u] =
1

2

Z

R

dq

2⇡

nX

a,b=1

ua(�q) G�1
ab (q) ub(q) (6.4)

The variational parameters
�
G�1

ab (q)
 

form a n ⇥ n matrix encoding all the possible
couplings of each pair of replicæ in Fourier space, and taking the remarkable struc-
ture of a symmetrical hierarchical matrix, as pictured in Fig. 6.1. It can be com-
pletely reconstructed by all the permutations of its first line – the total variational
energy eH0 [~u] must be invariant under a permutation of the replica indices (a, b),
which are arbitrary – which can be chosen conveniently as the reference sequence in
which the coefficients are classified monotonously.

& Random V

H [u, V ] eH [u1, . . . , un]
& lim

n!0

GVM⇡ ~uT ~uReplicæ!
X

Fourier
modes

Figure 6.1: Summary of the replica trick and the GVM approximation of the Hamilto-
nian with eH0 (6.4). The aim is to determine the optimal hierarchical matrix

�
G�1

ab (q)
 

directly in the limit n ! 0, or with the full-RSB formulation defined in the Sec. 6.1.3:�
G�1

c (q),��(q, u)
 

with u 2 [0, 1]. The colour blend represents the different values
of the n⇥ n matrix coefficients, the first line being described by the function �(q, u).

78

With disorder: Gaussian Variational Method (GVM) roughness computations

Ĝ !" G̃ Ga!b

!
Ga!b G̃

# ⇔ Ĝ−1 !" G̃−1 Ga!b
−1

!
Ga!b

−1
G̃−1

#
$B1%

or in the more compact way

Ĝ ! $G̃,Ga!b% ⇔ Ĝ−1 ! $G̃−1,Ga!b
−1 % , $B2%

where Gaa= G̃ and Gaa
−1= G̃−1 ∀a.

This allows the definition of the connected part of these
matrices, i.e., the sum of the coefficients on any line or col-
umn Gc=&aGab=&bGab, a conserved quantity which satisfies
for two inverse matrices the relation

GcGc
−1 = 1. $B3%

The simplest case of a hierarchical matrix is the RS An-
satz, in which all the off-diagonal coefficients of the matrix
are equal

Ĝ−1 ! $G̃−1,G−1% ⇔ Ĝ ! $G̃,G% $B4%

and in the limit n→0

Gc
−1 ! G̃−1 − G−1, Gc ! G̃ − G ,

G = −
G−1

$Gc
−1%2 , G̃ =

1

Gc
−1'1 −

G−1

Gc
−1( . $B5%

If the off-diagonal terms count at least two different val-
ues )g0 , . . . ,gk*, we have a RSB Ansatz, the integer k count-
ing the number of such breakings $see Fig. 9 for generic
examples of this structure%. The integer n being arbitrarily
large, in the limit k→! the monotonous sequence of coeffi-
cients on the first line of the matrix is more adequately de-
scribed by a monotonous function G$u%, depending on a
mapping parameter u! +0,1,. Thus a full RSB hierarchical
matrix is defined by

Ĝ = $G̃,G$u%% with u ! +0,1, . $B6%

The full-RSB Ansatz is actually the most generic description
of a hierarchical matrix $in regards to the limit n→0% since
the replica-symmetric and k-RSB Ansatz can be recovered
using step functions for G$u%. The peculiar symmetries of

hierarchical matrices allow to determine generic inversion
formulas directly in the limit n→0,33 once the first line of
the matrix is given. Thereafter they have been adapted to the
following definition of full-RSB hierarchical matrices:

Ĝ−1$q% ! $Gc
−1 − "̃,− "$u%% ⇔ Ĝ$q% ! $G̃$q%,G$q,u%%

$B7%

"$u% being defined as a monotonous function on the interval
+0,1,, the discrete sums of matrix operations are replaced by
integrals. Note that the definition of the connected part Gc

−1

implies that

"̃ = − -
0

1

du · "$u% . $B8%

We define the following self-energy, illustrated in Fig. 10:

+",$u% ! u · "$u% − -
0

u

dv · "$v% . $B9%

This definition implies in particular that +",!$u%=u ·"!$u%.
This self-energy acts in fact as a mass term in the propa-

gators of the following inversion formulas:

G̃ =
1

Gc
−1'1 + -

0

1 dv
v2

+",$v%
Gc

−1 + +",$v%
+

"$0%
Gc

−1 ( , $B10%

G̃ − G$u% =
1
u

1

Gc
−1 + +",$u%

− -
u

1 dv
v2

1

Gc
−1 + +",$v%

,

$B11%

FIG. 9. $Color online% Examples of hierarchical matrices of n#n blocks with increasing integer k of replica-symmetry breaking. Each
shade of color corresponds to a different value for the coefficients of the matrices.

