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Outline

1. From the Lindblad equation to the Lindblad-Keldysh functional integral 

• Lindblad equation for driven open quantum matter
• construction of Lindblad-Keldysh functional integral

@t⇢ = �i[H, ⇢] + L[⇢]

4. Principles of universality in driven open quantum matter

• the principles: eq. vs. non-eq.; pure vs. mixed states; weak vs. strong 
symmetries

• application: 1D KPZ in open vs. closed systems
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Keldysh theory general: A. Kamenev, Field theory or non-equilibrium systems, 
Cambridge University Press 
Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven Open 
Quantum Systems, Reports on Progress in Physics (2016);
L. Sieberer, M. Buchhold, J. Marino, SD, Universality in Driven Open Quantum 
Matter, arxiv (2023)

2. KPZ equation in exciton-polariton condensates

• background: semiclassical limit, classifying eq. vs. non-eq. states
• from XP to KPZ: absence of algebraic order out of equilibrium
• compact KPZ and non-equilibrium phase transition

3. Macroscopic non-equilibrium phenomena from weak non-equilibrium drive
• non-equilibrium O(N) models: phase structure, limit cycles
• novel non-equilibrium criticality at onset of a limit cycle
• route towards KPZ via breaking of time translation symmetry

5. Quantum aspects: Topology in driven open quantum matter

• topological dark states in Lindblad evolution
• universality of topological response: pure states, mixed states



1. From the Lindblad equation to the Lindblad-Keldysh 
functional integral
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Many-Body Master 
Equation

Keldysh functional 
integral

1-1 
mapping

• Lindblad equation for driven open quantum matter
• construction of Lindblad-Keldysh functional integral
• structural properties



Lindblad quantum master equation: 
From few to many degrees of freedom
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dissipative environment (“open”)

external fields, e.g. laser
(“driven”)

quantum system

What is a driven open quantum system?

• quantum optics:

• exchange between system and bath 
(e.g. energy, entropy, particle number)
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• example: laser driven atom coupled to the radiation field (two-level system)

coupling to radiation field: 
spontaneous emission

excited state

ground state
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• example: laser driven atom coupled to the radiation field (two-level system)

coupling to radiation field: 
spontaneous emission

excited state

ground state

• simple fact: drive essential to access 
upper level

• no minimisation of energy
• no guarantee for detailed balance
• no obedience of the second law of 

thermodynamics (state purification)

• implications:



• quantum master equation

Driven open quantum systems: microscopic description
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⌘ L̂[⇢̂] Lindbladian; also: Liouvillian lattice site, spin …
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• derivation from system-bath setting: second order time dependent perturbation theory

• starting point: system-bath setting

(for single L)
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• bath: infinitely many mode modes than system



• quantum master equation

Driven open quantum systems: microscopic description
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Ĥs-b =
X

µ

gµe
�i⌫t

L̂ b̂
†
µ + h. c.

• bath: infinitely many mode modes than system



• quantum master equation

Driven open quantum systems: microscopic description

environment

drive 
system

Lindblad operators

coherent evolution driven-dissipative evolution
<latexit sha1_base64="lvxNPUX0bRz3Re7ucSoLYBrhSQY=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhJAwFjBwsBQJPqQkqhyXKex6tjBdipVUT+AhV9hYQAhVj6Ajb/BaTNAy5EsHZ1zrnzvCRJGlbbtb6u0tLyyulZer2xsbm3vVHf32kqkEpMWFkzIboAUYZSTlqaakW4iCYoDRjrB8Dr3OyMiFRX8Xo8T4sdowGlIMdJG6lVrHnlI6Qh6EdKZFyMdYcTg7QS6uQI9GQnfpOy6PQVcJE5BaqBAs1f98voCpzHhGjOklOvYifYzJDXFjEwqXqpIgvAQDYhrKEcxUX42PWYCj4zSh6GQ5nENp+rviQzFSo3jwCTzddW8l4v/eW6qw0s/ozxJNeF49lGYMqgFzJuBfSoJ1mxsCMKSml0hjpBEWJv+KqYEZ/7kRdI+qTvn9dO7s1rjqqijDA7AITgGDrgADXADmqAFMHgEz+AVvFlP1ov1bn3MoiWrmNkHf2B9/gBGlpsg</latexit>

⌘ L̂[⇢̂] Lindbladian; also: Liouvillian

• 3 approximations:

• Born: weak system-bath coupling -> bath state unaffected by 
system (2nd order pert. th.)

• Markov: system evolution slow wrt bath -> time-local evolution

• rotating wave: drive  selects relevant energy regimes <latexit sha1_base64="XG2+WwsPkyJuoNIYtSh59rF095A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ1elvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBhf43f</latexit>⌫

|g〉

|e〉

• example: two-level system

detuning

laser drive 
frequency

laser intensity

<latexit sha1_base64="f8Sjqs/GE9PYZMMRh+HvJ0cbmOw=">AAACEXicbVA9SwNBEN3zM8avqKXNYhDSGO5U1EYQbSwsFIwKuRjmNpPLkr29Y3dPCGf+go1/xcZCEVs7O/+Nm+QKNT4Y5vHeDLvzgkRwbVz3y5mYnJqemS3MFecXFpeWSyurVzpOFcMai0WsbgLQKLjEmuFG4E2iEKJA4HXQPRn413eoNI/lpekl2IgglLzNGRgrNUsVvwOGntFDeh/6CmQokPpi1PHeyr7mYQS3W81S2a26Q9Bx4uWkTHKcN0uffitmaYTSMAFa1z03MY0MlOFMYL/opxoTYF0IsW6phAh1Ixte1KebVmnRdqxsSUOH6s+NDCKte1FgJyMwHf3XG4j/efXUtA8aGZdJalCy0UPtVFAT00E8tMUVMiN6lgBT3P6Vsg4oYMaGWLQheH9PHidX21Vvr7pzsVs+Os7jKJB1skEqxCP75IicknNSI4w8kCfyQl6dR+fZeXPeR6MTTr6zRn7B+fgGATyb4g==</latexit>

L̂ = |gihe| = ��

<latexit sha1_base64="p/z0xP7puwcUSNpifInPGo5GYGY=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KoqMeiF29WsB/QhLDZbtKlu0nY3Sil9qd48aCIV3+JN/+N2zYHrT4YeLw3w8y8MONMacf5skpLyyura+X1ysbm1vaOXd1tqzSXhLZIylPZDbGinCW0pZnmtJtJikXIaSccXk39zj2ViqXJnR5l1Bc4TljECNZGCuxqHHgiR55iAnk3gsY4sGtO3ZkB/SVuQWpQoBnYn14/JbmgiSYcK9VznUz7Yyw1I5xOKl6uaIbJEMe0Z2iCBVX+eHb6BB0apY+iVJpKNJqpPyfGWCg1EqHpFFgP1KI3Ff/zermOLvwxS7Jc04TMF0U5RzpF0xxQn0lKNB8Zgolk5lZEBlhiok1aFROCu/jyX9I+rrtn9ZPb01rjsoijDPtwAEfgwjk04Bqa0AICD/AEL/BqPVrP1pv1Pm8tWcXMHvyC9fENihiTiw==</latexit>

gµ ⇠ ⌦

bath modes

<latexit sha1_base64="nk4lpi8RSDJX/gIDJIVTPIBxw1I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOa3QEWAvfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fiYePHQ==</latexit>�

lattice site, spin …
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• derivation from system-bath setting: second order time dependent perturbation theory

• starting point: system-bath setting

(for single L)
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µ + h. c.

• bath: infinitely many mode modes than system



Lindblad operators

coherent evolution

• quantum master equation

environment

drive 
system

driven-dissipative evolution

• derivation from ‘symmetry’ (i.e. implementing key physical requirements)
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⌘ L̂[⇢̂] Lindbladian; also: Liouvillian

• Lindbladian defines a dynamical map

• with properties

➡ up to a unitary transformation (above: diagonal form in index i),         is the most general time-local 
generator with these properties 

• Hermiticity: 

• complete positivity:

• trace preservation / probability conservation
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trL̂[⇢̂] = 0since

G. Lindblad, Commun. Math. Phys. (1976)
Nielsen & Chuang, Chap. 8
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Driven open quantum systems: microscopic description

Göran Lindblad



• quantum master equation

environment

drive 
system

• interpretation:

energy decay (dissipation) ensures probability conservation 
(fluctuation)

Lindblad operators

coherent evolution driven-dissipative evolution
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Driven open quantum systems: microscopic description
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• quantum master equation

environment

drive 
system

• So far: few degrees of freedom in the “system”

• Question: What if we replace few by many degrees of freedom?

➡Quantum Optics:                 
coherent and driven-dissipative 
dynamics on equal footing

microphysics macrophysics

➡Many-Body Physics:                 
continuum of spatial 
degrees of freedom

➡Statistical Mechanics:                 
physics at the largest 
distances

➡ The interface of quantum optics and many-body physics

Lindblad operators

coherent evolution driven-dissipative evolution
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⌘ L̂[⇢̂] Lindbladian; also: Liouvillian

Driven open quantum systems: microscopic description



➡Quantum Optics

2

the organized phase as a supersolid27–29 similar to those
proposed for two-component systems30.

THEORETICAL DESCRIPTION AND THE
DICKE MODEL

Let us first consider a single two-level atom of mass m
interacting with a single cavity mode and the standing-
wave pump field. The Hamiltonian then reads31 in a
frame rotating with the pump laser frequency

Ĥ(1) =
p̂
2
x + p̂

2
z

2m
+ V0 cos

2(kẑ) + ~⌘(â† + â) cos(kx̂) cos(kẑ)

� ~
⇣
�c � U0 cos

2(kx̂)
⌘
â
†
â. (1)

Here, the excited atomic state is adiabatically eliminated
which is justified for large detuning�a = !p�!a between
the pump laser frequency !p and the atomic transition
frequency !a. The first term describes the kinetic en-
ergy of the atom with momentum operators p̂x,z. The
pump laser creates a standing-wave potential of depth
V0 = ~⌦2

p/�a along the z-axis, where ⌦p denotes the
maximum pump Rabi frequency, and ~ the Planck con-
stant. Scattering between the pump field and the cav-
ity mode, which is oriented along x, induces a lattice
potential which dynamically depends on the scattering
rate and the relative phase between the pump field and
the cavity field. This phase is restricted to the values
0 or ⇡, for which the scattering induced light potential
has a �p/

p
2 periodicity along the x-z direction, with

�p = 2⇡/k denoting the pump wavelength (see Fig. 1c).
The scattering rate is determined by the two-photon Rabi
frequency ⌘ = g0⌦p/�a, with g0 being the atom-cavity
coupling strength. The last term describes the cavity
field, with photon creation and annihilation operators â†

and â. The cavity resonance frequency !c is detuned
from the pump laser frequency by �c = !p�!c, and the
light-shift of a single maximally coupled atom is given by

U0 = g2
0

�a
.

For a condensate of N atoms, the process of
self-organization can be captured by a mean-field
description13. It assumes that all atoms occupy a sin-
gle quantum state characterized by the wave function
 , which is normalized to the atom number N . The
light-atom interaction can now be described by a dy-
namic light potential32 felt by all atoms. Since the
timescale of atomic dynamics in the motional degree
of freedom is much larger than the inverse of the cav-
ity field decay rate , the coherent cavity field ampli-
tude ↵ adiabatically follows the atomic density distri-
bution according to ↵ = ⌘⇥/(�c � U0B + i). The
order parameter describing self-organization is given by
⇥ = h | cos(kx) cos(kz)| i which measures the localiza-
tion of the atoms on either the even (⇥ > 0) or the odd
(⇥ < 0) sublattice of the underlying checkerboard pat-
tern defined by cos(kx) cos(kz) = ±1 (see Fig. 1c). The
sign of the order parameter determines which of the two

a

b

c

even sites

odd sites

R ? Ret

R= Ret

�r

xy

z

FIG. 1. Concept of the experiment. A Bose-Einstein conden-
sate which is placed inside an optical cavity is driven by a
standing-wave pump laser oriented along the vertical z-axis.
The frequency of the pump laser is far red-detuned with re-
spect to the atomic transition line but close detuned to a par-
ticular cavity mode. Correspondingly, the atoms coherently
scatter pump light into the cavity mode with a phase depend-
ing on their position within the combined pump–cavity mode
profile. a, For a homogeneous atomic density distribution
along the cavity axis, the build-up of a coherent cavity field
is suppressed due to destructive interference of the individual
scatterers. b, Above a critical pump power Pcr the atoms
self-organize onto either the even or odd sites of a checker-
board pattern (c) thereby maximizing cooperative scattering
into the cavity. This dynamical quantum phase transition is
triggered by quantum fluctuations in the condensate density.
It is accompanied by spontaneous symmetry breaking both in
the atomic density and the relative phase between pump field
and cavity field. c, Geometry of the checkerboard pattern.
The intensity maxima of the pump and cavity field are de-
picted by the horizontal and vertical lines, respectively, with
�p denoting the pump wavelength.
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interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.
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the organized phase as a supersolid27–29 similar to those
proposed for two-component systems30.

THEORETICAL DESCRIPTION AND THE
DICKE MODEL

Let us first consider a single two-level atom of mass m
interacting with a single cavity mode and the standing-
wave pump field. The Hamiltonian then reads31 in a
frame rotating with the pump laser frequency

Ĥ(1) =
p̂
2
x + p̂

2
z

2m
+ V0 cos

2(kẑ) + ~⌘(â† + â) cos(kx̂) cos(kẑ)

� ~
⇣
�c � U0 cos

2(kx̂)
⌘
â
†
â. (1)

Here, the excited atomic state is adiabatically eliminated
which is justified for large detuning�a = !p�!a between
the pump laser frequency !p and the atomic transition
frequency !a. The first term describes the kinetic en-
ergy of the atom with momentum operators p̂x,z. The
pump laser creates a standing-wave potential of depth
V0 = ~⌦2

p/�a along the z-axis, where ⌦p denotes the
maximum pump Rabi frequency, and ~ the Planck con-
stant. Scattering between the pump field and the cav-
ity mode, which is oriented along x, induces a lattice
potential which dynamically depends on the scattering
rate and the relative phase between the pump field and
the cavity field. This phase is restricted to the values
0 or ⇡, for which the scattering induced light potential
has a �p/

p
2 periodicity along the x-z direction, with

�p = 2⇡/k denoting the pump wavelength (see Fig. 1c).
The scattering rate is determined by the two-photon Rabi
frequency ⌘ = g0⌦p/�a, with g0 being the atom-cavity
coupling strength. The last term describes the cavity
field, with photon creation and annihilation operators â†

and â. The cavity resonance frequency !c is detuned
from the pump laser frequency by �c = !p�!c, and the
light-shift of a single maximally coupled atom is given by

U0 = g2
0

�a
.

For a condensate of N atoms, the process of
self-organization can be captured by a mean-field
description13. It assumes that all atoms occupy a sin-
gle quantum state characterized by the wave function
 , which is normalized to the atom number N . The
light-atom interaction can now be described by a dy-
namic light potential32 felt by all atoms. Since the
timescale of atomic dynamics in the motional degree
of freedom is much larger than the inverse of the cav-
ity field decay rate , the coherent cavity field ampli-
tude ↵ adiabatically follows the atomic density distri-
bution according to ↵ = ⌘⇥/(�c � U0B + i). The
order parameter describing self-organization is given by
⇥ = h | cos(kx) cos(kz)| i which measures the localiza-
tion of the atoms on either the even (⇥ > 0) or the odd
(⇥ < 0) sublattice of the underlying checkerboard pat-
tern defined by cos(kx) cos(kz) = ±1 (see Fig. 1c). The
sign of the order parameter determines which of the two

a

b

c

even sites

odd sites

R ? Ret

R= Ret

�r

xy

z

FIG. 1. Concept of the experiment. A Bose-Einstein conden-
sate which is placed inside an optical cavity is driven by a
standing-wave pump laser oriented along the vertical z-axis.
The frequency of the pump laser is far red-detuned with re-
spect to the atomic transition line but close detuned to a par-
ticular cavity mode. Correspondingly, the atoms coherently
scatter pump light into the cavity mode with a phase depend-
ing on their position within the combined pump–cavity mode
profile. a, For a homogeneous atomic density distribution
along the cavity axis, the build-up of a coherent cavity field
is suppressed due to destructive interference of the individual
scatterers. b, Above a critical pump power Pcr the atoms
self-organize onto either the even or odd sites of a checker-
board pattern (c) thereby maximizing cooperative scattering
into the cavity. This dynamical quantum phase transition is
triggered by quantum fluctuations in the condensate density.
It is accompanied by spontaneous symmetry breaking both in
the atomic density and the relative phase between pump field
and cavity field. c, Geometry of the checkerboard pattern.
The intensity maxima of the pump and cavity field are de-
picted by the horizontal and vertical lines, respectively, with
�p denoting the pump wavelength.
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interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.
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the organized phase as a supersolid27–29 similar to those
proposed for two-component systems30.

THEORETICAL DESCRIPTION AND THE
DICKE MODEL

Let us first consider a single two-level atom of mass m
interacting with a single cavity mode and the standing-
wave pump field. The Hamiltonian then reads31 in a
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2(kẑ) + ~⌘(â† + â) cos(kx̂) cos(kẑ)
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Here, the excited atomic state is adiabatically eliminated
which is justified for large detuning�a = !p�!a between
the pump laser frequency !p and the atomic transition
frequency !a. The first term describes the kinetic en-
ergy of the atom with momentum operators p̂x,z. The
pump laser creates a standing-wave potential of depth
V0 = ~⌦2

p/�a along the z-axis, where ⌦p denotes the
maximum pump Rabi frequency, and ~ the Planck con-
stant. Scattering between the pump field and the cav-
ity mode, which is oriented along x, induces a lattice
potential which dynamically depends on the scattering
rate and the relative phase between the pump field and
the cavity field. This phase is restricted to the values
0 or ⇡, for which the scattering induced light potential
has a �p/

p
2 periodicity along the x-z direction, with

�p = 2⇡/k denoting the pump wavelength (see Fig. 1c).
The scattering rate is determined by the two-photon Rabi
frequency ⌘ = g0⌦p/�a, with g0 being the atom-cavity
coupling strength. The last term describes the cavity
field, with photon creation and annihilation operators â†

and â. The cavity resonance frequency !c is detuned
from the pump laser frequency by �c = !p�!c, and the
light-shift of a single maximally coupled atom is given by

U0 = g2
0
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.