σ(u)

u1uc0 ū

[σ] (ū)

σ(0)

σ(uc)

σ(ū)

FIG. 10. $Color online% The mass term +",$ū% corresponds to the
shaded area between "$ū% and the "$u% curve, and thus saturates at
the cutoff u=uc.
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 '0x0' inversion formulas for Replica-Symmetric (RS) Ansatz

CHAPTER 3. MATHEMATICAL TOOLS

3.3. Taking m ! 1, the monotonous sequence of coefficients on the first line of the matrix is
more adequately described by a monotonous function G(u), depending on a mapping parameter
u 2 [0, 1]:

{g0, . . . , gk} 7�! G(u) u 2 [0, 1] (3.41)

We can thus define a full RSB hierarchical matrix with:

bG =

0

B@

eG G(u)
. . .

G(u) eG

1

CA with u 2 [0, 1] (3.42)

since the first line described by G(u) determines the whole matrix, as illustrated by FIG 3.4.
The full-RSB Ansatz is actually the most generic description of a hierarchical matrix, since the
replica-symmetric and k-RSB Ansätze can be recovered using step-functions for G(u).

The peculiar symmetries of hierarchical matrices allow to determine generic inversion for-
mulas, once the first line of the matrix is given, directly in the limit n ! 0. Those formulas are
given in the next section, for the replica-symmetric and the full-RSB cases.

3.2.3 Inversion formulas of hierarchical matrices in the limit n! 0

Thereafter the inversion formulas in n ! 0 are given for the replica-symmetric and the full-
RSB cases. In the next section the effective Hamiltonian of the Larkin model eHL and of the
complete model eH will be computed and discussed, in relation with the possible obtention of
their corresponding Green functions.

From now on, the Hamiltonians will be parametrized by bG�1(q) and their corresponding
Green functions by bG(q) as generic hierarchical matrices, as in (3.23). So the thermal average
(3.36) becomes for the structure factor (cf. (3.24)):

⌦
u⇤quq

↵
= lim

n!0

⌦
u
⇤

quq

↵
eH = (2⇡)d · T · lim

n!0
eG(q) (3.43)

Inversion of a replica symetric Ansatz for n! 0

For a generic replica-symmetric matrix bG�1, we have

bG�1 =

0

B@

eG�1
G
�1

. . .
G
�1 eG�1

1

CA =) bG =

0

B@

eG G

. . .
G eG

1

CA

and in the limit n! 0

G
�1
c ⌘ eG�1 �G

�1
, Gc ⌘ eG�G

Gc · G�1
c = 1, G = �G

�1

G2
c

, eG = eG�1
�2G

�1

G2
c

(3.44)

These relations can be obtained either by constructing and using an orthonormal vectorial
basis in which the n⇥n matrix bG�1 becomes diagonal, and finally make n tend to 0, or by solv-
ing explicitly the equations which define the inverse of the matrix

P
b
G

ab
G
�1
bc

= �ac directly in
the limit n! 0.

Full Replica Symmetry Breaking (RSB) for n! 0

The full-RSB inversion formulas are given in [20]. Thereafter they have been adapted to the
following definition of full-RSB hierarchical matrices:

bG�1(q) =

0

B@
G
�1
c � �̃ ��(u)

. . .
��(u) G

�1
c � �̃

1

CA =) bG(q) =

0

B@

eG(q) G(q, u)
. . .

G(q, u) eG(q)

1

CA
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 Illustration on the Larkin model: quadratic, hence exactly RS in its replicated formulation.
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(3.52)
Combining (3.50) and (3.52), we obtain the effective Hamiltonian for the Larkin model:

eHL [~u] =
1
2

Z
d

d
q

(2⇡)d
· ~u⇤T

q

0

@cq
2In � �D

0

@
1 � 1
| � |
1 � 1

1

A

1

A ~uq (3.53)

where In is the n⇥ n identity matrix.

This Hamiltonian is clearly replica-symmetric, and using the inversion formulas (3.44):

8
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G
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G
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8
><

>:

Gc = 1
cq2

G = �D

(cq2)2

eG = 1
cq2 + �D

(cq2)2

(3.54)

which gives eventually, using (3.43), the same result as obtained previously by a direct compu-
tation of the averages (cf. (3.31)):

⌦
u⇤quq

↵
= (2⇡)d ·

✓
T

cq2
+

D

(cq2)2

◆
(3.55)

We may briefly comment the structure of (3.53):

• If there is no disorder, D = 0 and eHL is simply a replicated elastic Hamiltonian, in which
the replicas are uncoupled.

• The factor D is inherited by the linearity of HL

dis in V .

• The matrix of 1 describes an equivalent coupling between the replicas. This can be inter-
preted as following: in a perturbative approach, the averaged effect of disorder exhibits
an equivalence between all the possible configurations u of a weakly distorted interface,
even in the most disparate pair of configurations. This does not seem to account for the
presence of metastability in the system.

• The disorder contribution does not depend on q, so the equivalence between the replicas
in Fourier space appears also in real space.

3.2.5 Effective Hamiltonian for the complete model eH

In this section we finally apply the replica trick to the Hamiltonian H of the complete model de-
fined by (2.8)-(2.10). After averaging over disorder, it actually reduces to the following effective
Hamiltonian eH which couples the replicas:

eH [~u] =
1
2

Z
dq

2⇡
· cq2

X

a

u
⇤

a(q)ua(q)�
�D

2

Z

R

d�

2⇡
· e��

2
⇠
2
Z

dz ·
X

ab

e
i�(ua(z)�ub(z)) (3.56)

Since it is very similar to the procedure used for eHL, its detailed computation is given in the
appendix F.
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3.2.5 Effective Hamiltonian for the complete model eH

In this section we finally apply the replica trick to the Hamiltonian H of the complete model de-
fined by (2.8)-(2.10). After averaging over disorder, it actually reduces to the following effective
Hamiltonian eH which couples the replicas:

eH [~u] =
1
2

Z
dq

2⇡
· cq2

X

a

u
⇤

a(q)ua(q)�
�D

2

Z

R

d�

2⇡
· e��

2
⇠
2
Z

dz ·
X

ab

e
i�(ua(z)�ub(z)) (3.56)

Since it is very similar to the procedure used for eHL, its detailed computation is given in the
appendix F.
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�(u) being defined as a monotonous function on the dense interval [0, 1], the discrete sums
of matricial operations are replaced by integrals. With the definition:

[�] (v) ⌘ v · �(v)�
Z

v

0
dw · �(w) (3.45)

we thus have:

G(u) =
1

G
�1
c

✓
1
u
· [�] (u)
G
�1
c + [�] (u)

+
Z

u

0

dv

v2

[�] (v)
G
�1
c + [�] (v)

+
�(0)
G
�1
c

◆
(3.46)

eG =
1

G
�1
c

✓
1 +

Z 1

0

dv

v2
· [�] (v)
G
�1
c + [�] (v)

+
�(0)
G
�1
c

◆
(3.47)

eG�G(u) =
1
u
· 1
G
�1
c + [�] (u)

�
Z 1

u

dv

v2
· 1
G
�1
c + [�] (v)

(3.48)

eG�G(u) =
1

G
�1
c + [�] (1)

+
Z 1

u

dv · �
0(v)

�
G
�1
c + [�] (v)

�2 (3.49)

The physical content of those inversion formulas will be discussed via their application in
the computation of the roughness in the section 4.3.

3.2.4 Effective Hamiltonian for the Larkin model eHL

In this section we apply the replica trick to the Larkin Hamiltonian HL given by (2.27), in order
to obtain its corresponding effective Hamiltonian eHL after averaging over disorder. Thereafter
we give all the details of this computation, as a concrete illustration of the replica trick.