For a condensate of N atoms, the process of
self-organization can be captured by a mean-field
description13. It assumes that all atoms occupy a sin-
gle quantum state characterized by the wave function
 , which is normalized to the atom number N . The
light-atom interaction can now be described by a dy-
namic light potential32 felt by all atoms. Since the
timescale of atomic dynamics in the motional degree
of freedom is much larger than the inverse of the cav-
ity field decay rate , the coherent cavity field ampli-
tude ↵ adiabatically follows the atomic density distri-
bution according to ↵ = ⌘⇥/(�c � U0B + i). The
order parameter describing self-organization is given by
⇥ = h | cos(kx) cos(kz)| i which measures the localiza-
tion of the atoms on either the even (⇥ > 0) or the odd
(⇥ < 0) sublattice of the underlying checkerboard pat-
tern defined by cos(kx) cos(kz) = ±1 (see Fig. 1c). The
sign of the order parameter determines which of the two
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FIG. 1. Concept of the experiment. A Bose-Einstein conden-
sate which is placed inside an optical cavity is driven by a
standing-wave pump laser oriented along the vertical z-axis.
The frequency of the pump laser is far red-detuned with re-
spect to the atomic transition line but close detuned to a par-
ticular cavity mode. Correspondingly, the atoms coherently
scatter pump light into the cavity mode with a phase depend-
ing on their position within the combined pump–cavity mode
profile. a, For a homogeneous atomic density distribution
along the cavity axis, the build-up of a coherent cavity field
is suppressed due to destructive interference of the individual
scatterers. b, Above a critical pump power Pcr the atoms
self-organize onto either the even or odd sites of a checker-
board pattern (c) thereby maximizing cooperative scattering
into the cavity. This dynamical quantum phase transition is
triggered by quantum fluctuations in the condensate density.
It is accompanied by spontaneous symmetry breaking both in
the atomic density and the relative phase between pump field
and cavity field. c, Geometry of the checkerboard pattern.
The intensity maxima of the pump and cavity field are de-
picted by the horizontal and vertical lines, respectively, with
�p denoting the pump wavelength.
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interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.
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➡ overdamped motion in potential landscape
➡ condensation / spontaneous U(1) symmetry breaking for �l � �p < 0
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Keldysh functional integrals: Why?
• Feynman’s formulation of quantum mechanics • Useful language for systems with many 

degrees of freedom

• general: powerful techniques

• diagrammatic perturbation theory; 

• collective variables; 

• renormalization group
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• Feynman’s formulation of quantum mechanics • Useful language for systems with many 

degrees of freedom

• general: powerful techniques

• diagrammatic perturbation theory; 

• collective variables; 

• renormalization group

• non-equilibrium Keldysh

• closer to the real-time formulations of 
quantum mechanics

• gives unified view on and principles (e.g. 
symmetries) for equilibrium and non-
equilibrium systems

• indispensable for many systems:

• disorder

• dissipation

• open the powerful toolbox of quantum 
field theory for many-body non-
equilibrium situations

infinite harmonic 
baths!



1. Schrödinger equation: evolving a state vector

• The basic idea in three steps:

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)

Keldysh functional integral

~ = 1

more details: L. Sieberer, M. Buchhold, SD, 
Keldysh Field Theory for Driven Open Quantum Systems, 
Reports on Progress in Physics (2016)
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⌘ L[⇢]@t⇢ = �i[H, ⇢] + 

X
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Li⇢L
†
i � 1

2{L
†
iLi, ⇢}

3. The same is true for the Lindblad equation:

) ⇢(t) = eL(t�t0)⇢(t0) linear superoperator (acts from both 
sides on density matrix)
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➡ “Trotterization” of time interval and insertion of coherent states:
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in Driven Open Quantum Matter, arxiv (Dec 2023)
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e
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➡ operator H -> complex, time dependent functional H
➡ time evolution from overlap of neighbouring states
➡ no reference to single particle or many-body Hamiltonian, lattice or continuum!
➡ single set of degrees of freedom for vector evolution

• continuum time limit N → ∞
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1. Functional integral idea (Feynman)

• “Trotterization” of the time interval and insertion of full sets of coherent states 
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• Schrödinger equation: evolving a state vector
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@t⇢(t) = �i[H, ⇢(t)] ) ⇢(t) = U(t, t0)⇢(t0)U
†(t, t0)

• Heisenberg-von Neumann equation: evolving a state (density) matrix

• Second case: “Trotterization” on both sides:

e
iH(t�t0) = lim

N!1
(1 + i�tH)N �t =

t� t0
N

t

➡ two sets of degrees of freedom for matrix evolution

⇢(t0)
tU U †

2. Schrödinger vs. Heisenberg-von Neumann



• Lindblad equation: evolving a state (density) matrix

• Identical program for Liouville generator of dynamics (left and right action on density matrix)

➡ two sets of degrees of freedom for matrix evolution

⇢(t0)

3. Schrödinger vs. Lindblad

⇢(t) = e(t�t0)L ⇢0 = lim
N!1

(1 + �tL)N ⇢0

@t⇢ = �i[H, ⇢] +D[⇢] ⌘ L[⇢] ) ⇢(t) = eL(t�t0)⇢(t0)

�t =
t� t0
N

• Schrödinger equation: evolving a state vector

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)



Keldysh partition function

• final step: Keldysh “partition function”

Z = tr⇢(t) = tr⇢(t0) = 1

t0 ! �1, tf ! +1

information on all stages;
stationarity reached 

(boundary conditions 
irrelevant)

• Lindblad equation: evolving a state (density) matrix

@t⇢ = �i[H, ⇢] +D[⇢] ⌘ L[⇢] ) ⇢(t) = eL(t�t0)⇢(t0)

• Schrödinger equation: evolving a state vector

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)



• key steps present for single degree of freedom, e.g. 

Detailed calculation: damped harmonic oscillator
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• one time step
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t
⇢(t0)

t a|�i = �|�i

h�0|�i = e�
0⇤�

1 =

Z
d�⇤d�

⇡
e��⇤�|�ih�|

coherent states (bosons):

|�+,ni
<latexit sha1_base64="6T0zPTnIVb/myt0PCvW6DrHX6UE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIsgKCXxgS6LblxWsA9oQphMJ+3QySTMTMQS8ytuXCji1h9x5984bbPQ1gMXDufcy733BAmjUtn2t1FaWl5ZXSuvVzY2t7Z3zN1qW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Gbidx6IkDTm92qcEC9CA05DipHSkm9Wn9xkSP3s+ITnrkB8wIhv1uy6PYW1SJyC1KBA0ze/3H6M04hwhRmSsufYifIyJBTFjOQVN5UkQXiEBqSnKUcRkV42vT23DrXSt8JY6OLKmqq/JzIUSTmOAt0ZITWU895E/M/rpSq88jLKk1QRjmeLwpRZKrYmQVh9KghWbKwJwoLqWy08RAJhpeOq6BCc+ZcXSfu07pzVL+7Oa43rIo4y7MMBHIEDl9CAW2hCCzA8wjO8wpuRGy/Gu/Exay0Zxcwe/IHx+QMGqpRw</latexit>

h��,n|
<latexit sha1_base64="swDYUoeGs/ymJETIuSLQzMrMkts=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZbEB7osunFZwT6gCWUynbRDJ5MwMxFKrL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5BwprTjfFuFpeWV1bXiemljc2t7x97da6o4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN5M/NYDlYrF4l6PEupHuC9YyAjWRuraZY9j0ecUecmAdbOTYzF+7NoVp+pMgRaJm5MK5Kh37S+vF5M0okITjpXquE6i/QxLzQin45KXKppgMsR92jFU4IgqP5seP0aHRumhMJamhEZT9fdEhiOlRlFgOiOsB2rem4j/eZ1Uh1d+xkSSairIbFGYcqRjNEkC9ZikRPORIZhIZm5FZIAlJtrkVTIhuPMvL5LmadU9q17cnVdq13kcRdiHAzgCFy6hBrdQhwYQGMEzvMKb9WS9WO/Wx6y1YOUzZfgD6/MHWquUlg==</latexit>

• many time steps in temporal continuum limit



• key steps present for single degree of freedom, e.g. 

Detailed calculation: damped harmonic oscillator
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• many time steps in temporal continuum limit

• from a single free to many interacting degrees of freedom

• left out: fermions (additional sign in odd-parity Lindblad operators)

• single d.o.f.

• many d.o.f.s, lattice

• works analogously for interactions (subtlety: operator ordering for non-linear L)

(0+1) dimensional field theory
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dtddx
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(d+1) dimensional field theory• many d.o.f.s, continuum
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• Lindblad equation: 

Keldysh functional integral for interacting many-body system

�± =

✓
�±
�⇤
±

◆

SM [�+,��] =

Z
dt(�⇤

+i@t�+ � �⇤
�i@t�� � iL[�+,��])

@t⇢ = �i[H, ⇢] +D[⇢]

Z =

Z
D(�+,��)e

i(SM [�+,��]

• equivalent Keldysh functional integral:

L[�+,��] = �i (H+ �H�)� 

X

i

⇣
Li,+L

†
i,� � 1

2L
†
i,+Li,+ � 1

2L
†
i,�Li,�

⌘

➡ recognize Lindblad structure
➡ simple translation table (for contour normal ordered Lindbladian)

• operator right of density matrix -> - contour

• operator left of density matrix -> + contour

H± = H(�±) etc.

= �i(H⇢� ⇢H) + 

X

i

(Li⇢L
†
i � 1

2L
†
iLi⇢� 1

2⇢L
†
iLi)

➡ can be operated on lattice or in continuum limit
➡ caveat: contour diagonal Lindblad terms need temporal regularisation to track operator ordering



Keldysh functional integral: 
structural properties

intuition for additional  contour index of Keldysh field theory±

Z =

Z
D(�+,��)e

i(SM [�+,��]

classical path
(minimizes S)

1. Probability conservation (zero order)
2. Deterministic limit (first order)
3.Fluctuations (all orders)



1. Probability conservation / ”causality”

• trace / probability conservation:

@ttr⇢ = tr
�
� i(H⇢� ⇢H) + 

X

i

(Li⇢L
†
i � 1

2L
†
iLi⇢� 1

2⇢L
†
iLi)

�
= 0• Lindblad:

• Keldysh: Z = tr⇢(t) = 1
cyclicity

Z =

Z
D(�+,��)e

i(SM [�+,��]

• will argue: reflected on the action as

S[�+,�� = �+] = 0
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hÔi(t) = tr[Ô⇢̂(t)] = tr[⇢̂(t)Ô]
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• redundancy
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• trace / probability conservation:

@ttr⇢ = tr
�
� i(H⇢� ⇢H) + 

X

i

(Li⇢L
†
i � 1

2L
†
iLi⇢� 1

2⇢L
†
iLi)

�
= 0• Lindblad:

• Keldysh: Z = tr⇢(t) = 1
cyclicity

Z =

Z
D(�+,��)e

i(SM [�+,��]

• will argue: reflected on the action as

S[�+,�� = �+] = 0
<latexit sha1_base64="eQlMKSheAWN9/7UWXE0y7vOxSd8=">AAACB3icbZBNS8MwGMfT+TbnW9WjIMEhCNPR+oJeBkMvHie6F+hKSbN0C0vTkqTCKLt58at48aCIV7+CN7+NWdeDTh8I+fH/Pw/J8/djRqWyrC+jMDe/sLhUXC6trK6tb5ibWy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Orid++J0LSiN+pUUzcEPU5DShGSkueuXvrdBsD6lUOYXYfwdoUKtCFNcszy1bVygr+BTuHMsir4Zmf3V6Ek5BwhRmS0rGtWLkpEopiRsalbiJJjPAQ9YmjkaOQSDfN9hjDfa30YBAJfbiCmfpzIkWhlKPQ150hUgM5603E/zwnUcGFm1IeJ4pwPH0oSBhUEZyEAntUEKzYSAPCguq/QjxAAmGloyvpEOzZlf9C67hqn1TPbk7L9cs8jiLYAXvgANjgHNTBNWiAJsDgATyBF/BqPBrPxpvxPm0tGPnMNvhVxsc3aZKWdg==</latexit>
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hÔi(t) = hO+(t)i = hO�(t)i
<latexit sha1_base64="gbSjCSZOXW8ViDxvJW6cW8htHls=">AAACOHicbZDLSgMxFIYz9VbrrerSTbAIFbHMeEE3haIbd61gL9ApJZOmbWgmMyRnhDL0sdz4GO7EjQtF3PoEphelth4I/Pm/c0jO74WCa7DtZyuxsLi0vJJcTa2tb2xupbd3KjqIFGVlGohA1TyimeCSlYGDYLVQMeJ7glW93vWQV++Z0jyQd9APWcMnHcnbnBIwVjNdxK4gsiNY7HYJ4CIeuGp0z8IhzuNfWmweDZ0fmp8Cx9Ogmc7YOXtUeF44E5FBkyo1009uK6CRzyRQQbSuO3YIjZgo4FSwQcqNNAsJ7ZEOqxspic90Ix4tPsAHxmnhdqDMkYBH7vRETHyt+75nOn0CXT3LhuZ/rB5B+7IRcxlGwCQdP9SOBIYAD1PELa4YBdE3glDFzV8x7RJFKJisUyYEZ3bleVE5yTmnufPbs0zhahJHEu2hfZRFDrpABXSDSqiMKHpAL+gNvVuP1qv1YX2OWxPWZGYX/Snr6xujKKsh</latexit>

hÔi(t) = tr[Ô⇢̂(t)] = tr[⇢̂(t)Ô]
<latexit sha1_base64="8fe7hkPByTWNs3ke2bMgYEnV6jg="></latexit>

• redundancy

S =

Z t

t0

dt0 s(�+(t
0),��(t

0))
<latexit sha1_base64="Jp5TrKB4LSlLKziZv8DvFYoUuYA=">AAACG3icbZDLSsNAFIYn9VbrrerSzWARW6wl8YJuhKIblxWtCk0Nk+mkHZxMwsyJUELfw42v4saFIq4EF76N05qFVn8Y+PjPOZw5vx8LrsG2P63cxOTU9Ex+tjA3v7C4VFxeudRRoihr0khE6tonmgkuWRM4CHYdK0ZCX7Ar//ZkWL+6Y0rzSF5AP2btkHQlDzglYCyvuHOOj7DLJXgpePbgBnAHwyZ2q1iX3UaPe1tl2KxU8Yi3h1zxiiW7Zo+E/4KTQQllanjFd7cT0SRkEqggWrccO4Z2ShRwKtig4CaaxYTeki5rGZQkZLqdjm4b4A3jdHAQKfMk4JH7cyIlodb90DedIYGeHq8Nzf9qrQSCw3bKZZwAk/R7UZAIDBEeBoU7XDEKom+AUMXNXzHtEUUomDgLJgRn/OS/cLlTc3Zr+2d7pfpxFkceraF1VEYOOkB1dIoaqIkoukeP6Bm9WA/Wk/VqvX235qxsZhX9kvXxBXDqnUg=</latexit>

=) 0 = @tZ = ihs(�+(t),��(t))i = ihs(�+(t),�+(t))i 8t
<latexit sha1_base64="OnZYZkS9NAGerwlEXdSMFInJhwY="></latexit>

1. Probability conservation / ”causality”

• trace / probability conservation:

@ttr⇢ = tr
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• Keldysh: Z = tr⇢(t) = 1
cyclicity
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i(SM [�+,��]

• will argue: reflected on the action as

S[�+,�� = �+] = 0
<latexit sha1_base64="eQlMKSheAWN9/7UWXE0y7vOxSd8=">AAACB3icbZBNS8MwGMfT+TbnW9WjIMEhCNPR+oJeBkMvHie6F+hKSbN0C0vTkqTCKLt58at48aCIV7+CN7+NWdeDTh8I+fH/Pw/J8/djRqWyrC+jMDe/sLhUXC6trK6tb5ibWy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Orid++J0LSiN+pUUzcEPU5DShGSkueuXvrdBsD6lUOYXYfwdoUKtCFNcszy1bVygr+BTuHMsir4Zmf3V6Ek5BwhRmS0rGtWLkpEopiRsalbiJJjPAQ9YmjkaOQSDfN9hjDfa30YBAJfbiCmfpzIkWhlKPQ150hUgM5603E/zwnUcGFm1IeJ4pwPH0oSBhUEZyEAntUEKzYSAPCguq/QjxAAmGloyvpEOzZlf9C67hqn1TPbk7L9cs8jiLYAXvgANjgHNTBNWiAJsDgATyBF/BqPBrPxpvxPm0tGPnMNvhVxsc3aZKWdg==</latexit>



hÔi(t) = hO+(t)i = hO�(t)i
<latexit sha1_base64="gbSjCSZOXW8ViDxvJW6cW8htHls=">AAACOHicbZDLSgMxFIYz9VbrrerSTbAIFbHMeEE3haIbd61gL9ApJZOmbWgmMyRnhDL0sdz4GO7EjQtF3PoEphelth4I/Pm/c0jO74WCa7DtZyuxsLi0vJJcTa2tb2xupbd3KjqIFGVlGohA1TyimeCSlYGDYLVQMeJ7glW93vWQV++Z0jyQd9APWcMnHcnbnBIwVjNdxK4gsiNY7HYJ4CIeuGp0z8IhzuNfWmweDZ0fmp8Cx9Ogmc7YOXtUeF44E5FBkyo1009uK6CRzyRQQbSuO3YIjZgo4FSwQcqNNAsJ7ZEOqxspic90Ix4tPsAHxmnhdqDMkYBH7vRETHyt+75nOn0CXT3LhuZ/rB5B+7IRcxlGwCQdP9SOBIYAD1PELa4YBdE3glDFzV8x7RJFKJisUyYEZ3bleVE5yTmnufPbs0zhahJHEu2hfZRFDrpABXSDSqiMKHpAL+gNvVuP1qv1YX2OWxPWZGYX/Snr6xujKKsh</latexit>

• mnemonic: taking trace = ignoring contour order

• motivates Keldysh rotation

hÔi(t) = tr[Ô⇢̂(t)] = tr[⇢̂(t)Ô]
<latexit sha1_base64="8fe7hkPByTWNs3ke2bMgYEnV6jg="></latexit>

• redundancy

S =

Z t

t0

dt0 s(�+(t
0),��(t

0))
<latexit sha1_base64="Jp5TrKB4LSlLKziZv8DvFYoUuYA=">AAACG3icbZDLSsNAFIYn9VbrrerSzWARW6wl8YJuhKIblxWtCk0Nk+mkHZxMwsyJUELfw42v4saFIq4EF76N05qFVn8Y+PjPOZw5vx8LrsG2P63cxOTU9Ex+tjA3v7C4VFxeudRRoihr0khE6tonmgkuWRM4CHYdK0ZCX7Ar//ZkWL+6Y0rzSF5AP2btkHQlDzglYCyvuHOOj7DLJXgpePbgBnAHwyZ2q1iX3UaPe1tl2KxU8Yi3h1zxiiW7Zo+E/4KTQQllanjFd7cT0SRkEqggWrccO4Z2ShRwKtig4CaaxYTeki5rGZQkZLqdjm4b4A3jdHAQKfMk4JH7cyIlodb90DedIYGeHq8Nzf9qrQSCw3bKZZwAk/R7UZAIDBEeBoU7XDEKom+AUMXNXzHtEUUomDgLJgRn/OS/cLlTc3Zr+2d7pfpxFkceraF1VEYOOkB1dIoaqIkoukeP6Bm9WA/Wk/VqvX235qxsZhX9kvXxBXDqnUg=</latexit>

=) 0 = @tZ = ihs(�+(t),��(t))i = ihs(�+(t),�+(t))i 8t
<latexit sha1_base64="OnZYZkS9NAGerwlEXdSMFInJhwY="></latexit>

1. Probability conservation / ”causality”

• trace / probability conservation:

@ttr⇢ = tr
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• Keldysh: Z = tr⇢(t) = 1
cyclicity

Z =
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i(SM [�+,��]

• will argue: reflected on the action as

S[�+,�� = �+] = 0
<latexit sha1_base64="eQlMKSheAWN9/7UWXE0y7vOxSd8=">AAACB3icbZBNS8MwGMfT+TbnW9WjIMEhCNPR+oJeBkMvHie6F+hKSbN0C0vTkqTCKLt58at48aCIV7+CN7+NWdeDTh8I+fH/Pw/J8/djRqWyrC+jMDe/sLhUXC6trK6tb5ibWy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Orid++J0LSiN+pUUzcEPU5DShGSkueuXvrdBsD6lUOYXYfwdoUKtCFNcszy1bVygr+BTuHMsir4Zmf3V6Ek5BwhRmS0rGtWLkpEopiRsalbiJJjPAQ9YmjkaOQSDfN9hjDfa30YBAJfbiCmfpzIkWhlKPQ150hUgM5603E/zwnUcGFm1IeJ4pwPH0oSBhUEZyEAntUEKzYSAPCguq/QjxAAmGloyvpEOzZlf9C67hqn1TPbk7L9cs8jiLYAXvgANjgHNTBNWiAJsDgATyBF/BqPBrPxpvxPm0tGPnMNvhVxsc3aZKWdg==</latexit>