The effective Hamiltonian of a given model is defined by (3.36), so we have to compute
here:

exp

 
��

X

i

HL [ui, f ]

!
= exp

 
��

X

i

Hel [ui]

!
· exp

 
��

X

i

HL

dis [ui, f ]

!
(3.50)

Using the definition of the disorder average (2.30), the second term requires to complete the
following ‘square’ in the argument of the exponential:
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(3.51)

Since the Jacobian of the transformation fq ! f̃q ⌘ fq + �D
P

i
u

i
(q) is equal to one, we

have: Z
Df �!

Z
Df̃
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and consequently:

exp

 
��

X

i

HL [ui, f ]

!
= e

�2

2

R ddq

(2⇡)d
(P

i u
⇤

i (q))(P
i ui(q)) · 1

C

Z
Df̃ · e�

eD�1

2

R ddq

(2⇡)d
·f̃
⇤
q f̃q

| {z }
=1

(3.52)
Combining (3.50) and (3.52), we obtain the effective Hamiltonian for the Larkin model:

eHL [~u] =
1
2

Z
d

d
q

(2⇡)d
· ~u⇤T

q

0

@cq
2In � �D

0

@
1 � 1
| � |
1 � 1

1

A

1

A ~uq (3.53)

where In is the n⇥ n identity matrix.

This Hamiltonian is clearly replica-symmetric, and using the inversion formulas (3.44):

8
<

:

eG�1 = cq
2 � �D

G
�1 = ��D

G
�1
c = cq

2

(3.44)=)

8
><

>:

Gc = 1
cq2

G = �D

(cq2)2

eG = 1
cq2 + �D

(cq2)2

(3.54)

which gives eventually, using (3.43), the same result as obtained previously by a direct compu-
tation of the averages (cf. (3.31)):

⌦
u⇤quq

↵
= (2⇡)d ·

✓
T

cq2
+

D

(cq2)2

◆
(3.55)

We may briefly comment the structure of (3.53):

• If there is no disorder, D = 0 and eHL is simply a replicated elastic Hamiltonian, in which
the replicas are uncoupled.

• The factor D is inherited by the linearity of HL

dis in V .

• The matrix of 1 describes an equivalent coupling between the replicas. This can be inter-
preted as following: in a perturbative approach, the averaged effect of disorder exhibits
an equivalence between all the possible configurations u of a weakly distorted interface,
even in the most disparate pair of configurations. This does not seem to account for the
presence of metastability in the system.

• The disorder contribution does not depend on q, so the equivalence between the replicas
in Fourier space appears also in real space.

3.2.5 Effective Hamiltonian for the complete model eH

In this section we finally apply the replica trick to the Hamiltonian H of the complete model de-
fined by (2.8)-(2.10). After averaging over disorder, it actually reduces to the following effective
Hamiltonian eH which couples the replicas:

eH [~u] =
1
2

Z
dq

2⇡
· cq2

X

a

u
⇤

a(q)ua(q)�
�D

2

Z

R

d�

2⇡
· e��

2
⇠
2
Z

dz ·
X

ab

e
i�(ua(z)�ub(z)) (3.56)

Since it is very similar to the procedure used for eHL, its detailed computation is given in the
appendix F.
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�(u) being defined as a monotonous function on the dense interval [0, 1], the discrete sums
of matricial operations are replaced by integrals. With the definition:

[�] (v) ⌘ v · �(v)�
Z

v

0
dw · �(w) (3.45)

we thus have:
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eG�G(u) =
1
u
· 1
G
�1
c + [�] (u)

�
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dv

v2
· 1
G
�1
c + [�] (v)

(3.48)

eG�G(u) =
1

G
�1
c + [�] (1)

+
Z 1

u

dv · �
0(v)

�
G
�1
c + [�] (v)

�2 (3.49)

The physical content of those inversion formulas will be discussed via their application in
the computation of the roughness in the section 4.3.

3.2.4 Effective Hamiltonian for the Larkin model eHL

In this section we apply the replica trick to the Larkin Hamiltonian HL given by (2.27), in order
to obtain its corresponding effective Hamiltonian eHL after averaging over disorder. Thereafter
we give all the details of this computation, as a concrete illustration of the replica trick.

The effective Hamiltonian of a given model is defined by (3.36), so we have to compute
here:
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(3.50)

Using the definition of the disorder average (2.30), the second term requires to complete the
following ‘square’ in the argument of the exponential:
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(3.51)

Since the Jacobian of the transformation fq ! f̃q ⌘ fq + �D
P

i
u

i
(q) is equal to one, we

have: Z
Df �!