1. Probability conservation and Keldysh rotation

@ttr⇢ = tr
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• Keldysh: Z = tr⇢(t) = 1
cyclicity

Z =
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• make probability conservation more handy:

• starting point: contour basis: 

• Keldysh rotation
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<latexit sha1_base64="B7xPpmx1/AWGqM/gkwJqI3oytJI="></latexit>

center-of-mass

relative

• trace / probability conservation:

S[�+,��]
<latexit sha1_base64="/LhUx7IrfZLoLT0ESU5J3kE9WcE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEQS2JD3RZdOOyon1AGsJkOm2HTh7MTIQair/ixoUibv0Pd/6N0zQLbT1wuYdz7mXuHD/mTCrL+jYKc/MLi0vF5dLK6tr6hrm51ZBRIgitk4hHouVjSTkLaV0xxWkrFhQHPqdNf3A99psPVEgWhfdqGFM3wL2QdRnBSkueuXOHnHatz7zDI5T1Y4RczyxbFSsDmiV2TsqQo+aZX+1ORJKAhopwLKVjW7FyUywUI5yOSu1E0hiTAe5RR9MQB1S6aXb9CO1rpYO6kdAVKpSpvzdSHEg5DHw9GWDVl9PeWPzPcxLVvXRTFsaJoiGZPNRNOFIRGkeBOkxQovhQE0wE07ci0scCE6UDK+kQ7Okvz5LGScU+rZzfnpWrV3kcRdiFPTgAGy6gCjdQgzoQeIRneIU348l4Md6Nj8lowch3tuEPjM8fZH2TQQ==</latexit>

S[�+,�� = �+] = 0
<latexit sha1_base64="kfjfuYq+ehFT8RKfoOCyJsIKGyI=">AAACCXicbZBNS8MwGMfT+TbnW9Wjl+AQhOlofUEvg6EXjxPdC3SlpFm6haVpSVJhlF29+FW8eFDEq9/Am9/GrOtBNx8I+fH/Pw/J8/djRqWyrG+jsLC4tLxSXC2trW9sbpnbOy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Prid9+IELSiN+rUUzcEPU5DShGSkueCSG8g063MaBe5Qhm9zGsTaEC3ZrlmWWramUF58HOoQzyanjmV7cX4SQkXGGGpHRsK1ZuioSimJFxqZtIEiM8RH3iaOQoJNJNs03G8EArPRhEQh+uYKb+nkhRKOUo9HVniNRAznoT8T/PSVRw6aaUx4kiHE8fChIGVQQnscAeFQQrNtKAsKD6rxAPkEBY6fBKOgR7duV5aJ1U7dPq+e1ZuX6Vx1EEe2AfHAIbXIA6uAEN0AQYPIJn8ArejCfjxXg3PqatBSOf2QV/yvj8ARhFlso=</latexit>

with

• Lindblad:



1. Probability conservation and Keldysh rotation
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• make probability conservation more handy:

• starting point: contour basis: 

• Keldysh rotation
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<latexit sha1_base64="B7xPpmx1/AWGqM/gkwJqI3oytJI="></latexit>

center-of-mass

relative

• trace / probability conservation:

S[�+,��]
<latexit sha1_base64="/LhUx7IrfZLoLT0ESU5J3kE9WcE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEQS2JD3RZdOOyon1AGsJkOm2HTh7MTIQair/ixoUibv0Pd/6N0zQLbT1wuYdz7mXuHD/mTCrL+jYKc/MLi0vF5dLK6tr6hrm51ZBRIgitk4hHouVjSTkLaV0xxWkrFhQHPqdNf3A99psPVEgWhfdqGFM3wL2QdRnBSkueuXOHnHatz7zDI5T1Y4RczyxbFSsDmiV2TsqQo+aZX+1ORJKAhopwLKVjW7FyUywUI5yOSu1E0hiTAe5RR9MQB1S6aXb9CO1rpYO6kdAVKpSpvzdSHEg5DHw9GWDVl9PeWPzPcxLVvXRTFsaJoiGZPNRNOFIRGkeBOkxQovhQE0wE07ci0scCE6UDK+kQ7Okvz5LGScU+rZzfnpWrV3kcRdiFPTgAGy6gCjdQgzoQeIRneIU348l4Md6Nj8lowch3tuEPjM8fZH2TQQ==</latexit>

S[�+,�� = �+] = 0
<latexit sha1_base64="kfjfuYq+ehFT8RKfoOCyJsIKGyI=">AAACCXicbZBNS8MwGMfT+TbnW9Wjl+AQhOlofUEvg6EXjxPdC3SlpFm6haVpSVJhlF29+FW8eFDEq9/Am9/GrOtBNx8I+fH/Pw/J8/djRqWyrG+jsLC4tLxSXC2trW9sbpnbOy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Prid9+IELSiN+rUUzcEPU5DShGSkueCSG8g063MaBe5Qhm9zGsTaEC3ZrlmWWramUF58HOoQzyanjmV7cX4SQkXGGGpHRsK1ZuioSimJFxqZtIEiM8RH3iaOQoJNJNs03G8EArPRhEQh+uYKb+nkhRKOUo9HVniNRAznoT8T/PSVRw6aaUx4kiHE8fChIGVQQnscAeFQQrNtKAsKD6rxAPkEBY6fBKOgR7duV5aJ1U7dPq+e1ZuX6Vx1EEe2AfHAIbXIA6uAEN0AQYPIJn8ArejCfjxXg3PqatBSOf2QV/yvj8ARhFlso=</latexit>

with

• probability conservation S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• action in Keldysh/RAK basis S[�c,�q]
<latexit sha1_base64="frVs1W9XZYbQW/2ykf+BiusQmS8=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZTEB7osunFZ0T4gDWEynbRDJw9nJkIJ9VfcuFDErR/izr9xmmahrQcu93DOvcyd4yecSWVZ30ZpaXllda28XtnY3NreMXf32jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57Tjj66nfueRCsni6F6NE+qGeBCxgBGstOSZVXTn9JpD5pHjvD0gF3lmzapbOdAisQtSgwJNz/zq9WOShjRShGMpHdtKlJthoRjhdFLppZImmIzwgDqaRjik0s3y4yfoUCt9FMRCV6RQrv7eyHAo5Tj09WSI1VDOe1PxP89JVXDpZixKUkUjMnsoSDlSMZomgfpMUKL4WBNMBNO3IjLEAhOl86roEOz5Ly+S9kndPq2f357VGldFHGXYhwM4AhsuoAE30IQWEBjDM7zCm/FkvBjvxsdstGQUO1X4A+PzB8mrk5M=</latexit>

• Lindblad:



1. Probability conservation and Keldysh rotation
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• make probability conservation more handy:

• starting point: contour basis: 

• Keldysh rotation
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<latexit sha1_base64="B7xPpmx1/AWGqM/gkwJqI3oytJI="></latexit>

center-of-mass

relative

• interpretation of the fields: use

• “classical” field can acquire expectation value                 
(<—> condensation, spontaneous symmetry breaking) 

h�̂i = h�+i = h��i
<latexit sha1_base64="aTghLOSMTIHXESteOzNY63nwaZY=">AAACMXicdZDLSsNAFIYn9VbrLerSzWARBLEkXtCNUHTTZQV7gSaEyXTSDp1MwsxEKKGv5MY3ETddKOLWl3CaRtFWDwz8fP85nDm/HzMqlWWNjcLC4tLySnG1tLa+sbllbu80ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbiZ+654ISSN+p4YxcUPU4zSgGCmNPLPmMMR7jKROHykn7tORIzJwBb8dTb2jf/jxF/fMslWxsoLzws5FGeRV98wnpxvhJCRcYYak7NhWrNwUCUUxI6OSk0gSIzxAPdLRkqOQSDfNLh7BA026MIiEflzBjP6cSFEo5TD0dWeIVF/OehP4l9dJVHDpppTHiSIcTxcFCYMqgpP4YJcKghUbaoGwoPqvEPeRQFjpkEs6BHv25HnRPKnYp5Xz27Ny9TqPowj2wD44BDa4AFVQA3XQABg8gGfwAl6NR2NsvBnv09aCkc/sgl9lfHwCfQOrlg==</latexit>

• “quantum” field cannot
h�̂i = h�ci/

p
2, h�qi = 0

<latexit sha1_base64="wE9fK+0VR0QpHfOQbbDd8tPuq1U="></latexit>

• trace / probability conservation:

S[�+,��]
<latexit sha1_base64="/LhUx7IrfZLoLT0ESU5J3kE9WcE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEQS2JD3RZdOOyon1AGsJkOm2HTh7MTIQair/ixoUibv0Pd/6N0zQLbT1wuYdz7mXuHD/mTCrL+jYKc/MLi0vF5dLK6tr6hrm51ZBRIgitk4hHouVjSTkLaV0xxWkrFhQHPqdNf3A99psPVEgWhfdqGFM3wL2QdRnBSkueuXOHnHatz7zDI5T1Y4RczyxbFSsDmiV2TsqQo+aZX+1ORJKAhopwLKVjW7FyUywUI5yOSu1E0hiTAe5RR9MQB1S6aXb9CO1rpYO6kdAVKpSpvzdSHEg5DHw9GWDVl9PeWPzPcxLVvXRTFsaJoiGZPNRNOFIRGkeBOkxQovhQE0wE07ci0scCE6UDK+kQ7Okvz5LGScU+rZzfnpWrV3kcRdiFPTgAGy6gCjdQgzoQeIRneIU348l4Md6Nj8lowch3tuEPjM8fZH2TQQ==</latexit>

S[�+,�� = �+] = 0
<latexit sha1_base64="kfjfuYq+ehFT8RKfoOCyJsIKGyI=">AAACCXicbZBNS8MwGMfT+TbnW9Wjl+AQhOlofUEvg6EXjxPdC3SlpFm6haVpSVJhlF29+FW8eFDEq9/Am9/GrOtBNx8I+fH/Pw/J8/djRqWyrG+jsLC4tLxSXC2trW9sbpnbOy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Prid9+IELSiN+rUUzcEPU5DShGSkueCSG8g063MaBe5Qhm9zGsTaEC3ZrlmWWramUF58HOoQzyanjmV7cX4SQkXGGGpHRsK1ZuioSimJFxqZtIEiM8RH3iaOQoJNJNs03G8EArPRhEQh+uYKb+nkhRKOUo9HVniNRAznoT8T/PSVRw6aaUx4kiHE8fChIGVQQnscAeFQQrNtKAsKD6rxAPkEBY6fBKOgR7duV5aJ1U7dPq+e1ZuX6Vx1EEe2AfHAIbXIA6uAEN0AQYPIJn8ArejCfjxXg3PqatBSOf2QV/yvj8ARhFlso=</latexit>

with

• probability conservation S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• action in Keldysh/RAK basis S[�c,�q]
<latexit sha1_base64="frVs1W9XZYbQW/2ykf+BiusQmS8=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZTEB7osunFZ0T4gDWEynbRDJw9nJkIJ9VfcuFDErR/izr9xmmahrQcu93DOvcyd4yecSWVZ30ZpaXllda28XtnY3NreMXf32jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57Tjj66nfueRCsni6F6NE+qGeBCxgBGstOSZVXTn9JpD5pHjvD0gF3lmzapbOdAisQtSgwJNz/zq9WOShjRShGMpHdtKlJthoRjhdFLppZImmIzwgDqaRjik0s3y4yfoUCt9FMRCV6RQrv7eyHAo5Tj09WSI1VDOe1PxP89JVXDpZixKUkUjMnsoSDlSMZomgfpMUKL4WBNMBNO3IjLEAhOl86roEOz5Ly+S9kndPq2f357VGldFHGXYhwM4AhsuoAE30IQWEBjDM7zCm/FkvBjvxsdstGQUO1X4A+PzB8mrk5M=</latexit>

• Lindblad:



2. Deterministic limit

Z = tr⇢(t) = 1

Z =

Z
D(�+,��)e

i(SM [�+,��]

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral
classical path
(minimizes S)



2. Deterministic limit

Z = tr⇢(t) = 1

Z =

Z
D(�+,��)e

i(SM [�+,��]

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral

• first order in quantum field: ordering principle due to condensation 

• classical / occupation field: macroscopic occupation
<latexit sha1_base64="PITYY9TrvXqqPfS3LhkdUfXdAOM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJqB0JSELAgVbAwFok+pCZEjuu0Vp1HbQe1ivoXLPwKCwMIscLG3+C2GaBwJEvnnnOvru/xYkaFNM0vLbewuLS8kl8trK1vbG7p2zsNESUckzqOWMRbHhKE0ZDUJZWMtGJOUOAx0vT6VxO/eU+4oFF4K0cxcQLUDalPMZJKcnXDjnvUxaVhGV7Axl16aB1VxtAWSeAOIFE1HQxVPWsalF29aBrmFPAvsTJSBBlqrv5pdyKcBCSUmCEh2pYZSydFXFLMyLhgJ4LECPdRl7QVDVFAhJNO7xrDA6V0oB9x9UIJp+rPiRQFQowCT3UGSPbEvDcR//PaifTPnZSGcSJJiGeL/IRBGcFJSLBDOcGSjRRBmFP1V4h7iCMsVZQFFYI1f/Jf0qgY1qlxfHNSrF5mceTBHtgHJWCBM1AF16AG6gCDB/AEXsCr9qg9a2/a+6w1p2Uzu+AXtI9vs6Cdyw==</latexit>

�c(x) = V �1/2
X

q

e�iqx�c(q)

<latexit sha1_base64="palimkDyxYyVYiY2tDz0FzwMV+A="></latexit>

�c(q) ⇠ N1/2 =) �c(x) ⇠
N1/2

V 1/2
⇠ N0

• quantum field:
<latexit sha1_base64="xNyIVCXYgkLadBjRddabPgwaVLU="></latexit>

�q(q) ⇠ N0 =) �q(x) ⇠
1

V 1/2
⇠ N�1/2

<latexit sha1_base64="k/L3XXzozbxBr3GnSNvPsFR20Bs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF08SwTwgu4TZyWwyZHZ2mekVlpDf8OJBEa/+jDf/xsnjoIkFDUVVN91dYSqFQdf9dgorq2vrG8XN0tb2zu5eef+gaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k781hPXRiTqEfOUBzHtKxEJRtFK/j3xMSG+UBHm3XLFrbpTkGXizUkF5qh3y19+L2FZzBUySY3peG6KwYhqFEzyccnPDE8pG9I+71iqaMxNMJrePCYnVumRKNG2FJKp+ntiRGNj8ji0nTHFgVn0JuJ/XifD6DoYCZVmyBWbLYoySeyfkwBIT2jOUOaWUKaFvZWwAdWUoY2pZEPwFl9eJs2zqndZPX+4qNRu 5nEU4QiO4RQ8uIIa3EEdGsAghWd4hTcnc16cd+dj1lpw5jOH8AfO5w9srJFN</latexit>

N ! 1 (more precisely: only q=0 mode scales)

classical path
(minimizes S)



2. Deterministic limit

Z = tr⇢(t) = 1

Z =

Z
D(�+,��)e

i(SM [�+,��]

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral

• first order in quantum field: ordering principle due to condensation 

• classical / occupation field: macroscopic occupation
<latexit sha1_base64="PITYY9TrvXqqPfS3LhkdUfXdAOM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJqB0JSELAgVbAwFok+pCZEjuu0Vp1HbQe1ivoXLPwKCwMIscLG3+C2GaBwJEvnnnOvru/xYkaFNM0vLbewuLS8kl8trK1vbG7p2zsNESUckzqOWMRbHhKE0ZDUJZWMtGJOUOAx0vT6VxO/eU+4oFF4K0cxcQLUDalPMZJKcnXDjnvUxaVhGV7Axl16aB1VxtAWSeAOIFE1HQxVPWsalF29aBrmFPAvsTJSBBlqrv5pdyKcBCSUmCEh2pYZSydFXFLMyLhgJ4LECPdRl7QVDVFAhJNO7xrDA6V0oB9x9UIJp+rPiRQFQowCT3UGSPbEvDcR//PaifTPnZSGcSJJiGeL/IRBGcFJSLBDOcGSjRRBmFP1V4h7iCMsVZQFFYI1f/Jf0qgY1qlxfHNSrF5mceTBHtgHJWCBM1AF16AG6gCDB/AEXsCr9qg9a2/a+6w1p2Uzu+AXtI9vs6Cdyw==</latexit>

�c(x) = V �1/2
X

q

e�iqx�c(q)

<latexit sha1_base64="palimkDyxYyVYiY2tDz0FzwMV+A="></latexit>

�c(q) ⇠ N1/2 =) �c(x) ⇠
N1/2

V 1/2
⇠ N0

• quantum field:
<latexit sha1_base64="xNyIVCXYgkLadBjRddabPgwaVLU="></latexit>

�q(q) ⇠ N0 =) �q(x) ⇠
1

V 1/2
⇠ N�1/2

<latexit sha1_base64="k/L3XXzozbxBr3GnSNvPsFR20Bs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF08SwTwgu4TZyWwyZHZ2mekVlpDf8OJBEa/+jDf/xsnjoIkFDUVVN91dYSqFQdf9dgorq2vrG8XN0tb2zu5eef+gaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k781hPXRiTqEfOUBzHtKxEJRtFK/j3xMSG+UBHm3XLFrbpTkGXizUkF5qh3y19+L2FZzBUySY3peG6KwYhqFEzyccnPDE8pG9I+71iqaMxNMJrePCYnVumRKNG2FJKp+ntiRGNj8ji0nTHFgVn0JuJ/XifD6DoYCZVmyBWbLYoySeyfkwBIT2jOUOaWUKaFvZWwAdWUoY2pZEPwFl9eJs2zqndZPX+4qNRu 5nEU4QiO4RQ8uIIa3EEdGsAghWd4hTcnc16cd+dj1lpw5jOH8AfO5w9srJFN</latexit>

N ! 1 (more precisely: only q=0 mode scales)

classical path
(minimizes S)

• expand the action to leading order

• can do integral over quantum field Z =

Z
D[�c,�c]�


�S

��c

�
�


�S

��⇤
c

�

<latexit sha1_base64="BRi9PeqEBZc5oRUT9YAOpQAPTXo="></latexit>

S[�+ = (�c + �q)/
p
2,�� = (�c � �q)/

p
2] ⇡

Z

x,t
[�q

�S

��c
+ �⇤

q
�S

��⇤
c

]
<latexit sha1_base64="3tXd+Cd21B63rnGmckaKR5nusgU="></latexit>



2. Deterministic limit

Z = tr⇢(t) = 1

Z =

Z
D(�+,��)e

i(SM [�+,��]

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral

• first order in quantum field: ordering principle due to condensation 

• classical / occupation field: macroscopic occupation
<latexit sha1_base64="PITYY9TrvXqqPfS3LhkdUfXdAOM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJqB0JSELAgVbAwFok+pCZEjuu0Vp1HbQe1ivoXLPwKCwMIscLG3+C2GaBwJEvnnnOvru/xYkaFNM0vLbewuLS8kl8trK1vbG7p2zsNESUckzqOWMRbHhKE0ZDUJZWMtGJOUOAx0vT6VxO/eU+4oFF4K0cxcQLUDalPMZJKcnXDjnvUxaVhGV7Axl16aB1VxtAWSeAOIFE1HQxVPWsalF29aBrmFPAvsTJSBBlqrv5pdyKcBCSUmCEh2pYZSydFXFLMyLhgJ4LECPdRl7QVDVFAhJNO7xrDA6V0oB9x9UIJp+rPiRQFQowCT3UGSPbEvDcR//PaifTPnZSGcSJJiGeL/IRBGcFJSLBDOcGSjRRBmFP1V4h7iCMsVZQFFYI1f/Jf0qgY1qlxfHNSrF5mceTBHtgHJWCBM1AF16AG6gCDB/AEXsCr9qg9a2/a+6w1p2Uzu+AXtI9vs6Cdyw==</latexit>

�c(x) = V �1/2
X

q

e�iqx�c(q)

<latexit sha1_base64="palimkDyxYyVYiY2tDz0FzwMV+A="></latexit>

�c(q) ⇠ N1/2 =) �c(x) ⇠
N1/2

V 1/2
⇠ N0

• quantum field:
<latexit sha1_base64="xNyIVCXYgkLadBjRddabPgwaVLU="></latexit>

�q(q) ⇠ N0 =) �q(x) ⇠
1

V 1/2
⇠ N�1/2

<latexit sha1_base64="k/L3XXzozbxBr3GnSNvPsFR20Bs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF08SwTwgu4TZyWwyZHZ2mekVlpDf8OJBEa/+jDf/xsnjoIkFDUVVN91dYSqFQdf9dgorq2vrG8XN0tb2zu5eef+gaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k781hPXRiTqEfOUBzHtKxEJRtFK/j3xMSG+UBHm3XLFrbpTkGXizUkF5qh3y19+L2FZzBUySY3peG6KwYhqFEzyccnPDE8pG9I+71iqaMxNMJrePCYnVumRKNG2FJKp+ntiRGNj8ji0nTHFgVn0JuJ/XifD6DoYCZVmyBWbLYoySeyfkwBIT2jOUOaWUKaFvZWwAdWUoY2pZEPwFl9eJs2zqndZPX+4qNRu 5nEU4QiO4RQ8uIIa3EEdGsAghWd4hTcnc16cd+dj1lpw5jOH8AfO5w9srJFN</latexit>

N ! 1 (more precisely: only q=0 mode scales)

➡ deterministic limit Lindblad phi^4: dissipative Gross-Pitaevskii mean field theory
exercise: make connection to 

operator mean field theory 
(find factor  :) )2

• only deterministic configuration contributes with 
�S

��c
= 0 =

�S

��⇤
c

<latexit sha1_base64="3p3C8/SIwdFFKkD8M1cxKzzf2V4=">AAACMHicfVDLSsNAFJ3UV62vqEs3g0UQFyXxgW6EogtdVrQPaGKYTCbt0MkkzEyEEvJJbvwU3Sgo4tavcPoQtBUPXDiccy4z9/gJo1JZ1otRmJmdm18oLpaWlldW18z1jYaMU4FJHccsFi0fScIoJ3VFFSOtRBAU+Yw0/d75wG/eESFpzG9UPyFuhDqchhQjpSXPvHBCgXDmBIQpBK/zb+YkXerhHMJTaOn5N3W7l0PPLFsVawg4TewxKYMxap756AQxTiPCFWZIyrZtJcrNkFAUM5KXnFSSBOEe6pC2phxFRLrZ8OAc7mglgGEs9HAFh+rPjQxFUvYjXycjpLpy0huIf3ntVIUnbkZ5kirC8eihMGVQxXDQHgyoIFixviYIC6r/CnEX6W6U7rikS7AnT54mjf2KfVA5ujosV8/GdRTBFtgGu8AGx6AKLkEN1AEG9+AJvII348F4Nt6Nj1G0YIx3NsEvGJ9fobyotg==</latexit>

classical path
(minimizes S)

• expand the action to leading order

• can do integral over quantum field Z =

Z
D[�c,�c]�
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�S

��⇤
c

�

<latexit sha1_base64="BRi9PeqEBZc5oRUT9YAOpQAPTXo="></latexit>

S[�+ = (�c + �q)/
p
2,�� = (�c � �q)/

p
2] ⇡

Z

x,t
[�q

�S

��c
+ �⇤

q
�S

��⇤
c

]
<latexit sha1_base64="3tXd+Cd21B63rnGmckaKR5nusgU="></latexit>



2. Deterministic limit

Z = tr⇢(t) = 1

Z =

Z
D(�+,��)e

i(SM [�+,��]

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral
classical path
(minimizes S)

• Summary: 

�S

��c
= 0 =

�S

��⇤
c

<latexit sha1_base64="3p3C8/SIwdFFKkD8M1cxKzzf2V4=">AAACMHicfVDLSsNAFJ3UV62vqEs3g0UQFyXxgW6EogtdVrQPaGKYTCbt0MkkzEyEEvJJbvwU3Sgo4tavcPoQtBUPXDiccy4z9/gJo1JZ1otRmJmdm18oLpaWlldW18z1jYaMU4FJHccsFi0fScIoJ3VFFSOtRBAU+Yw0/d75wG/eESFpzG9UPyFuhDqchhQjpSXPvHBCgXDmBIQpBK/zb+YkXerhHMJTaOn5N3W7l0PPLFsVawg4TewxKYMxap756AQxTiPCFWZIyrZtJcrNkFAUM5KXnFSSBOEe6pC2phxFRLrZ8OAc7mglgGEs9HAFh+rPjQxFUvYjXycjpLpy0huIf3ntVIUnbkZ5kirC8eihMGVQxXDQHgyoIFixviYIC6r/CnEX6W6U7rikS7AnT54mjf2KfVA5ujosV8/GdRTBFtgGu8AGx6AKLkEN1AEG9+AJvII348F4Nt6Nj1G0YIx3NsEvGJ9fobyotg==</latexit>

• applications: systems in the presence of condensation/ collective degrees of freedom 
and low noise level, e.g.

• deterministic limit of Keldysh functional integral dominated by single field configuration 
minimizing bare Keldysh action 

• Bose condensation: dynamics of zero temperature weakly interacting Bose gases (cold atoms)

• light condensation: classical optics, waveguides, … (non-Hermitian physics)

• non-linear dynamics 

• higher orders in quantum field describe fluctuations

Cross, Hohenberg, RMP (1993)



3. Fluctuations

classical path
(minimizes S)

• Quantum /statistical field theories: Summation over all possible field configurations 

• Classical field theories: single configuration has it all, the one minimising �S

��
= 0

<latexit sha1_base64="y16Yhi1C7jhqLKNCvDlcD0PpCj4=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkriBd0IRTcuK9oLNKFMJpN26OTCzIlQQpZufBU3LhRx6yO4822cthG09YeBj/+cw5nze4ngCizry5ibX1hcWi6tlFfX1jc2za3tpopTSVmDxiKWbY8oJnjEGsBBsHYiGQk9wVre4GpUb90zqXgc3cEwYW5IehEPOCWgra655wSS0MzxmQCCb/MfcpI+z/GF1TUrVtUaC8+CXUAFFap3zU/Hj2kasgioIEp1bCsBNyMSOBUsLzupYgmhA9JjHY0RCZlys/EhOT7Qjo+DWOoXAR67vycyEio1DD3dGRLoq+nayPyv1kkhOHczHiUpsIhOFgWpwBDjUSrY55JREEMNhEqu/4ppn+hkQGdX1iHY0yfPQvOoah9XT29OKrXLIo4S2kX76BDZ6AzV0DWqowai6AE9oRf0ajwaz8ab8T5pnTOKmR30R8bHNw95mVk=</latexit>

deterministic

probabilistic

S[�]
<latexit sha1_base64="SrO1h76QDkY/QwQ65QH5zW9Fzb0=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiQ+0GXRjcuK9gFpKJPppB06mQwzE6GEfoQbF4q49Xvc+TdO2yy09cCFwzn3cu89keRMG8/7dkorq2vrG+XNytb2zu6eu3/Q0mmmCG2SlKeqE2FNORO0aZjhtCMVxUnEaTsa3U799hNVmqXi0YwlDRM8ECxmBBsrtR+CrhyysOdWvZo3A1omfkGqUKDRc7+6/ZRkCRWGcKx14HvShDlWhhFOJ5VupqnEZIQHNLBU4ITqMJ+dO0EnVumjOFW2hEEz9fdEjhOtx0lkOxNshnrRm4r/eUFm4uswZ0JmhgoyXxRnHJkUTX9HfaYoMXxsCSaK2VsRGWKFibEJVWwI/uLLy6R1VvPPa5f3F9X6TRFHGY7gGE7Bhyuowx00oAkERvAMr/DmSOfFeXc+5q0lp5g5hD9wPn8AHrCPbw==</latexit>

i.e. 

Z
D�eiS[�]

<latexit sha1_base64="Xv9SZ6Xm/gb5rxynNvSVj9eQzz8=">AAACCnicbZC7TsMwFIZPuJZyKzCyGCokpirhIhgrYGAsgl6kJFSO67ZWHSeyHaQq6szCq7AwgBArT8DG2+C0GaDllyx9+s858jl/EHOmtG1/W3PzC4tLy4WV4ura+sZmaWu7oaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81gcJnVmw9UKhaJOz2MqR/inmBdRrA2Vru05zGhvRDrPsE8RVcjL+4zRO9Tdutm6I/apbJdscdCs+DkUIZctXbpy+tEJAmp0IRjpVzHjrWfYqkZ4XRU9BJFY0wGuEddgwKHVPnp+JQROjBOB3UjaZ7QaOz+nkhxqNQwDExntrSarmXmfzU30d1zP2UiTjQVZPJRN+FIRyjLBXWYpETzoQFMJDO7ItLHEhNt0iuaEJzpk2ehcVRxjiunNyfl6kUeRwF2YR8OwYEzqMI11KAOBB7hGV7hzXqyXqx362PSOmflMzvwR9bnD3EQmr4=</latexit>



3. Fluctuations

classical path
(minimizes S)

• Quantum /statistical field theories: Summation over all possible field configurations 

• Classical field theories: single configuration has it all, the one minimising �S

��
= 0

<latexit sha1_base64="y16Yhi1C7jhqLKNCvDlcD0PpCj4=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkriBd0IRTcuK9oLNKFMJpN26OTCzIlQQpZufBU3LhRx6yO4822cthG09YeBj/+cw5nze4ngCizry5ibX1hcWi6tlFfX1jc2za3tpopTSVmDxiKWbY8oJnjEGsBBsHYiGQk9wVre4GpUb90zqXgc3cEwYW5IehEPOCWgra655wSS0MzxmQCCb/MfcpI+z/GF1TUrVtUaC8+CXUAFFap3zU/Hj2kasgioIEp1bCsBNyMSOBUsLzupYgmhA9JjHY0RCZlys/EhOT7Qjo+DWOoXAR67vycyEio1DD3dGRLoq+nayPyv1kkhOHczHiUpsIhOFgWpwBDjUSrY55JREEMNhEqu/4ppn+hkQGdX1iHY0yfPQvOoah9XT29OKrXLIo4S2kX76BDZ6AzV0DWqowai6AE9oRf0ajwaz8ab8T5pnTOKmR30R8bHNw95mVk=</latexit>

deterministic

probabilistic

S[�]
<latexit sha1_base64="SrO1h76QDkY/QwQ65QH5zW9Fzb0=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiQ+0GXRjcuK9gFpKJPppB06mQwzE6GEfoQbF4q49Xvc+TdO2yy09cCFwzn3cu89keRMG8/7dkorq2vrG+XNytb2zu6eu3/Q0mmmCG2SlKeqE2FNORO0aZjhtCMVxUnEaTsa3U799hNVmqXi0YwlDRM8ECxmBBsrtR+CrhyysOdWvZo3A1omfkGqUKDRc7+6/ZRkCRWGcKx14HvShDlWhhFOJ5VupqnEZIQHNLBU4ITqMJ+dO0EnVumjOFW2hEEz9fdEjhOtx0lkOxNshnrRm4r/eUFm4uswZ0JmhgoyXxRnHJkUTX9HfaYoMXxsCSaK2VsRGWKFibEJVWwI/uLLy6R1VvPPa5f3F9X6TRFHGY7gGE7Bhyuowx00oAkERvAMr/DmSOfFeXc+5q0lp5g5hD9wPn8AHrCPbw==</latexit>

i.e. 

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral

• how to quantify deviations from the deterministic limit? 

• deterministic limit: first order in quantum field

Z
D(�+,��)e

iS[�+,��]

<latexit sha1_base64="gkCfZ7sDrVsYVvmrjchX3RKpZDA=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0WoqCVRiy6LunBZ0T6giWEynbRDJ5MwMxFKyJe48VfcuFBEcKV/4/SxsNYDwxzOuZd77/FjRqWyrG8jNze/sLiUXy6srK6tb5ibWw0ZJQKTOo5YJFo+koRRTuqKKkZasSAo9Blp+v3Lod98IELSiN+pQUzcEHU5DShGSkueWXEoV9AJkephxNKrrOTUetQ7OBx9R/uQ3Kf0tj0luplnFq2yNQKcJfaEFMEENc/8dDoRTkLCFWZIyrZtxcpNkVAUM5IVnESSGOE+6pK2phyFRLrp6LwM7mmlA4NI6KeXHam/O1IUSjkIfV05vEP+9Ybif147UcG5m1IeJ4pwPB4UJAyqCA6zgh0qCFZsoAnCgupdIe4hgbDSiRZ0CPbfk2dJ47hsn5QrN6fF6sUkjjzYAbugBGxwBqrgGtRAHWDwCJ7BK3gznowX4934GJfmjEnPNpiC8fUD45WhFQ==</latexit>

Z
D�eiS[�]

<latexit sha1_base64="Xv9SZ6Xm/gb5rxynNvSVj9eQzz8=">AAACCnicbZC7TsMwFIZPuJZyKzCyGCokpirhIhgrYGAsgl6kJFSO67ZWHSeyHaQq6szCq7AwgBArT8DG2+C0GaDllyx9+s858jl/EHOmtG1/W3PzC4tLy4WV4ura+sZmaWu7oaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81gcJnVmw9UKhaJOz2MqR/inmBdRrA2Vru05zGhvRDrPsE8RVcjL+4zRO9Tdutm6I/apbJdscdCs+DkUIZctXbpy+tEJAmp0IRjpVzHjrWfYqkZ4XRU9BJFY0wGuEddgwKHVPnp+JQROjBOB3UjaZ7QaOz+nkhxqNQwDExntrSarmXmfzU30d1zP2UiTjQVZPJRN+FIRyjLBXWYpETzoQFMJDO7ItLHEhNt0iuaEJzpk2ehcVRxjiunNyfl6kUeRwF2YR8OwYEzqMI11KAOBB7hGV7hzXqyXqx362PSOmflMzvwR9bnD3EQmr4=</latexit>



3. Fluctuations

classical path
(minimizes S)

• Quantum /statistical field theories: Summation over all possible field configurations 

• Classical field theories: single configuration has it all, the one minimising �S

��
= 0

<latexit sha1_base64="y16Yhi1C7jhqLKNCvDlcD0PpCj4=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkriBd0IRTcuK9oLNKFMJpN26OTCzIlQQpZufBU3LhRx6yO4822cthG09YeBj/+cw5nze4ngCizry5ibX1hcWi6tlFfX1jc2za3tpopTSVmDxiKWbY8oJnjEGsBBsHYiGQk9wVre4GpUb90zqXgc3cEwYW5IehEPOCWgra655wSS0MzxmQCCb/MfcpI+z/GF1TUrVtUaC8+CXUAFFap3zU/Hj2kasgioIEp1bCsBNyMSOBUsLzupYgmhA9JjHY0RCZlys/EhOT7Qjo+DWOoXAR67vycyEio1DD3dGRLoq+nayPyv1kkhOHczHiUpsIhOFgWpwBDjUSrY55JREEMNhEqu/4ppn+hkQGdX1iHY0yfPQvOoah9XT29OKrXLIo4S2kX76BDZ6AzV0DWqowai6AE9oRf0ajwaz8ab8T5pnTOKmR30R8bHNw95mVk=</latexit>

deterministic

probabilistic

S[�]
<latexit sha1_base64="SrO1h76QDkY/QwQ65QH5zW9Fzb0=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiQ+0GXRjcuK9gFpKJPppB06mQwzE6GEfoQbF4q49Xvc+TdO2yy09cCFwzn3cu89keRMG8/7dkorq2vrG+XNytb2zu6eu3/Q0mmmCG2SlKeqE2FNORO0aZjhtCMVxUnEaTsa3U799hNVmqXi0YwlDRM8ECxmBBsrtR+CrhyysOdWvZo3A1omfkGqUKDRc7+6/ZRkCRWGcKx14HvShDlWhhFOJ5VupqnEZIQHNLBU4ITqMJ+dO0EnVumjOFW2hEEz9fdEjhOtx0lkOxNshnrRm4r/eUFm4uswZ0JmhgoyXxRnHJkUTX9HfaYoMXxsCSaK2VsRGWKFibEJVWwI/uLLy6R1VvPPa5f3F9X6TRFHGY7gGE7Bhyuowx00oAkERvAMr/DmSOfFeXc+5q0lp5g5hD9wPn8AHrCPbw==</latexit>

i.e. 

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral

• how to quantify deviations from the deterministic limit? 