Z
Df̃
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�(u) being defined as a monotonous function on the dense interval [0, 1], the discrete sums
of matricial operations are replaced by integrals. With the definition:

[�] (v) ⌘ v · �(v)�
Z

v

0
dw · �(w) (3.45)

we thus have:
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c + [�] (1)

+
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The physical content of those inversion formulas will be discussed via their application in
the computation of the roughness in the section 4.3.

3.2.4 Effective Hamiltonian for the Larkin model eHL

In this section we apply the replica trick to the Larkin Hamiltonian HL given by (2.27), in order
to obtain its corresponding effective Hamiltonian eHL after averaging over disorder. Thereafter
we give all the details of this computation, as a concrete illustration of the replica trick.

The effective Hamiltonian of a given model is defined by (3.36), so we have to compute
here:
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Using the definition of the disorder average (2.30), the second term requires to complete the
following ‘square’ in the argument of the exponential:
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Since the Jacobian of the transformation fq ! f̃q ⌘ fq + �D
P

i
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(q) is equal to one, we

have: Z
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3.3. Taking m ! 1, the monotonous sequence of coefficients on the first line of the matrix is
more adequately described by a monotonous function G(u), depending on a mapping parameter
u 2 [0, 1]:

{g0, . . . , gk} 7�! G(u) u 2 [0, 1] (3.41)

We can thus define a full RSB hierarchical matrix with:

bG =

0

B@

eG G(u)
. . .

G(u) eG

1

CA with u 2 [0, 1] (3.42)

since the first line described by G(u) determines the whole matrix, as illustrated by FIG 3.4.
The full-RSB Ansatz is actually the most generic description of a hierarchical matrix, since the
replica-symmetric and k-RSB Ansätze can be recovered using step-functions for G(u).

The peculiar symmetries of hierarchical matrices allow to determine generic inversion for-
mulas, once the first line of the matrix is given, directly in the limit n ! 0. Those formulas are
given in the next section, for the replica-symmetric and the full-RSB cases.

3.2.3 Inversion formulas of hierarchical matrices in the limit n! 0

Thereafter the inversion formulas in n ! 0 are given for the replica-symmetric and the full-
RSB cases. In the next section the effective Hamiltonian of the Larkin model eHL and of the
complete model eH will be computed and discussed, in relation with the possible obtention of
their corresponding Green functions.

From now on, the Hamiltonians will be parametrized by bG�1(q) and their corresponding
Green functions by bG(q) as generic hierarchical matrices, as in (3.23). So the thermal average
(3.36) becomes for the structure factor (cf. (3.24)):

⌦
u⇤quq

↵
= lim

n!0

⌦
u
⇤

quq

↵
eH = (2⇡)d · T · lim

n!0
eG(q) (3.43)

Inversion of a replica symetric Ansatz for n! 0

For a generic replica-symmetric matrix bG�1, we have

bG�1 =

0

B@

eG�1
G
�1

. . .
G
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1

CA =) bG =
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and in the limit n! 0

G
�1
c ⌘ eG�1 �G

�1
, Gc ⌘ eG�G

Gc · G�1
c = 1, G = �G

�1

G2
c

, eG = eG�1
�2G

�1

G2
c

(3.44)

These relations can be obtained either by constructing and using an orthonormal vectorial
basis in which the n⇥n matrix bG�1 becomes diagonal, and finally make n tend to 0, or by solv-
ing explicitly the equations which define the inverse of the matrix

P
b
G

ab
G
�1
bc

= �ac directly in
the limit n! 0.

Full Replica Symmetry Breaking (RSB) for n! 0

The full-RSB inversion formulas are given in [20]. Thereafter they have been adapted to the
following definition of full-RSB hierarchical matrices:

bG�1(q) =
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B@
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. . .
��(u) G
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What is the relation between the Flory exponents/crossovers & GVM predictions?
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• GVM doomed to predict the Flory exponent 
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With disorder: Gaussian Variational Method (GVM) roughness computations



GVM in a nutshell

6. GAUSSIAN VARIATIONAL METHOD (GVM) WITH REPLICÆ

ical meaningful, this trick yields the formal expression:

hOi = lim
n!0

Z
Du1(· · · )Dun · O [u1] · e�

1
T

Pn
a=1 H[ua,V ]

⌘ lim
n!0

Z
Du1(· · · )Dun · O [u1] · e�

1
T

eH[~u]
(6.3)

with ~u = (u1, . . . , un). So the problem of a single disordered system (e.g. a 1D
interface living in a random potential V ) can be reformulated into a problem of
n coupled pure systems (n coupled interfaces without disorder), in the peculiar limit
n ! 0.