• deterministic limit: first order in quantum field

Z
D(�+,��)e

iS[�+,��]

<latexit sha1_base64="gkCfZ7sDrVsYVvmrjchX3RKpZDA=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0WoqCVRiy6LunBZ0T6giWEynbRDJ5MwMxFKyJe48VfcuFBEcKV/4/SxsNYDwxzOuZd77/FjRqWyrG8jNze/sLiUXy6srK6tb5ibWw0ZJQKTOo5YJFo+koRRTuqKKkZasSAo9Blp+v3Lod98IELSiN+pQUzcEHU5DShGSkueWXEoV9AJkephxNKrrOTUetQ7OBx9R/uQ3Kf0tj0luplnFq2yNQKcJfaEFMEENc/8dDoRTkLCFWZIyrZtxcpNkVAUM5IVnESSGOE+6pK2phyFRLrp6LwM7mmlA4NI6KeXHam/O1IUSjkIfV05vEP+9Ybif147UcG5m1IeJ4pwPB4UJAyqCA6zgh0qCFZsoAnCgupdIe4hgbDSiRZ0CPbfk2dJ47hsn5QrN6fF6sUkjjzYAbugBGxwBqrgGtRAHWDwCJ7BK3gznowX4934GJfmjEnPNpiC8fUD45WhFQ==</latexit>

Z
D�eiS[�]

<latexit sha1_base64="Xv9SZ6Xm/gb5rxynNvSVj9eQzz8=">AAACCnicbZC7TsMwFIZPuJZyKzCyGCokpirhIhgrYGAsgl6kJFSO67ZWHSeyHaQq6szCq7AwgBArT8DG2+C0GaDllyx9+s858jl/EHOmtG1/W3PzC4tLy4WV4ura+sZmaWu7oaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81gcJnVmw9UKhaJOz2MqR/inmBdRrA2Vru05zGhvRDrPsE8RVcjL+4zRO9Tdutm6I/apbJdscdCs+DkUIZctXbpy+tEJAmp0IRjpVzHjrWfYqkZ4XRU9BJFY0wGuEddgwKHVPnp+JQROjBOB3UjaZ7QaOz+nkhxqNQwDExntrSarmXmfzU30d1zP2UiTjQVZPJRN+FIRyjLBXWYpETzoQFMJDO7ItLHEhNt0iuaEJzpk2ehcVRxjiunNyfl6kUeRwF2YR8OwYEzqMI11KAOBB7hGV7hzXqyXqx362PSOmflMzvwR9bnD3EQmr4=</latexit>

➡ response functions: impact of an external perturbation

➡ correlation functions: fluctuations around deterministic configuration ⇠ h�⇤
c(~x, t)�c(~x

0, t0)i
<latexit sha1_base64="/XHXJVg3MOOz3kkw9lQzKaTREu8=">AAACJXicbZBNSwMxEIazflu/qh69BItYRcquH+jBg+jFYwVbhW4t2XTaBrPZJZkVy9I/48W/4sWDIoIn/4ppu4JWXwi8PDPDZN4glsKg6344Y+MTk1PTM7O5ufmFxaX88krVRInmUOGRjPR1wAxIoaCCAiVcxxpYGEi4Cm7P+vWrO9BGROoSuzHUQ9ZWoiU4Q4sa+WPfiJD6kqm2BOrHHdHgN9tFvwo8ve/t4FbGvsnmDm5apgf9jXzBLbkD0b/Gy0yBZCo38q9+M+JJCAq5ZMbUPDfGeso0Ci6hl/MTAzHjt6wNNWsVC8HU08GVPbphSZO2Im2fQjqgPydSFhrTDQPbGTLsmNFaH/5XqyXYOqqnQsUJguLDRa1EUoxoPzLaFBo4yq41jGth/0p5h2nG0QabsyF4oyf/NdXdkrdXOrjYL5ycZnHMkDWyTorEI4fkhJyTMqkQTh7IE3khr86j8+y8Oe/D1jEnm1klv+R8fgGm/KQd</latexit>

⇠ h�⇤
q(~x, t)�c(~x

0, t0)i
<latexit sha1_base64="ylI0KN3J/glzGuJU3chPCNeJjRs=">AAACJXicbZDJSgNBEIZ73I1b1KOXxiAuSJhxQQ8eRC8eI5gFMjH0dCpJY0/P2F0jhiEv48VX8eJBEcGTr2JnETT6Q8PPV1VU1x/EUhh03Q9nbHxicmp6ZjYzN7+wuJRdXimZKNEcijySka4EzIAUCoooUEIl1sDCQEI5uDnv1ct3oI2I1BV2YqiFrKVEU3CGFtWzJ74RIfUlUy0J1I/bon57vbPll4Cn991d3B4w/k02d3HTMt3vr2dzbt7ti/413tDkyFCFevbVb0Q8CUEhl8yYqufGWEuZRsEldDN+YiBm/Ia1oGqtYiGYWtq/sks3LGnQZqTtU0j79OdEykJjOmFgO0OGbTNa68H/atUEm8e1VKg4QVB8sKiZSIoR7UVGG0IDR9mxhnEt7F8pbzPNONpgMzYEb/Tkv6a0l/f284eXB7nTs2EcM2SNrJMt4pEjckouSIEUCScP5Im8kFfn0Xl23pz3QeuYM5xZJb/kfH4BvnKkKw==</latexit>

det.: = h�⇤
c(~x, t)ih�c(~x

0, t0)i
<latexit sha1_base64="rswgnHk8l68LwT1a2ROcLUloLRo=">AAACMXicbVDLSgMxFM34tr6qLt0Ei/hAyowPdCMU3bhUsFXo1JJJb9tgJjMkd8Qy9Jfc+CfipgtF3PoTpu0ovg4EDuecy809QSyFQdftOSOjY+MTk1PTuZnZufmF/OJSxUSJ5lDmkYz0VcAMSKGgjAIlXMUaWBhIuAxuTvr+5S1oIyJ1gZ0YaiFrKdEUnKGV6vlTeuRLploSqB+3RZ1fb234FeDpXXcbN6mvM2+YGUY+A+vbuP4VqecLbtEdgP4lXkYKJMNZPf/oNyKehKCQS2ZM1XNjrKVMo+ASujk/MRAzfsNaULVUsRBMLR1c3KVrVmnQZqTtU0gH6veJlIXGdMLAJkOGbfPb64v/edUEm4e1VKg4QVB8uKiZSIoR7ddHG0IDR9mxhHEt7F8pbzPNONqSc7YE7/fJf0llp+jtFvfP9wql46yOKbJCVskG8cgBKZFTckbKhJN78kSeyYvz4PScV+dtGB1xspll8gPO+wcQjqjx</latexit>



• introduce complex contour dependent sources (cf. StatMech)

Z[j] = hei
R
(j+�⇤

+�j��⇤
�+c.c.)i = hei

R
(jc�

⇤
q+jq�

⇤
c+c.c.)i

• order parameter / occupation field:

h�c(t,x)i = �i
�Z[j]

�j⇤q (t,x)

���
j=0

more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

exercise: verify relation to 
operator formalism!

Z[j = 0] = Z = 1
<latexit sha1_base64="xdftInNzciiuM9m7eJglUIMMI7A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0E2h6MZlBfugaSiT6aQdO5mEmYlQQn/DjQtF3Poz7vwbJ20W2nrgwuGce7n3Hj/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3yb+e0nKhWLxIOexNQL8VCwgBGsjdTruo8120M11K05/XLFrtozoGXi5KQCORr98ldvEJEkpEITjpVyHTvWXoqlZoTTaamXKBpjMsZD6hoqcEiVl85unqITowxQEElTQqOZ+nsixaFSk9A3nSHWI7XoZeJ/npvo4NpLmYgTTQWZLwoSjnSEsgDQgElKNJ8Ygolk5lZERlhiok1MJROCs/jyMmmdVZ3z6uX9RaV+k8dRhCM4hlNw4ArqcAcNaAKBGJ7hFd6sxHqx3q2PeWvBymcO4Q+szx+uWpAn</latexit>

normalization 

3. Fluctuations: Correlation vs. response functions



• introduce complex contour dependent sources (cf. StatMech)

Z[j] = hei
R
(j+�⇤

+�j��⇤
�+c.c.)i = hei

R
(jc�

⇤
q+jq�

⇤
c+c.c.)i

• order parameter / occupation field:

h�c(t,x)i = �i
�Z[j]

�j⇤q (t,x)

���
j=0

• single particle response: how does the field react 
to external perturbations?

GR(t� t0,x� x0) = i
�2Z

�j⇤q (t,x)�jc(t
0,x0)

���
j=0
= �ih�c(t,x)�

⇤
q(t

0,x0)i = �i✓(t� t0)h[�̂(t,x), �̂†(t0,x0)]i = 1

relation to operator formalism 
(once and for all) t = t’, x = x’

more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

exercise: verify relation to 
operator formalism!

Z[j = 0] = Z = 1
<latexit sha1_base64="xdftInNzciiuM9m7eJglUIMMI7A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0E2h6MZlBfugaSiT6aQdO5mEmYlQQn/DjQtF3Poz7vwbJ20W2nrgwuGce7n3Hj/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3yb+e0nKhWLxIOexNQL8VCwgBGsjdTruo8120M11K05/XLFrtozoGXi5KQCORr98ldvEJEkpEITjpVyHTvWXoqlZoTTaamXKBpjMsZD6hoqcEiVl85unqITowxQEElTQqOZ+nsixaFSk9A3nSHWI7XoZeJ/npvo4NpLmYgTTQWZLwoSjnSEsgDQgElKNJ8Ygolk5lZERlhiok1MJROCs/jyMmmdVZ3z6uX9RaV+k8dRhCM4hlNw4ArqcAcNaAKBGJ7hFd6sxHqx3q2PeWvBymcO4Q+szx+uWpAn</latexit>

normalization 

3. Fluctuations: Correlation vs. response functions



• introduce complex contour dependent sources (cf. StatMech)

Z[j] = hei
R
(j+�⇤

+�j��⇤
�+c.c.)i = hei

R
(jc�

⇤
q+jq�

⇤
c+c.c.)i

• order parameter / occupation field:

h�c(t,x)i = �i
�Z[j]

�j⇤q (t,x)

���
j=0

• single particle response: how does the field react 
to external perturbations?

GR(t� t0,x� x0) = i
�2Z

�j⇤q (t,x)�jc(t
0,x0)

���
j=0
= �ih�c(t,x)�

⇤
q(t

0,x0)i = �i✓(t� t0)h[�̂(t,x), �̂†(t0,x0)]i = 1

relation to operator formalism 
(once and for all) t = t’, x = x’

more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

exercise: verify relation to 
operator formalism!

Z[j = 0] = Z = 1
<latexit sha1_base64="xdftInNzciiuM9m7eJglUIMMI7A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0E2h6MZlBfugaSiT6aQdO5mEmYlQQn/DjQtF3Poz7vwbJ20W2nrgwuGce7n3Hj/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3yb+e0nKhWLxIOexNQL8VCwgBGsjdTruo8120M11K05/XLFrtozoGXi5KQCORr98ldvEJEkpEITjpVyHTvWXoqlZoTTaamXKBpjMsZD6hoqcEiVl85unqITowxQEElTQqOZ+nsixaFSk9A3nSHWI7XoZeJ/npvo4NpLmYgTTQWZLwoSjnSEsgDQgElKNJ8Ygolk5lZERlhiok1MJROCs/jyMmmdVZ3z6uX9RaV+k8dRhCM4hlNw4ArqcAcNaAKBGJ7hFd6sxHqx3q2PeWvBymcO4Q+szx+uWpAn</latexit>

normalization 

• single particle correlations: how strong are fluctuations?

= �ih�c(t,x)�
⇤
c(t

0,x0)i = �ih{�̂(t,x), �̂†(t0,x0)}i = 2hn̂(x)i+ 1GK(t� t0,x� x0) = i
�2Z

�j⇤q (t,x)�jq(t
0,x0)

���
j=0

time and space translation 
invariance assumed

t = t’, x=x’

extra: how are states occupied?

3. Fluctuations: Correlation vs. response functions



• introduce complex contour dependent sources (cf. StatMech)

Z[j] = hei
R
(j+�⇤

+�j��⇤
�+c.c.)i = hei

R
(jc�

⇤
q+jq�

⇤
c+c.c.)i

• order parameter / occupation field:

h�c(t,x)i = �i
�Z[j]

�j⇤q (t,x)

���
j=0

• single particle response: how does the field react 
to external perturbations?

GR(t� t0,x� x0) = i
�2Z

�j⇤q (t,x)�jc(t
0,x0)

���
j=0
= �ih�c(t,x)�

⇤
q(t

0,x0)i = �i✓(t� t0)h[�̂(t,x), �̂†(t0,x0)]i = 1

relation to operator formalism 
(once and for all) t = t’, x = x’

more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

exercise: verify relation to 
operator formalism!

Z[j = 0] = Z = 1
<latexit sha1_base64="xdftInNzciiuM9m7eJglUIMMI7A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0E2h6MZlBfugaSiT6aQdO5mEmYlQQn/DjQtF3Poz7vwbJ20W2nrgwuGce7n3Hj/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3yb+e0nKhWLxIOexNQL8VCwgBGsjdTruo8120M11K05/XLFrtozoGXi5KQCORr98ldvEJEkpEITjpVyHTvWXoqlZoTTaamXKBpjMsZD6hoqcEiVl85unqITowxQEElTQqOZ+nsixaFSk9A3nSHWI7XoZeJ/npvo4NpLmYgTTQWZLwoSjnSEsgDQgElKNJ8Ygolk5lZERlhiok1MJROCs/jyMmmdVZ3z6uX9RaV+k8dRhCM4hlNw4ArqcAcNaAKBGJ7hFd6sxHqx3q2PeWvBymcO4Q+szx+uWpAn</latexit>

normalization 

G =

✓
GK GR

GA 0

◆
• total Green’s function GA = (GR)†, (GK)† = �GK

Hermitian conjugates anti-Hermitian
prob. conservation 

• single particle correlations: how strong are fluctuations?

= �ih�c(t,x)�
⇤
c(t

0,x0)i = �ih{�̂(t,x), �̂†(t0,x0)}i = 2hn̂(x)i+ 1GK(t� t0,x� x0) = i
�2Z

�j⇤q (t,x)�jq(t
0,x0)

���
j=0

time and space translation 
invariance assumed

t = t’, x=x’

extra: how are states occupied?

3. Fluctuations: Correlation vs. response functions



• by example: Lindblad equation for decaying cavity

@t⇢ = �i[!0â
†â, ⇢] + (2â⇢â† � {â†â, ⇢})

• action:

<latexit sha1_base64="F9lDjS/Um33X3duI4bdRcjYRz0w=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAI8WDYVVGPQQ96jGAekKxhdjKbDJnHMjMrxCVf4sWDIl79FG/+jZNkD5pY0FBUddPdFcaMauN5305uaXlldS2/XtjY3Nouuju7DS0ThUkdSyZVK0SaMCpI3VDDSCtWBPGQkWY4vJ74zUeiNJXi3oxiEnDUFzSiGBkrdd3izUN67I9huSM56aOjrlvyKt4UcJH4GSmBDLWu+9XpSZxwIgxmSOu278UmSJEyFDMyLnQSTWKEh6hP2pYKxIkO0unhY3holR6MpLIlDJyqvydSxLUe8dB2cmQGet6biP957cREl0FKRZwYIvBsUZQwaCScpAB7VBFs2MgShBW1t0I8QAphY7Mq2BD8+ZcXSeOk4p9XTu/OStWrLI482AcHoAx8cAGq4BbUQB1gkIBn8ArenCfnxXl3PmatOSeb2QN/4Hz+AB5Zkho=</latexit>

G�1(!)

more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

exercise: prove formulas 
on this page!

claim:

3. Fluctuations: Correlation vs. response functions & Keldysh action

frequency domain
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⌘ PA(!)

time domain
S =

Z
dt(�⇤

c ,�
⇤
q)

✓
0 i@t � !0 � i

i@t � !0 + i 2i

◆✓
�c

�q

◆

<latexit sha1_base64="KwlH6mWBaE6n+fNK4avetb0nWLM="></latexit>

=

Z
dt(�⇤

c ,�
⇤
q)

✓
0 ! � !0 � i

! � !0 + i 2i
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�c

�q

◆
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⌘ PK



• by example: master equation for decaying cavity

@t⇢ = �i[!0â
†â, ⇢] + (2â⇢â† � {â†â, ⇢})

• action:

frequency domain
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⌘ PK

time domain
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G�1(!)• partition function: Gaussian integration

Z[jc, jq] = hei
R

d!
2⇡ (j⇤c�q+j⇤q�c+h.c.)i = e

i
R

d!
2⇡ (j⇤q ,j

⇤
c )G(!)

⇣
jq
jc

⌘

<latexit sha1_base64="SdKFa40GDlwTW7QuG1xfi6X/nMA="></latexit>

more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

3. Fluctuations: Correlation vs. response functions & Keldysh action
exercise: prove formulas 

on this page!
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• by example: master equation for decaying cavity

@t⇢ = �i[!0â
†â, ⇢] + (2â⇢â† � {â†â, ⇢})

• action:

frequency domain
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more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

3. Fluctuations: Correlation vs. response functions & Keldysh action
exercise: prove formulas 

on this page!
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• by example: master equation for decaying cavity
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more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

3. Fluctuations: Correlation vs. response functions & Keldysh action
exercise: prove formulas 

on this page!
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• action:

0• decay of single-particle response:

• observables from the Green’s functions:

re
sp

on
se GR(t� t0) =

Z

!
ei!(t�t0)GR(!) = ✓(t� t0)ei!(t�t0)e�(t�t0)

@t⇢ = �i[!0â
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more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)• by example: master equation for decaying cavity
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• action:

0• decay of single-particle response:

• observables from the Green’s functions:
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more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)• by example: master equation for decaying cavity

• Lorentzian spectral density: A(!) = ImGR(!) =
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2. KPZ in exciton-polariton systems
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• background: semiclassical limit of Lindblad-Keldysh action
• background: classifying equilibrium vs. non-equilibrium
• from XP to KPZ: absence of algebraic order out of equilibrium
• compact KPZ and non-equilibrium, phase transition
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• Gaussian sector: inverse Green’s function

• retarded/advanced

• Keldysh component PK = i (�l + �p)

PR(!,q) = ! � q2 � µ+ i (�l � �p) /2

Microscopic Markovian 
Dissipative Action

➡ now: simplifications in the semiclassical limit:

• sharp argument close to a critical point

• provides intuition for a frequency regime  ! ⌧ � = �l + �p

difference: distance from a 
phase transition (see above)

sum: noise of loss and pumping add up 
(substantiated below)

Many-body model: -Lindblad-Keldysh actionϕ4
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➡ now: “what is non-equilibrium about it?”
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interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.

Intermezzo: Exciton-polariton systems
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In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.
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interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.
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physics soon exits the regime of weakly interacting bosons that
describes ultracold atoms; second, the lifetime is short enough that
we must confront the role of non-equilibrium physics25. Never-
theless, the principal experimental characteristics expected for BEC
are clearly reported here: condensation into the ground state arising
out of a population at thermal equilibrium; the development of
quantum coherence, indicated by long-range spatial coherence, and
sharpening of the temporal coherence of the emission.

Experimental procedure
The sample we studied consists of a CdTe/CdMgTe microcavity
grown by molecular beam epitaxy. It contains 16 quantum wells,

displaying a vacuum field Rabi splitting of 26meV (ref. 26). The
microcavity was excited by a continuous-wave Ti:sapphire laser,
combined with an acousto-optic modulator (1-ms pulse, 1% duty
cycle) to reduce sample heating. The pulse duration is sufficiently
long (by four orders of magnitude) in comparison with the charac-
teristic times of the system to guarantee a steady-state regime. The
laser beam was carefully shaped into a ‘top hat’ intensity profile
providing a uniform excitation spot of about 35 mm in diameter on
the sample surface, as shown in Fig. 4i. The excitation energy was
1.768 eV, well above the polariton ground state (1.671 eV at cavity
exciton resonance), at the first reflectivity minimum of the Bragg
mirrors, allowing proper coupling to the intra-cavity field. This
ensures that polaritons initially injected in the system are incoherent,
which is a necessary condition for demonstrating BEC. In atomic
BEC or superfluid helium, the temperature is the parameter driving
the phase transition. Here the excitation power, and thus the injected
polariton density, is an easily tunable parameter, and so we chose it as
the experimental control parameter. The large exciton binding
energy in CdTe quantum wells (25meV), combined with the large
number of quantum wells in the microcavity, is crucial in maintain-
ing the strong coupling regime of polaritons at high carrier density.
The far-field polariton emission pattern was measured to probe the
population distribution along the lower polariton branch. The
spatially resolved emission and its coherence properties are accessible
in a real-space imaging set-up combined with an actively stabilized

Figure 1 |Microcavity diagram and energy dispersion. a, A microcavity is a
planar Fabry–Perot resonator with two Bragg mirrors at resonance with
excitons in quantum wells (QW). The exciton is an optically active dipole
that results from the Coulomb interaction between an electron in the
conduction band and a hole in the valence band. In microcavities operating
in the strong coupling regime of the light–matter interaction, 2D excitons
and 2D optical modes give rise to new eigenmodes, called microcavity
polaritons. b, Energy levels as a function of the in-plane wavevector kk in a
CdTe-based microcavity. Interaction between exciton and photon modes,
with parabolic dispersions (dashed curves), gives rise to lower and upper
polariton branches (solid curves) with dispersions featuring an anticrossing
typical of the strong coupling regime. The excitation laser is at high energy
and excites free carrier states of the quantum well. Relaxation towards the
exciton level and the bottom of the lower polariton branch occurs by
acoustic and optical phonon interaction and polariton scattering. The
radiative recombination of polaritons results in the emission of photons that
can be used to probe their properties. Photons emitted at angle v correspond
to polaritons of energy E and in-plane wavevector kk ¼ ðE="cÞsinv:

Figure 2 | Far-field emission measured at 5K for three excitation
intensities. Left panels, 0.55P thr; centre panels, P thr; and right panels,
1.14P thr; where P thr ¼ 1.67 kWcm22 is the threshold power of
condensation. a, Pseudo-3D images of the far-field emission within the
angular cone of^238, with the emission intensity displayed on the vertical axis
(in arbitrary units).With increasing excitation power, a sharp and intensepeak
is formed in the centre of the emission distribution ðvx ¼ vy ¼ 08Þ;
corresponding to the lowest momentum state kk ¼ 0. b, Same data as in a
but resolved in energy. For such a measurement, a slice of the far-field
emission corresponding to vx ¼ 08 is dispersed by a spectrometer and
imaged on a charge-coupled device (CCD) camera. The horizontal axes
display the emission angle (top axis) and the in-plane momentum (bottom
axis); the vertical axis displays the emission energy in a false-colour scale
(different for each panel; the units for the colour scale are number of counts
on the CCD camera, normalized to the integration time and optical density
filters, divided by 1,000 so that 1 corresponds to the level of dark counts:
1,000). Below threshold (left panel), the emission is broadly distributed in
momentum and energy. Above threshold, the emission comes almost
exclusively from the kk ¼ 0 lowest energy state (right panel). A small blue
shift of about 0.5meV, or 2%of the Rabi splitting, is observed for the ground
state, which indicates that the microcavity is still in the strong coupling
regime.
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exciton resonance), at the first reflectivity minimum of the Bragg
mirrors, allowing proper coupling to the intra-cavity field. This
ensures that polaritons initially injected in the system are incoherent,
which is a necessary condition for demonstrating BEC. In atomic
BEC or superfluid helium, the temperature is the parameter driving
the phase transition. Here the excitation power, and thus the injected
polariton density, is an easily tunable parameter, and so we chose it as
the experimental control parameter. The large exciton binding
energy in CdTe quantum wells (25meV), combined with the large
number of quantum wells in the microcavity, is crucial in maintain-
ing the strong coupling regime of polaritons at high carrier density.
The far-field polariton emission pattern was measured to probe the
population distribution along the lower polariton branch. The
spatially resolved emission and its coherence properties are accessible
in a real-space imaging set-up combined with an actively stabilized

Figure 1 |Microcavity diagram and energy dispersion. a, A microcavity is a
planar Fabry–Perot resonator with two Bragg mirrors at resonance with
excitons in quantum wells (QW). The exciton is an optically active dipole
that results from the Coulomb interaction between an electron in the
conduction band and a hole in the valence band. In microcavities operating
in the strong coupling regime of the light–matter interaction, 2D excitons
and 2D optical modes give rise to new eigenmodes, called microcavity
polaritons. b, Energy levels as a function of the in-plane wavevector kk in a
CdTe-based microcavity. Interaction between exciton and photon modes,
with parabolic dispersions (dashed curves), gives rise to lower and upper
polariton branches (solid curves) with dispersions featuring an anticrossing
typical of the strong coupling regime. The excitation laser is at high energy
and excites free carrier states of the quantum well. Relaxation towards the
exciton level and the bottom of the lower polariton branch occurs by
acoustic and optical phonon interaction and polariton scattering. The
radiative recombination of polaritons results in the emission of photons that
can be used to probe their properties. Photons emitted at angle v correspond
to polaritons of energy E and in-plane wavevector kk ¼ ðE="cÞsinv:

Figure 2 | Far-field emission measured at 5K for three excitation
intensities. Left panels, 0.55P thr; centre panels, P thr; and right panels,
1.14P thr; where P thr ¼ 1.67 kWcm22 is the threshold power of
condensation. a, Pseudo-3D images of the far-field emission within the
angular cone of^238, with the emission intensity displayed on the vertical axis
(in arbitrary units).With increasing excitation power, a sharp and intensepeak
is formed in the centre of the emission distribution ðvx ¼ vy ¼ 08Þ;
corresponding to the lowest momentum state kk ¼ 0. b, Same data as in a
but resolved in energy. For such a measurement, a slice of the far-field
emission corresponding to vx ¼ 08 is dispersed by a spectrometer and
imaged on a charge-coupled device (CCD) camera. The horizontal axes
display the emission angle (top axis) and the in-plane momentum (bottom
axis); the vertical axis displays the emission energy in a false-colour scale
(different for each panel; the units for the colour scale are number of counts
on the CCD camera, normalized to the integration time and optical density
filters, divided by 1,000 so that 1 corresponds to the level of dark counts:
1,000). Below threshold (left panel), the emission is broadly distributed in
momentum and energy. Above threshold, the emission comes almost
exclusively from the kk ¼ 0 lowest energy state (right panel). A small blue
shift of about 0.5meV, or 2%of the Rabi splitting, is observed for the ground
state, which indicates that the microcavity is still in the strong coupling
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Sneak preview

I Key physical features: driven-dissipative stochastic Gross-Pitaevskii Equation

I stochastic PDE with Markovian noise: hx(t, x)i = 0 and

hx(t, x)x⇤(t0 , x0)i = gd(t � t
0)d(x � x0)

I Bose-Einstein condensation phase transition

I mean-field: neglect noise

I homogeneous condensate f(t, x) = f0

) |f0|2 =
gp � gl

k
for gp > gl

) chemical potential µ = l |f0|2

I 2nd order phase transition

• mean field

• neglect noise

• homogeneous solution �(x, t) = �0

• naively, just as Bose condensation in equilibrium!

• Q1: How does this model relate to the Lindbladian and Lindblad-Keldysh field theory?

• Q2: What is “non-equilibrium” about it?
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• massive simplification: semi-classical Martin-Siggia-Rose-Janssen-de Dominicis action
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• Decouple the quantum field (undoing Gaussian integration)
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Relation to driven-dissipative Gross-Pitaevskii-equation

• Recognize Fourier representation of delta-constraint: Langevin equation

➡ noise averaging
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➡ at each instant 
of time:

➡ driven-dissipative Gross-Pitaevski equation
➡ cf. deterministic limit: noise added, system 

explores many configurations
➡ interpretation:  is the noise level2γ

• Equivalence of semiclassical theory and Langevin equations
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Semiclassical limit and exciton-polariton model

➡ many microscopic models collapse to an effective low frequency model
➡ form dictated by microscopic symmetries
➡ longer wavelength behavior to be determined by calculation
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• example of “weak” universality (loss of memory of microscopic physics)
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Overview: Langevin equations, Lindblad equation, Keldysh integral

scale

microscopic

mesoscopic

macroscopic

quantum 
Langevin equation

quantum 
master equation

Keldysh functional 
integral

Langevin 
equation

Fokker-Planck 
equation

MSR functional 
integral

semiclassical limit

renormalization group

long-wavelength 
effective action

quantum 
problem

stochastic Schrödinger 
Equation

stochastic evolution 
(noise)

deterministic evolution of probabilistic objects
(density matrix/ probability distribution)

quantum

(semi-)*
classical

fermions 
(Lecture II)

measurements

* effects of phase coherence still 
present (cf. BEC as classical wave) 

next

* 



Equilibrium vs. non-equilibrium states

5

interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.
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Equilibrium vs. non-equilibrium stationary states

• different notions of ‘non-equilibrium’

Time evolution

➡ time translation invariance broken (e.g. thermalization, Floquet..)

• not visible in static observables:

➡ any positive semidefinite Hermitian operator can be written like this  

⇢ = e��H/tre��H

Stationary states (considered here)

➡ flux equilibria: equilibrium vs. non-equilibrium conditions

• visible dynamical observables, e.g.: 

h †(t) (0)i  (t) = eiHt e�iHt

➡ non-equilibrium conditions are encoded in the generator of dynamics
➡ thermal equilibrium realized if generator of dynamics coincides with the one in statistical weight
➡ otherwise must expect non-equilibrium conditions (Lindbladian)



• open system: is it the coupling to a bath —> irreversibility?

➡ no, can be compatible with thermal equilibrium (Caldeira-Leggett Models)

• non-equilibrium stationary states: 
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• open system: is it the coupling to a bath —> irreversibility?

➡ no, can be compatible with thermal equilibrium (Caldeira-Leggett Models)

• non-equilibrium stationary states: 

➡ driven open nature incompatible with thermal equilibrium 
➡ how to sharply quantify?

• driven & open system: coupling to multiple incompatible baths (e.g. 
different temperatures, chemical potential, driving strength…)

single-, two-, ... body loss

many-body 
system

single particle pump

• result from independent microscopic processes

• system is ‘confused’ which bath to thermalise to

• some fluxes through the system

Equilibrium vs. non-equilibrium stationary states



• equilibrium dynamics microscopically generated by a time-independent (undriven) Hamiltonian alone

=) SH =) SD

SD = 0

• more formally: quantum master 
equation

@t⇢ = �i[H, ⇢] +D[⇢]

• equivalent Keldysh functional integral:
<latexit sha1_base64="L3Rw+W/lGZsncOycUviaFguybHE="></latexit>
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SD = 0

• more formally: quantum master 
equation
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• equivalent Keldysh functional integral:
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➡ symmetry of Keldysh action under discrete transformation L. Sieberer, A Chiocchetta, U. Täuber, A. Gambassi, SD  PRB 
(2015); F. Haehl, R. Loganayagam, M. Rangamani, JHEP 
(2016); M. Crossley, P. Glorioso, H. Liu, JHEP (2016)

<latexit sha1_base64="cmn8mZoNLneSi3otIlR+VX6Xgx0=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpom6EohuXFfqCJobJdNIOnTyYmQg1FH/FjQtF3Pof7vwbJ20X2npg4HDOvdwzx084k8qyvo3C0vLK6lpxvbSxubW9Y+7utWScCkKbJOax6PhYUs4i2lRMcdpJBMWhz2nbH97kfvuBCsniqKFGCXVD3I9YwAhWWvLMAyfEakAwRw3P8anC99Ur2zPLVsWaAC0Se0bKMEPdM7+cXkzSkEaKcCxl17YS5WZYKEY4HZecVNIEkyHu066mEQ6pdLNJ+jE61koPBbHQL1Joov7eyHAo5Sj09WSeVc57ufif101VcOlmLEpSRSMyPRSkHKkY5VWgHhOUKD7SBBPBdFZEBlhgonRhJV2CPf/lRdKqVuzzyundWbl2PaujCIdwBCdgwwXU4Bbq0AQCj/AMr/BmPBkvxrvxMR0tGLOdffgD4/MHS/GUeg==</latexit>

T 2
� = 1

<latexit sha1_base64="ljaKNoDq3W7/YqPiO2TtGV9MCMU="></latexit>

T� : �±(t,x) ! �±(�t+ i�/2,x), i ! �i � = 1/T

Equilibrium vs. non-equilibrium stationary states: symmetry



• symmetry of Schwinger-Keldysh action of undriven Hamiltonian under discrete transformation

• for correlation functions,  basis:±
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Equilibrium symmetry: implications

• physical consequence (Keldysh basis): fluctuation-dissipation relations, any order, e.g. single particle sector:

GK(!,q) = (2nB(!/T ) + 1)[GR(!,q)�GA(!,q)]

correlations responsesBose distribution

any order <=> detailed balance
<=> global thermal equilibrium
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• connection to operator formalism: compact functional formulation of Kubo-Martin-Schwinger 
boundary condition: for any two operators A,B,

hA(t)B(t0)i = hB(t0 � i�)A(t)i. hOi = tr(O⇢)

A(t) = eiHtAe�iHt, ⇢ = e��H/tre��H

) A(t)⇢ = ⇢A(t� i�)

• reason:
& cyclic invariance

� = 1/T

• implications:



reproduces classical result

• semiclassical limit: T large =>

H. K. Janssen (1976); C. Aron 
et al, J Stat. Mech (2011)

irrelevant by power counting
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• Full symmetry:
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Equilibrium symmetry: Semiclassical limit
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• action on the fields:

➡ obtain geometric interpretation of the equilibrium symmetry



Im

Re
coherent/ reversible 

dynamics

incoherent/ irrev. 
dynamics

Geometric interpretation: equilibrium vs. non-equilibrium dynamics

• in semi-classical Martin-Siggia-Rose-Janssen-de Dominicis action

S =

Z

t,x

⇢
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�S̄[�c]

��⇤
c

+ c.c.+ i2��⇤
q�q

�
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Geometric interpretation: equilibrium vs. non-equilibrium dynamics

• coherent and dissipative dynamics may 
occur simultaneously

• but they are not independent

• coherent and dissipative dynamics do occur 
simultaneously

• they result from different dynamical resources
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➡ what are the physical consequences of the spread in the complex plane?

5

interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).
The research on exciton-polaritons in semiconductor

microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.
The situation is very di�erent for exciton-polaritons

in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.
Historically, the first configuration where spontaneous

coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.
The quest for Bose-Einstein condensation in a thermal-

ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.
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Phase transitions in two dimensions 

low temperature high temperature

• correlations

⇠ e�r/⇠

• responses: superfluidity

⇢s 6= 0 ⇢s = 0

• BKT (Berezhinskii-Kosterlitz-Thouless) transition: unbinding of vortex-antivortex pairs

… fate in driven open condensates?

• continuous symmetry U(1): no spontaneous symmetry breaking, but a phase transition

matter wave interferometry: 
Z. Hadzibabic et al. Nature (2006)

J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973)
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Short reminder: Algebraic correlations

low temperature high temperature

• correlations

• physical reason: gapless spin wave fluctuations
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Short reminder: Algebraic correlations

low temperature high temperature

• correlations

• physical reason: gapless spin wave fluctuations
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• phase-amplitude decomposition
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Description: Effective model

• mesoscopic starting point: driven-dissipative stochastic Gross-Pitaevski equation
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Description: Effective model

• mesoscopic starting point: driven-dissipative stochastic Gross-Pitaevski equation

• meaning: non-linear spin wave mode

• nonlinearity: single-parameter measure of non-equilibrium strength (ruled 
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• How important are non-equilibrium conditions at large distance?
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weak non-equilibrium 
<-> equilibrium fixed point

• general trend: non-equilibrium effects in systems with gapless mode are 

• enhanced in d = 1,2 

• softened in d = 3 (below a threshold)
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can serve as a quantitative measure for the departure from ther-
mal equilibrium. Note that � = 0 in equilibrium, and that � is
well-defined also for Kd = 0, which is the microscopic value
of the di↵usion constant Kd in the model for driven-dissipative
condensates introduced in Sec. II B 2. It turns out to be most
convenient to combine � with the quantities [19]

D = Kc

 
Kd

Kc
+

uc

ud

!
, � =

�

2⇢0

0
BBBB@1 +

u2
c

u2
d

1
CCCCA (189)

(see Sec. II B 2 for the definition of the noise strength � and the
mean-field condensate density ⇢0) to define the dimensionless
non-equilibrium strength as [5]:

g = ⇤d�2
0
�2�

D3 , (190)

where ⇤0 is the UV momentum cuto↵. Thus, the answer to
the question of whether equilibrium vs. non-equilibrium uni-
versal behavior is realized in driven-dissipative condensates, is
encoded in the RG flow of g.

In the condensed phase, the RG flow of g is driven domi-
nantly by fluctuations of the gapless Goldstone mode discussed
in Sec. II D 6, i.e., by fluctuations of the phase of the conden-
sate field. The latter were shown [269–272] to be governed by
the Kardar-Parisi-Zhang (KPZ) equation [73], in which � de-
fined in Eq. (188) appears as the coe�cient of the characteristic
non-linear term, see Eq. (199). Below in Sec. IV A, we present
an alternative mapping of the long-wavelength condensate dy-
namics to the KPZ equation, starting from the Keldysh action in
Eq. (73) and integrating out the gapped density mode within the
Keldysh functional integral. As a consequence of the mapping
to the KPZ equation, the RG flow of g in d spatial dimensions is
at the one-loop level given by [5]

@`g = � (d � 2) g +
(2d � 3) Cd

2d
g2, (191)

where ` = ln(⇤/⇤0), ⇤ is the running momentum cuto↵, and
Cd = 21�d⇡�d/2�(2 � d/2) is a geometric factor. The key role
that is played by spatial dimensionality becomes manifest in the
canonical scaling of g, which is encoded in the first term on the
RHS of the flow equation: to wit, g is relevant in 1D where
d�2 < 0, marginal in 2D, and irrelevant in 3D since then d�2 >
0. In 2D, the loop correction — the second term on the RHS of
Eq. (191) — is positive, making g marginally-relevant. This has
far-reaching consequences for a driven-dissipative condensate in
which the microscopic value of g is small, i.e., which is close to
equilibrium: upon increasing the scale at which the system is ob-
served, the non-equilibrium nature is more pronounced in one-
and two-dimensional systems, whereas e↵ective equilibrium is
established on large scales in three-dimensional systems. In 1D
the canonical scaling towards strong coupling is balanced at an
attractive strong-coupling fixed point (SCFP) g⇤ by the loop cor-
rection. This term vanishes at d = 3/2, and for d > 3/2 the one-
loop equation does not have a stable SCFP, which, however, is
recovered in a non-perturbative FRG approach [252–254]. The

d1 2 3

g

1

Figure 10. Equilibrium vs. non-equilibrium phase diagram for driven-
dissipative condensates (cf. Ref. [252]). The line g = 1, where g is
defined in Eq. (190) and measures the deviation from equilibrium con-
ditions, separates the close-to-equilibrium regime for g < 1 from the
strong-coupling, far-from-equilibrium regime at g > 1. Red dots indi-
cate the fixed-point values of g that are reached if the RG flow is initial-
ized in the close-to-equilibrium regime. In dimensions one and two, the
equilibrium fixed point at g = 0 is unstable, and the RG flow along the
dashed lines is directed towards the blue line of strong-coupling fixed
points. Thus, a system that is microscopically close to equilibrium will
exhibit strongly non-equilibrium behavior at large scales. On the other
hand, in three spatial dimensions, an initially small value of g is dimin-
ished under renormalization, and the universal large-scale behavior is
governed by the e↵ective equilibrium fixed point at g = 0. The green
line indicates the existence of a critical value gc in d > 2, corresponding
to a transition between the e↵ective equilibrium phase and a true non-
equilibrium phase that is realized for large microscopic values g > gc.

RG flow of g that is found within this approach is illustrated
qualitatively in Fig. 10, which shows that also in 2D the flow is
out of the shaded close-to-equilibrium regime with g < 1, and
towards a strong-coupling, non-equilibrium fixed point. The sit-
uation is quite di↵erent in 3D: in this case, if the microscopic
value of g is small, at large scales an e↵ective equilibrium with a
renormalized value g! 0 is reached. However, for d > 2, there
exists a critical line of unstable fixed points gc, separating the
basins of attraction of the equilibrium and non-equilibrium fixed
points, for g < gc and g > gc respectively. Thus, in addition
to the e↵ective equilibrium phase, a true non-equilibrium phase
may be reached in systems that are far from equilibrium even at
the microscopic level also in 3D [273]. The properties of this
phase have not been explored so far.

The rest of this section is organized as follows: in Sec. IV B,
we review the dynamical critical behavior at the driven-
dissipative condensation transition in 3D [26, 181, 274], which,
according to the above discussion, is governed by an e↵ective
equilibrium fixed point. Signatures of the non-equilibrium na-
ture of the microscopic model are present in the asymptotic fade-
out of the deviation from equilibrium at large scales. In contrast,
the universal scaling behavior of driven-dissipative condensates
in both 2D [19] and 1D [265–267] is quite distinct from the equi-
librium case and governed by the SCFP of the KPZ equation.

strong non-equilibrium
<-> KPZ fixed point

�
non-perturbative characterisation of 

strong coupling fixed point:
Canet et al, PRL (2010); PRE (2011)
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RG flow of g that is found within this approach is illustrated
qualitatively in Fig. 10, which shows that also in 2D the flow is
out of the shaded close-to-equilibrium regime with g < 1, and
towards a strong-coupling, non-equilibrium fixed point. The sit-
uation is quite di↵erent in 3D: in this case, if the microscopic
value of g is small, at large scales an e↵ective equilibrium with a
renormalized value g! 0 is reached. However, for d > 2, there
exists a critical line of unstable fixed points gc, separating the
basins of attraction of the equilibrium and non-equilibrium fixed
points, for g < gc and g > gc respectively. Thus, in addition
to the e↵ective equilibrium phase, a true non-equilibrium phase
may be reached in systems that are far from equilibrium even at
the microscopic level also in 3D [273]. The properties of this
phase have not been explored so far.