Focusing now on the effective replicated Hamiltonian eH [~u], this quantity inherits
the translational invariance of the underlying disorder (cf. Sec. 2.4.5) and can thus be
conveniently expressed in Fourier space. The Gaussian Variational Method consists
then in approximating the exact eH [~u] in the Boltzmann weight of (6.3) by a trial
quadratic Hamiltonian H0 [~u] of the form:

eH0 [~u] =
1

2

Z

R

dq

2⇡

nX

a,b=1

ua(�q) G�1
ab (q) ub(q) (6.4)

The variational parameters
�
G�1

ab (q)
 

form a n ⇥ n matrix encoding all the possible
couplings of each pair of replicæ in Fourier space, and taking the remarkable struc-
ture of a symmetrical hierarchical matrix, as pictured in Fig. 6.1. It can be com-
pletely reconstructed by all the permutations of its first line – the total variational
energy eH0 [~u] must be invariant under a permutation of the replica indices (a, b),
which are arbitrary – which can be chosen conveniently as the reference sequence in
which the coefficients are classified monotonously.

& Random V

H [u, V ] eH [u1, . . . , un]
& lim

n!0

GVM⇡ ~uT ~uReplicæ!
X

Fourier
modes

Figure 6.1: Summary of the replica trick and the GVM approximation of the Hamilto-
nian with eH0 (6.4). The aim is to determine the optimal hierarchical matrix

�
G�1

ab (q)
 

directly in the limit n ! 0, or with the full-RSB formulation defined in the Sec. 6.1.3:�
G�1

c (q),��(q, u)
 

with u 2 [0, 1]. The colour blend represents the different values
of the n⇥ n matrix coefficients, the first line being described by the function �(q, u).
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What is the relation between the Flory exponents/crossovers & GVM predictions?

• Crossover scales consistent with scaling candidates e.g. Lc =
(T/f)5

cD2

• GVM interpolates the temperature crossover
⇢

f6 / (T/Tc)6(1� f)
Tc = (⇠cD)1/3

• GVM doomed to predict the Flory exponent 
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GVM on the Hamiltonian of a 1D interface

6. GAUSSIAN VARIATIONAL METHOD (GVM) WITH REPLICÆ
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Figure 6.3: Summary of the GVM Hamiltonian of the 1D interface, assuming a
Gaussian correlator R⇠(x) and thus of saddle-point equation (6.16). We emphasize
the physical interpretation of the solution {[�] (u), vc,�(0)} (6.18)-(6.17), which en-
codes essentially the Larkin length Lc (6.20), the scaling of the asymptotic roughness
BGVM

asympt(r) ⇠ r6/5 (6.21) and the interpolating parameter f(T, ⇠) (6.19). In the computa-
tion of the roughness using the inversion formula (6.14), the full-RSB behavior at u  vc
encodes the metastability at small Fourier modes, hence large lengthscales. The shaded
area corresponds to the RS behavior at small lengthscales.

So the main contribution of this GVM computation, centered on the Hamiltonian
of the 1D interface, is to provide explicit analytical expressions connecting smoothly
the two opposite high-T and low-T limits (predicted otherwise by scaling analy-
sis), for the roughness BGVM(r), its characteristic crossover lengthscales Lc(T, ⇠),
and the interpolation parameter f(T, ⇠). All this GVM procedure is summarized
in Fig. 6.3.

6.3 GVM on the free-energy of the DP toy model
We can notice that the GVM computation presented in the previous section does
not yield the correct value for the asymptotic roughness exponent. This is due to
the inadequacy between its Flory exponent ⇣1D

F = 3/5 and the exact ⇣KPZ = 2/3.
According to our explorations of the disorder free-energy fluctuations, discussed in
Chapter 5, we now perform a similar GVM computation on the DP toy model defined
in Sec. 5.3. We have gathered in Appendix C first the computation of the replicated
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Figure 2. Possible value of [�](u) deduced from the parametric equation (120)
for the finite-tf Hamiltonian GVM, when �0(u) 6= 0. (Left) Normal scale.
(Right) Log-Log scale. The increasing branch of [�](u) is the physical branch.
At large [�](u), one recovers a behaviour of the form [�](u) ⇠ Au10, akin to
the infinite-tf GVM result (102). However, for small u there is no solution such
that �0(u) 6= 0, which implies that �(u) has a plateau on an interval [0, u?] with
u? > 0. This fact marks the main physical di↵erence between the finite-tf and
the infinite-tf GVM solutions. The numerical parameter is �̂ = 10.

For its inverse, one has on the one hand the diagonal coe�cient

Gaa(!) = G̃(!) (117)

which encodes the structure factor and hence the roughness according to (98)-(99).
On the other hand, for a 6= b, as in section 5.1, the Gab(!) are described by a function
G(!, u) of a continuous parameter u 2 [0, 1]. As derived in section A.2 of appendix A,
the variational equations take the following form
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The variational equations of the infinite-tf Hamiltonian GVM [12] present a very

similar structure: the only di↵erence is that the expressions coth
⇣

1
2

p
[�](·)

⌘
in (119)

are then replaced by 1. As we will explain, this di↵erence crucially implies that the
two GVMs possess distinct scalings. From a technical point of view, we will see that
the singular behaviour of coth x as x ! 0 a↵ects the full scaling of the GVM solution.
This corresponds to the fact that the small-[�](u) regime governs the large physical

scales, and this is precisely the regime where coth
⇣

1
2

p
[�](u)

⌘
behaves very di↵erently

from 1.

log([�](u))

log(u)
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Figure 6.3: Summary of the GVM Hamiltonian of the 1D interface, assuming a
Gaussian correlator R⇠(x) and thus of saddle-point equation (6.16). We emphasize
the physical interpretation of the solution {[�] (u), vc,�(0)} (6.18)-(6.17), which en-
codes essentially the Larkin length Lc (6.20), the scaling of the asymptotic roughness
BGVM

asympt(r) ⇠ r6/5 (6.21) and the interpolating parameter f(T, ⇠) (6.19). In the computa-
tion of the roughness using the inversion formula (6.14), the full-RSB behavior at u  vc
encodes the metastability at small Fourier modes, hence large lengthscales. The shaded
area corresponds to the RS behavior at small lengthscales.

So the main contribution of this GVM computation, centered on the Hamiltonian
of the 1D interface, is to provide explicit analytical expressions connecting smoothly
the two opposite high-T and low-T limits (predicted otherwise by scaling analy-
sis), for the roughness BGVM(r), its characteristic crossover lengthscales Lc(T, ⇠),
and the interpolation parameter f(T, ⇠). All this GVM procedure is summarized
in Fig. 6.3.

6.3 GVM on the free-energy of the DP toy model
We can notice that the GVM computation presented in the previous section does
not yield the correct value for the asymptotic roughness exponent. This is due to
the inadequacy between its Flory exponent ⇣1D

F = 3/5 and the exact ⇣KPZ = 2/3.
According to our explorations of the disorder free-energy fluctuations, discussed in
Chapter 5, we now perform a similar GVM computation on the DP toy model defined
in Sec. 5.3. We have gathered in Appendix C first the computation of the replicated
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With disorder: Gaussian Variational Method (GVM) roughness computations

What is the relation between the Flory exponents/crossovers & GVM predictions?

• Crossover scales consistent with scaling candidates e.g. Lc =
(T/f)5

cD2

• GVM interpolates the temperature crossover
⇢

f6 / (T/Tc)6(1� f)
Tc = (⇠cD)1/3

• GVM doomed to predict the Flory exponent 
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The GVM roughness provides us with

• a qualitative understanding of the different regimes as a function of the lengthscale
• the prediction of a temperature-induced crossover, and its associated crossover scales

Remarkably, the crossover scalings are the same from scaling analysis, GVM computations, 
perturbative RG computations, and other results obtained from the mapping to the 1+1 DP & KPZ!

The GVM predicts the standard Flory exponent 3/5 instead of 2/3, but can be corrected at            !
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