The rest of this section is organized as follows: in Sec. IV B,
we review the dynamical critical behavior at the driven-
dissipative condensation transition in 3D [26, 181, 274], which,
according to the above discussion, is governed by an e↵ective
equilibrium fixed point. Signatures of the non-equilibrium na-
ture of the microscopic model are present in the asymptotic fade-
out of the deviation from equilibrium at large scales. In contrast,
the universal scaling behavior of driven-dissipative condensates
in both 2D [19] and 1D [265–267] is quite distinct from the equi-
librium case and governed by the SCFP of the KPZ equation.
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2D: Absence of algebraic order out of equilibrium
• generated length scale distinguishes two regimes: L⇤ = a0e
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➡ but crossover scale exponentially large for small deviations from equilibrium
➡ observation in 1D systems (KPZ scaling exponents found)
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➡ observation in 1D systems (KPZ scaling exponents found)
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Physical implications II: Non-equilibrium Kosterlitz-Thouless

• compact nature of phase allows for vortex defects in 2D!

• key ingredient of Kosterlitz-Thouless transition 

vortex anti-vortex

@t✓ = Dr2✓ + �(r✓)2 + ⇠

• KPZ equation for phase variable

F = E � TS = [K⇡ � 2kBT ] log(L/a)

low T: 
(binding) energy dominates

high T: 
entropy dominates

➡ how is this scenario modified in the driven system?



low temperature high temperature

• BKT transition: unbinding of vortex-antivortex pairs

Mini-review: BKT transition

• Single vortex picture: balance of energy (deterministic) and entropy (statistic)

• Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
• Q: when is it favorable (free energy minimum) to have unbound vortices?

J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973)

• more accurate approach via electrostatic duality: 

electric field <=> smooth phase fluct. (KPZ) charges <=> vortices E = �êz ⇥r✓
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low temperature high temperature

• BKT transition: unbinding of vortex-antivortex pairs

Mini-review: BKT transition

• Single vortex picture: balance of energy (deterministic) and entropy (statistic)

• Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
• Q: when is it favorable (free energy minimum) to have unbound vortices?

• energy of single free vortex: 
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• more accurate approach via electrostatic duality: 

electric field <=> smooth phase fluct. (KPZ) charges <=> vortices E = �êz ⇥r✓
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low temperature high temperature

• BKT transition: unbinding of vortex-antivortex pairs

Mini-review: BKT transition

• Single vortex picture: balance of energy (deterministic) and entropy (statistic)

• Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
• Q: when is it favorable (free energy minimum) to have unbound vortices?

• entropy: sum all equally probable possibilities of placing vortices in 2D plane at minimal distance a:  

S = �kB
X

i

pi log pi = kB log(L/a)2

• energy of single free vortex: 
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• more accurate approach via electrostatic duality: 

electric field <=> smooth phase fluct. (KPZ) charges <=> vortices E = �êz ⇥r✓
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low temperature high temperature

• BKT transition: unbinding of vortex-antivortex pairs

Mini-review: BKT transition

• Single vortex picture: balance of energy (deterministic) and entropy (statistic)

• Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
• Q: when is it favorable (free energy minimum) to have unbound vortices?

• entropy: sum all equally probable possibilities of placing vortices in 2D plane at minimal distance a:  

S = �kB
X

i

pi log pi = kB log(L/a)2

• free energy 

• vortex proliferation above KT critical temperature 

<latexit sha1_base64="lo07LvItfRsHUnMASovgbbX1ApI=">AAACFHicbZDLSgMxFIYz9VbrrerSzcEitIh1poq6EUpFEXRRsTdoS8mkmTY0cyHJCKX0Idz4Km5cKOLWhTvfxrSdhbb+EPjyn3NIzm8HnEllmt9GbG5+YXEpvpxYWV1b30hublWkHwpCy8TnvqjZWFLOPFpWTHFaCwTFrs1p1e5djOrVByok872S6ge06eKOxxxGsNJWK7l/BecAl3AApXtNaWgEDG70NQe9VgFKGWhwvwPp20OcaSVTZtYcC2bBiiCFIhVbya9G2yehSz1FOJaybpmBag6wUIxwOkw0QkkDTHq4Q+saPexS2RyMlxrCnnba4PhCH0/B2P09McCulH3X1p0uVl05XRuZ/9XqoXLOmgPmBaGiHpk85IQclA+jhKDNBCWK9zVgIpj+K5AuFpgonWNCh2BNrzwLlVzWOske3R2n8oUojjjaQbsojSx0ivLoGhVRGRH0iJ7RK3oznowX4934mLTGjGhmG/2R8fkDzwSYdQ==</latexit>

F = E � TS = (⇡K � 2kBT ) log(L/a)
<latexit sha1_base64="nXdkdvTkd3qCws299yT+JaFUOZg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmqqBuh1I3QTYW+oAlhMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFldW19Y3iZmlre2d3z9w/6MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH99O/e4DEZJGvKUmMXFDNOQ0oBgpLXnmcctLG60M3kAnEAin0IkpbGQprMKxV4eZZ5atijUDXCZ2TsogR9Mzv5xBhJOQcIUZkrJvW7FyUyQUxYxkJSeRJEZ4jIakrylHIZFuOnskg6daGcAgErq4gjP190SKQiknoa87Q6RGctGbiv95/UQF125KeZwowvF8UZAwqCI4TQUOqCBYsYkmCAuqb4V4hHQgSmdX0iHYiy8vk061Yl9Wzu8vyrV6HkcRHIETcAZscAVq4A40QRtg8AiewSt4M56MF+Pd+Ji3Fox85hD8gfH5A9q/l/Y=</latexit>

TKT =
⇡K

2kB

• energy of single free vortex: 
<latexit sha1_base64="v4lScwD7Jdc0J9PzpWKppTaII4s=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoUMqMiroRim5cVrAP6AzlTpppQzMPkkyhDP0JN/6KGxeKuBXc+Tem7Sxq64ELh3PuJTnHizmTyrJ+jNzK6tr6Rn6zsLW9s7tn7h80ZJQIQusk4pFoeSApZyGtK6Y4bcWCQuBx2vQGdxO/OaRCsih8VKOYugH0QuYzAkpLHbNcEmVnCCLus1PsqEhPnyrA8/INzmjHLFoVawq8TOyMFFGGWsf8droRSQIaKsJByrZtxcpNQShGOB0XnETSGMgAerStaQgBlW46TTXGJ1rpYj8SekKFp+r8RQqBlKPA05sBqL5c9Cbif147Uf61m7IwThQNyewhP+FYp59UhLtMUKL4SBMggum/YtIHAUTpIgu6BHsx8jJpnFXsy8r5w0WxepvVkUdH6BiVkI2uUBXdoxqqI4Ke0At6Q+/Gs/FqfBifs9Wckd0coj8wvn4BFESdiQ==</latexit>

(r,') ! ✓(r,') = '
<latexit sha1_base64="8i2Po+Pn69vuThRmU16siLDoaD4="></latexit>

=) r✓ = 1
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• more accurate approach via electrostatic duality: 

electric field <=> smooth phase fluct. (KPZ) charges <=> vortices E = �êz ⇥r✓
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• BKT transition: unbinding of vortex-antivortex pairs

Mini-review: BKT transition

• Single vortex picture: balance of energy (deterministic) and entropy (statistic)

• Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
• Q: when is it favorable (free energy minimum) to have unbound vortices?

• entropy: sum all equally probable possibilities of placing vortices in 2D plane at minimal distance a:  

S = �kB
X

i

pi log pi = kB log(L/a)2

• free energy 

• vortex proliferation above KT critical temperature 
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➡ but out of equilibrium: no free 
energy at hand!

• energy of single free vortex: 
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J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973)

• more accurate approach via electrostatic duality: 

electric field <=> smooth phase fluct. (KPZ) charges <=> vortices E = �êz ⇥r✓
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Outline

1. From the Lindblad equation to the Lindblad-Keldysh functional integral 

• Lindblad equation for driven open quantum matter
• construction of Lindblad-Keldysh functional integral

@t⇢ = �i[H, ⇢] + L[⇢]

3. Principles of universality in driven open quantum matter

• the principles: eq. vs. non-eq.; pure vs. mixed states; weak vs. strong 
symmetries

• application: 1D KPZ in open vs. closed systems

ei�[�] =

Z
D��eiSM [�+��]

Keldysh theory general: A. Kamenev, Field theory or non-equilibrium systems, 
Cambridge University Press 
Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven Open 
Quantum Systems, Reports on Progress in Physics (2016);
L. Sieberer, M. Buchhold, J. Marino, SD, Universality in Driven Open Quantum 
Matter, arxiv (2023)

2. KPZ equation in exciton-polariton condensates

• background: semiclassical limit, classifying eq. vs. non-eq. states
• from XP to KPZ: absence of algebraic order out of equilibrium
• compact KPZ and non-equilibrium phase transition

4. Macroscopic non-equilibrium phenomena from weak non-equilibrium drive

• non-equilibrium O(N) models: phase structure, limit cycles
• novel non-equilibrium criticality at onset of a limit cycle
• route towards KPZ via breaking of time translation symmetry

5. Quantum aspects: topology in driven open quantum matter

• fermion topological dark states in Lindblad evolution
• universality of topological response: pure states, mixed states



low temperature high temperature

• BKT transition: unbinding of vortex-antivortex pairs

Mini-review: BKT transition

• Single vortex picture: balance of energy (deterministic) and entropy (statistic)

• Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
• Q: when is it favorable (free energy minimum) to have unbound vortices?

• free energy 

• vortex proliferation above KT critical temperature 
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F = E � TS = (⇡K � 2kBT ) log(L/a)

<latexit sha1_base64="nXdkdvTkd3qCws299yT+JaFUOZg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmqqBuh1I3QTYW+oAlhMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFldW19Y3iZmlre2d3z9w/6MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH99O/e4DEZJGvKUmMXFDNOQ0oBgpLXnmcctLG60M3kAnEAin0IkpbGQprMKxV4eZZ5atijUDXCZ2TsogR9Mzv5xBhJOQcIUZkrJvW7FyUyQUxYxkJSeRJEZ4jIakrylHIZFuOnskg6daGcAgErq4gjP190SKQiknoa87Q6RGctGbiv95/UQF125KeZwowvF8UZAwqCI4TQUOqCBYsYkmCAuqb4V4hHQgSmdX0iHYiy8vk061Yl9Wzu8vyrV6HkcRHIETcAZscAVq4A40QRtg8AiewSt4M56MF+Pd+Ji3Fox85hD8gfH5A9q/l/Y=</latexit>

TKT =
⇡K

2kB

J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973)

• more accurate approach via electrostatic duality: 

smooth phase fluct. <=>  electric field

vortices <=> charges 

E = �êz ⇥r✓
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low temperature high temperature

• BKT transition: unbinding of vortex-antivortex pairs

Mini-review: BKT transition

• Single vortex picture: balance of energy (deterministic) and entropy (statistic)

• Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
• Q: when is it favorable (free energy minimum) to have unbound vortices?

• free energy 

• vortex proliferation above KT critical temperature 
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TKT =
⇡K

2kB
➡ but out of equilibrium: no free energy at hand!

J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973)

• more accurate approach via electrostatic duality: 

smooth phase fluct. <=>  electric field

vortices <=> charges 

E = �êz ⇥r✓
<latexit sha1_base64="7ZzA9CXycZxX+Y1GbA+QlxU41Ew=">AAACFHicbVDLSgNBEJz1bXxFPXoZDIIghl0f6EUQRfCoYFTIhtA76TWDs7PLTK8Ql3yEF3/FiwdFvHrw5t84iTn4KhgoqrrpqYoyJS35/oc3NDwyOjY+MVmamp6ZnSvPL5zbNDcCayJVqbmMwKKSGmskSeFlZhCSSOFFdH3Y8y9u0FiZ6jPqZNhI4ErLWAogJzXLa2EC1I7i4qjL9/h62AYqsNu85SHJBC0PNUQKQmojQbNc8at+H/wvCQakwgY4aZbfw1Yq8gQ1CQXW1gM/o0YBhqRQ2C2FucUMxDVcYd1RDe5io+iH6vIVp7R4nBr3NPG++n2jgMTaThK5yV4E+9vrif959Zzi3UYhdZYTavF1KM4Vp5T3GuItaVCQ6jgCwkj3Vy7aYECQ67HkSgh+R/5LzjeqwWZ1+3Srsn8wqGOCLbFltsoCtsP22TE7YTUm2B17YE/s2bv3Hr0X7/VrdMgb7CyyH/DePgFj2p5u</latexit>

J. M. Kosterlitz, J. Phys. C (1974)



Compact KPZ

✓t,x 7! ✓t,x + 2⇡nt,x

• wait a second — we ignored a fundamental symmetry of polaritons so far: local discrete gauge invariance

�(t,x) = ⇢(t,x)ei✓(t,x)

L. Sieberer, G. Wachtel, E. Altman, SD, PRB (2016)
G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)



Compact KPZ

✓t,x 7! ✓t,x + 2⇡nt,x

• wait a second — we ignored a fundamental symmetry of polaritons so far: local discrete gauge invariance

�(t,x) = ⇢(t,x)ei✓(t,x)

• Teaching symmetry to KPZ equation:

Z =
X

{ñt,x}

Z
D[✓]eiS[✓,ñ]

stochastic difference 
equation

discrete noise MSRJD 
functional integral

✓t+✏,x = ✓t,x + ✏ (L[✓]t,x + ⌘t,x) + 2⇡nt,x

non-equilibrium 
electrodynamic theory 

Z /
X

{nvX ,ñvX ,
JvX ,J̃vX}

Z
D[�, �̃,A, Ã]eiS[�,�̃,A,Ã,nv,ñv,Jv,J̃v ]

L. Sieberer, G. Wachtel, E. Altman, SD, PRB (2016)
G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)



Compact KPZ

✓t,x 7! ✓t,x + 2⇡nt,x

• wait a second — we ignored a fundamental symmetry of polaritons so far: local discrete gauge invariance

�(t,x) = ⇢(t,x)ei✓(t,x)

• Teaching symmetry to KPZ equation:

Z =
X

{ñt,x}

Z
D[✓]eiS[✓,ñ]

stochastic difference 
equation

discrete noise MSRJD 
functional integral

✓t+✏,x = ✓t,x + ✏ (L[✓]t,x + ⌘t,x) + 2⇡nt,x

non-equilibrium 
electrodynamic theory 

Z /
X

{nvX ,ñvX ,
JvX ,J̃vX}

Z
D[�, �̃,A, Ã]eiS[�,�̃,A,Ã,nv,ñv,Jv,J̃v ]

Non-equilibrium electrodynamic  duality: 

Electric field <=> smooth phase fluct. (KPZ)

Charges <=> vortices 

Dynamical & non-equilibrium analog of 
Kosterlitz-Thouless construction

Magnetic field <=> density fluct. (gapped) B = �êz�⇢
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Compact KPZ

✓t,x 7! ✓t,x + 2⇡nt,x

• wait a second — we ignored a fundamental symmetry of polaritons so far: local discrete gauge invariance

�(t,x) = ⇢(t,x)ei✓(t,x)

• Teaching symmetry to KPZ equation:

Z =
X

{ñt,x}

Z
D[✓]eiS[✓,ñ]

stochastic difference 
equation

discrete noise MSRJD 
functional integral

✓t+✏,x = ✓t,x + ✏ (L[✓]t,x + ⌘t,x) + 2⇡nt,x

non-equilibrium 
electrodynamic theory 

Z /
X

{nvX ,ñvX ,
JvX ,J̃vX}

Z
D[�, �̃,A, Ã]eiS[�,�̃,A,Ã,nv,ñv,Jv,J̃v ]

Non-equilibrium electrodynamic  duality: 

Electric field <=> smooth phase fluct. (KPZ)

Charges <=> vortices 

Dynamical & non-equilibrium analog of 
Kosterlitz-Thouless construction

Magnetic field <=> density fluct. (gapped) B = �êz�⇢
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➡ Q: What is the effective theory for vortices out of equilibrium?



Effective theory for a single vortex-antivortex pair

dr

dt
= �µrV (r) + ⇠ r

• equation of motion for a single vortex-antivortex pair

r

equilibrium: Coulomb potential (2D)

V (r) =
1

"
ln(r/a)

(sorry..)

" ⌘ K�1 ⌘ D�1
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(diffusion cst. / 
spin stiffness)



Effective theory for a single vortex-antivortex pair

dr

dt
= �µrV (r) + ⇠ r

• equation of motion for a single vortex-antivortex pair

r

equilibrium: Coulomb potential (2D)

➡ noise-activated unbinding for a single pair (at exp small rate)

driven-dissipative system

V (r) ⇡ 1

"
ln(r/a)� �2

12"3D2
(ln(r/a))3

V (r) =
1

"
ln(r/a)

(sorry..)

" ⌘ K�1 ⌘ D�1
<latexit sha1_base64="/+Yx1+OWNWrLquJ3yYLfGco05HY=">AAACEHicbVDLSgMxFM34rPU16tJNsIhuLDM+0GVRF4KbCvYBnbFk0ts2NJMZk0yhDP0EN/6KGxeKuHXpzr8xfQjaeiBw7jn3cnNPEHOmtON8WTOzc/MLi5ml7PLK6tq6vbFZVlEiKZRoxCNZDYgCzgSUNNMcqrEEEgYcKkHnYuBXuiAVi8St7sXgh6QlWJNRoo1Ut/e8LpEQK8YjgT24T1gXX9+lB27/p7ocVnU75+SdIfA0ccckh8Yo1u1PrxHRJAShKSdK1Vwn1n5KpGaUQz/rJQpiQjukBTVDBQlB+enwoD7eNUoDNyNpntB4qP6eSEmoVC8MTGdIdFtNegPxP6+W6OaZnzIRJxoEHS1qJhzrCA/SwQ0mgWreM4RQycxfMW0TSag2GWZNCO7kydOkfJh3j/InN8e5wvk4jgzaRjtoH7noFBXQFSqiEqLoAT2hF/RqPVrP1pv1PmqdscYzW+gPrI9vsnmcWg==</latexit>

(diffusion cst. / 
spin stiffness)



Effective theory for a single vortex-antivortex pair

dr

dt
= �µrV (r) + ⇠ r

• equation of motion for a single vortex-antivortex pair

r

equilibrium: Coulomb potential (2D)

➡ noise-activated unbinding for a single pair (at exp small rate)

driven-dissipative system

V (r) ⇡ 1

"
ln(r/a)� �2

12"3D2
(ln(r/a))3

V (r) =
1

"
ln(r/a)

Lv = a0e
2D
�

length scale:

see also: I Aranson 
et al., PRB (1998)
two-vortex problem

(sorry..)
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Many pairs: Corrections to Kosterlitz-Thouless flow

y

KT transition
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inv. superfluid stiffness

microphysics

macro
physics

quantum master 
equation

stochastic GPE

compact KPZ

RG flow

• parameter y: ~ probability to create single vortex at distance l (flow parameter)
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Many pairs: Corrections to Kosterlitz-Thouless flow

d"

d`
=

2⇡2y2

T

dT

d`
=

�2T

2"2D2

✓
1

4
+ `

◆

microphysics

macro
physics

quantum master 
equation

stochastic GPE

compact KPZ

RG flow

" ⌘ K�1
<latexit sha1_base64="uUugbtsDfmJCmJxMZYdGR7HxulA=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSQ+0GXRjeCmgn1AE8tketsOnUzizKRQQsGNv+LGhSJu/Ql3/o3TNgttPXDhcM693HtPEHOmtON8W3PzC4tLy7mV/Ora+samvbVdVVEiKVRoxCNZD4gCzgRUNNMc6rEEEgYcakHvauTX+iAVi8SdHsTgh6QjWJtRoo3UtHe9PpEQK8YjgT14SFgf39ynR+4QN+2CU3TGwLPEzUgBZSg37S+vFdEkBKEpJ0o1XCfWfkqkZpTDMO8lCmJCe6QDDUMFCUH56fiHIT4wSgu3I2lKaDxWf0+kJFRqEAamMyS6q6a9kfif10h0+8JPmYgTDYJOFrUTjnWER4HgFpNANR8YQqhk5lZMu0QSqk1seROCO/3yLKkeF92T4tntaaF0mcWRQ3toHx0iF52jErpGZVRBFD2iZ/SK3qwn68V6tz4mrXNWNrOD/sD6/AE1QZc6</latexit>

dy

d`
=


2� 1

2"T
+

�2

4"2D2

✓
1

4
+ `

◆�
y

<latexit sha1_base64="CX9+iKk8mmd4nmB1wQS+19qzcsU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF8FLAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWqt13iyW37M5AlomXkRJkqHaLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ4dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6137KZZwYlGy+qJ8IYiIy/Zr0uEJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeOs7F2Wz2sXpcpNFkcejuAYTsGDK6jAHVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwCkoYzX</latexit>

K⇡

✏T
<latexit sha1_base64="bpspaI4+aVFXiFC1tzCQx2YiXYg=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzLjA10W3bis0Bd0hpJJM21oJglJRijDuPFX3LhQxK1/4c6/MW1noa0HLhzOuZd774kko9p43reztLyyurZe2ihvbm3v7Lp7+y0tUoVJEwsmVCdCmjDKSdNQw0hHKoKSiJF2NLqd+O0HojQVvGHGkoQJGnAaU4yMlXruYRArhLNAUphnMCBSUyY4bOQ9t+JVvSngIvELUgEF6j33K+gLnCaEG8yQ1l3fkybMkDIUM5KXg1QTifAIDUjXUo4SosNs+kEOT6zSh7FQtriBU/X3RIYSrcdJZDsTZIZ63puI/3nd1MTXYUa5TA3heLYoThk0Ak7igH2qCDZsbAnCitpbIR4iG4mxoZVtCP78y4ukdVb1z6uX9xeV2k0RRwkcgWNwCnxwBWrgDtRBE2DwCJ7BK3hznpwX5935mLUuOcXMAfgD5/MHSHSWyQ==</latexit>



Competing length scales and suppression of KT 
• two emergent length scales in complementary approaches: 

KPZ length

Lv = a0e
2D
�

vortex length

L⇤ = a0e
16⇡D3

�2�

equilibrium KPZ free vortices

L⇤ Lv

• numerical confirmation of two-scale scenario in 1D 
(defects: vortices in (1+1)D space-time)

• 2D lattice simulations encouraging to see KPZ 

exponential

sub-exponential

algebraic

L. He, L. Sieberer, SD PRL (2017)

Deligiannis et al., PRR (2022)
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• numerical confirmation of two-scale scenario in 1D 
(defects: vortices in (1+1)D space-time)

• 2D lattice simulations encouraging to see KPZ 

exponential

sub-exponential

algebraic

�

�
noise level

non-equilibrium strength 

?

equilibrium limit

Kosterlitz-Thouless physics fragile to 
non-equilibrium perturbationL. He, L. Sieberer, SD PRL (2017)

Deligiannis et al., PRR (2022)



A phase transition driven by non-equilibrium strength

L. He, L. Sieberer, E. Altman, SD, PRB (2015) 
L. He, L. Sieberer, SD, PRL (2017)

L⇤ Lv



⇠ e�a|t�t0|1/2

⇠ e�b|t�t0|2/3

⇠ e�c|t�t0|

equilibrium diffusive

KPZ

disordered

algebraic exponential

Sequence of Scales
L. He, L. Sieberer, E. Altman, SD, PRB (2015)

see also: K. Yi, V. Gladilin, M. Wouters, PRB (2015)
L. He, L. Sieberer, SD, PRL (2017)

• direct numerical solution of driven-dissipative GPE in one dimension

• Study temporal instead of spatial coherence function (near equilibrium)

• Crossover scale Tv ⇠ eEc/�T⇤ ⇠ ��2

noise level

subexponential 
KPZ scaling

exponential 
disordered 

scaling

numerical evidence 

➡ no spatial vortices in 1D —> what causes the emergent length scale beyond KPZ?



Space-time vortices in 1D: dynamics of phase slips
• Physical origin: compactness of phase field

topologically nontrivial phase field 
configurations on (1+1)D space-time 

plane

• unbound at infinitesimal noise level (weak non-equilibrium)

• interaction potential: (@t +D@2
x)

�1 ⇠ (Dt)�1/2e�x2/(4Dt)
cf. 2D static equilibrium: r�2 ⇠ log(|x|)

1. temporal scaling (random uncorrelated charges)

• explains qualitative features

2. noise level dependence of crossover scale Tv ⇠ eEc/�

⇠ e�c|t�t0|

(mapping to static 2D active smectic A liquid crystal)
Toner and Nelson, PRB (1984)

I

C
dsr✓ = 2⇡n• Vorticity condition

xi

✓i

t

2⇡n

L

vortex core

any closed path enclosing vortex core

periodic boundary cond.



Strong non-equilibrium: Compact KPZ vortex turbulence
• In search of the phase diagram for XP condensates 

Vortex turbulence (VT)

�

noise level

non-equilibrium strength 

�

Pv = O(1)?
physics in strong non-
equilibrium condition



Strong non-equilibrium: Compact KPZ vortex turbulence
• In search of the phase diagram for XP condensates: 1+1 dimensions 

Noise activated vortices (TV)

KPZ / equilibrium dominated 
physics Vortex turbulence (VT)

�

noise level

non-equilibrium strength 

� color code: vortex density on 
space-time plane 

Pv = O(1)

first order non-equilibrium phase transition
much bigger parameter space & new 
phases: Veresci, PRR (2023)
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Figure S3. (Color online) (a) The dependence of Pv on nonequilibrium strength �̃ at di↵erent noise levels in the weak noise regime when �̃ is
tuned across the critical value �̃⇤ of the first order transition. The black dashed vertical line corresponds to the estimated value of �̃⇤. From down
to up (up to down), curves on the left (right) hand side of the black dashed line correspond to noise levels � = 0.01, 0.011, 0.012, 0.013, 0.014,
respectively. The filled circles are data points obtained by numerical simulations, while the pairs of filled triangles with the same color at upper
and lower positions correspond to the estimated values of the left and the right limit of Pv at �̃⇤, i.e. Pv(�̃! �̃⇤�) and Pv(�̃! �̃⇤+), respectively.
Values of other parameters used in simulations are Kd = rd = ud = 1, Kc = 0.1. �̃ is tuned by changing rc = uc from 1.4 to 3.0. (b) The
space-time vortex density jump �Pv at the first order transition at di↵erent noise levels �. (c) The first order transition line (double line)
terminates at a second oder transition critical point the end of the first order transition line (black filled circle). See text for more details.

function R(x) ⌘ (a0+a1x+a2x2)/(1+b1x+b2x2) fit to the data
points lying on the left and right hand side of the transition,
respectively, which are shown as solid curves in Fig. S3(a).
Then, the value of Pv(�̃ ! �̃⇤�) (Pv(�̃ ! �̃⇤+)) is obtained
by performing extrapolation at �̃⇤ of the corresponding curve
on the left (right) hand side of the transition. The dependence

of �Pv on the noise level � are shown in Fig. S3(b), where
we notice �Pv decreases with respect to � and vanishes at
�⇤ ⇡ 0.01402 with a diverging derivative of �Pv with respect
to �. These observations indicate the first order tradition line
on the �̃�� plane terminates at higher noise level at a second
order critical point (�̃⇤,�⇤) (cf. Fig. S3(c)).
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➡  deterministic limit: how does the system generate 
its own noise?

much bigger parameter space & new 
phases: Veresci, PRR (2023)



Phase transition driven by non-equilibrium strength
• qualitative reason: competition in lattice regularized model (compact KPZ)

�i = r✓i = ✓i+1 � ✓i

Dij = �ij+1 � �ij

equilibrium non-equilibrium
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• qualitative reason: competition in lattice regularized model (compact KPZ)
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=> emergent Liouville thm.

fixed point 
structures

attractive repulsive hyperbolic elliptic

➡high dimensional 
configuration space

➡ transition to chaos

<latexit sha1_base64="vpYdpQEJEg7gYYCH0FXdkEVNxXk=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoPgKcyIqBch6sWTRDALJEPo6VSSJj0L3TXBMOTgxV/x4kERr36EN//GznLQxAcFj/eqqKrnx1JodJxvK7O0vLK6ll3PbWxube/Yu3tVHSWKQ4VHMlJ1n2mQIoQKCpRQjxWwwJdQ8/vXY782AKVFFN7jMAYvYN1QdARnaKSWnW8iPGDaFoNRg17S5gA4rbZuPXpBnZZdcIrOBHSRuDNSIDOUW/ZXsx3xJIAQuWRaN1wnRi9lCgWXMMo1Ew0x433WhYahIQtAe+nkiRE9NEqbdiJlKkQ6UX9PpCzQehj4pjNg2NPz3lj8z2sk2Dn3UhHGCULIp4s6iaQY0XEitC0UcJRDQxhXwtxKeY8pxtHkljMhuPMvL5LqcdE9LZ7cnRRKV7M4siRPDsgRcckZKZEbUiYVwskjeSav5M16sl6sd+tj2pqxZjP75A+szx+V8JbB</latexit>

div[A~VN ] = 0

<latexit sha1_base64="p2EkZ4elbc3lITsi7079R8H+Hns=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2ARBKHMSFE3QtEuXFZ6hXZaMmmmDc1cSDJKGfsoblwo4tYncefbmLaz0NYfAh//OYdz8rsRZ1JZ1rexsrq2vrGZ2cpu7+zu7Zu5g4YMY0FonYQ8FC0XS8pZQOuKKU5bkaDYdzltuqPbab35QIVkYVBT44g6Ph4EzGMEK231zFwVXaMyOkPlbk1TtVvrmXmrYM2ElsFOIQ+pKj3zq9MPSezTQBGOpWzbVqScBAvFCKeTbCeWNMJkhAe0rTHAPpVOMjt9gk6000deKPQLFJq5vycS7Es59l3d6WM1lIu1qflfrR0r78pJWBDFigZkvsiLOVIhmuaA+kxQovhYAyaC6VsRGWKBidJpZXUI9uKXl6FxXrAvCsX7Yr50k8aRgSM4hlOw4RJKcAcVqAOBR3iGV3gznowX4934mLeuGOnMIfyR8fkDGlORVQ==</latexit>

S = D +DT = ST
<latexit sha1_base64="3261HyIuAQzRYrE/sb/WqbA+Sxs=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2AR3LTMSFE3QqtduKzQG7TTkkkzbWjmQpIRy9BXceNCEbe+iDvfxrSdhbb+EPj4zzmck9+NOJPKsr6NtfWNza3tzE52d2//4NA8yjVlGAtCGyTkoWi7WFLOAtpQTHHajgTFvstpyx3fzeqtRyokC4O6mkTU8fEwYB4jWGmrb+Yq6AZVUQFVe3VNhUqv3jfzVtGaC62CnUIeUtX65ld3EJLYp4EiHEvZsa1IOQkWihFOp9luLGmEyRgPaUdjgH0qnWR++xSdaWeAvFDoFyg0d39PJNiXcuK7utPHaiSXazPzv1onVt61k7AgihUNyGKRF3OkQjQLAg2YoETxiQZMBNO3IjLCAhOl48rqEOzlL69C86JoXxZLD6V8+TaNIwMncArnYMMVlOEeatAAAk/wDK/wZkyNF+Pd+Fi0rhnpzDH8kfH5A1JbkWo=</latexit>
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Summary so far

Many-Body Master Equation Keldysh functional 
integral

1-1 
mapping

microphysics macrophysics

Driven open many-body systems: challenge to theory

• symmetries: eq. vs. non-eq. 

• control of IR fluctuations: understanding low dimensional 

gapless phases out of equilibrium 

• flexible choice of degrees of freedom: KPZ vs. vortices

Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven 
Open Quantum Systems, Reports on Progress in Physics (2016)

L⇤ Lv

Lv ⌧ L⇤2D: 1D: Lv � L⇤
(time scales)

• mapping opens up QFT toolbox:



4. Principles for universality in driven open quantum matter

• Field theory: a tool to distill universal and emergent macroscopic phenomena from a given microscopic physics

• Keldysh field theory: enabling this transition in out-of-equilibrium systems

• Guiding principles: 

microphysics macrophysics

• equilibrium vs. non-equilibrium stationary states 

➡ equilibrium conditions encoded in thermal symmetry, violated explicitly in Lindblad-Keldysh 
field theory 

• mixed vs. pure states 

➡ classical and quantum scaling solutions can exist in and out-of-equilibrium

• weak vs. strong symmetries: fine structure of symmetries in Keldysh framework

➡ weak symmetry: Goldstone modes if spontaneously broken

➡ strong symmetry: conservation laws and hydrodynamic modes (Noether theorem)



Weak vs. strong symmetries
in the Keldysh formalism



Concept: Symmetries in the Keldysh formalism

• closed time path 

=

Z
D ±e

iS[ ±]

<latexit sha1_base64="9ovBWumBaDtSHkQ4pKXAKRBsMKY=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCRV0I1Q1IXLivYBSQyT6aQdOkmGmYlQQn/Cjb/ixoUibgV3/o2TNoi2Hhg4c+693HNPwBmVyrK+jLn5hcWl5dJKeXVtfWPT3NpuySQVmDRxwhLRCZAkjMakqahipMMFQVHASDsYXOT19j0RkibxrRpy4kWoF9OQYqS05JuHZ9ClsYJuhFQfIwYvXS6p7/IIkruMwhvn5++NfLNiVa0x4CyxC1IBBRq++el2E5xGJFaYISkd2+LKy5BQFDMyKrupJBzhAeoRR9MYRUR62fiqEdzXSheGidBPOxyrvycyFEk5jALdmZuX07Vc/K/mpCo89TIa81SRGE8WhSmDKoF5RLBLBcGKDTVBWFDtFeI+EggrHWRZh2BPnzxLWrWqfVStXR9X6udFHCWwC/bAAbDBCaiDK9AATYDBA3gCL+DVeDSejTfjfdI6ZxQzO+APjI9vJuSeNA==</latexit>

<latexit sha1_base64="XNaGvrqdsRf54ud1REn/mjuBibc=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlU1E2h6MZlBfvAJpTJdNIOnTyYuRFK6MaNv+LGhSJu/Qd3/o2TNgttPXDhcM693HuPFwuuwLK+jYXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNrzO/9cCk4lF4B6OYuQHph9znlICWuubBPa5iJyAwkEEKcuwMCDhyEJXhGFe7ZsmqWBPgeWLnpIRy1Lvml9OLaBKwEKggSnVsKwY3JRI4FWxcdBLFYkKHpM86moYkYMpNJ1+M8ZFWetiPpK4Q8ET9PZGSQKlR4OnO7F4162Xif14nAf/STXkYJ8BCOl3kJwJDhLNIcI9LRkGMNCFUcn0rpgMiCQUdXFGHYM++PE+aJxX7vHJ6e1aqXeVxFNA+OkRlZKMLVEM3qI4aiKJH9Ixe0ZvxZLwY78bHtHXByGf20B8Ynz87LJfF</latexit>

Z = tr⇢̂(t) =

more details: Sieberer, Buchhold, SD, ROPP (2016); 
Sieberer, Buchhold, Marino, SD, arxiv (2023) 



Concept: Symmetries in the Keldysh formalism

• closed time path 

=

Z
D ±e

iS[ ±]
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Z = tr⇢̂(t) =

• Lindblad-Keldysh action

S[ ±] =
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<latexit sha1_base64="+Po/3BCvhGvy3rESnKMpzZ3o/HE="></latexit>

H± = H[ ±], L± = L[ ±]
<latexit sha1_base64="+8bcI1gM1QR7gE6HMLsbA34uq2U=">AAACEXicbVBNS8MwGE79nPOr6tFLcAg7yGinoJfB0MsOO0xwH7CWkmbpFpamJUmFUfYXvPhXvHhQxKs3b/4b062gbj4Q8uR53pc37+PHjEplWV/Gyura+sZmYau4vbO7t28eHHZklAhM2jhikej5SBJGOWkrqhjpxYKg0Gek649vMr97T4SkEb9Tk5i4IRpyGlCMlJY8s9zwnDiENdjoO7Gk2cM9g83srkHY/BE9s2RVrBngMrFzUgI5Wp756QwinISEK8yQlH3bipWbIqEoZmRadBJJYoTHaEj6mnIUEumms42m8FQrAxhEQh+u4Ez93ZGiUMpJ6OvKEKmRXPQy8T+vn6jgyk0pjxNFOJ4PChIGVQSzeOCACoIVm2iCsKD6rxCPkEBY6RCLOgR7ceVl0qlW7PNK9faiVL/O4yiAY3ACysAGl6AOGqAF2gCDB/AEXsCr8Wg8G2/G+7x0xch7jsAfGB/f3xSbzQ==</latexit> left action right action

more details: Sieberer, Buchhold, SD, ROPP (2016); 
Sieberer, Buchhold, Marino, SD, arxiv (2023) 
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<latexit sha1_base64="9ovBWumBaDtSHkQ4pKXAKRBsMKY=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCRV0I1Q1IXLivYBSQyT6aQdOkmGmYlQQn/Cjb/ixoUibgV3/o2TNoi2Hhg4c+693HNPwBmVyrK+jLn5hcWl5dJKeXVtfWPT3NpuySQVmDRxwhLRCZAkjMakqahipMMFQVHASDsYXOT19j0RkibxrRpy4kWoF9OQYqS05JuHZ9ClsYJuhFQfIwYvXS6p7/IIkruMwhvn5++NfLNiVa0x4CyxC1IBBRq++el2E5xGJFaYISkd2+LKy5BQFDMyKrupJBzhAeoRR9MYRUR62fiqEdzXSheGidBPOxyrvycyFEk5jALdmZuX07Vc/K/mpCo89TIa81SRGE8WhSmDKoF5RLBLBcGKDTVBWFDtFeI+EggrHWRZh2BPnzxLWrWqfVStXR9X6udFHCWwC/bAAbDBCaiDK9AATYDBA3gCL+DVeDSejTfjfdI6ZxQzO+APjI9vJuSeNA==</latexit>

<latexit sha1_base64="XNaGvrqdsRf54ud1REn/mjuBibc=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlU1E2h6MZlBfvAJpTJdNIOnTyYuRFK6MaNv+LGhSJu/Qd3/o2TNgttPXDhcM693HuPFwuuwLK+jYXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNrzO/9cCk4lF4B6OYuQHph9znlICWuubBPa5iJyAwkEEKcuwMCDhyEJXhGFe7ZsmqWBPgeWLnpIRy1Lvml9OLaBKwEKggSnVsKwY3JRI4FWxcdBLFYkKHpM86moYkYMpNJ1+M8ZFWetiPpK4Q8ET9PZGSQKlR4OnO7F4162Xif14nAf/STXkYJ8BCOl3kJwJDhLNIcI9LRkGMNCFUcn0rpgMiCQUdXFGHYM++PE+aJxX7vHJ6e1aqXeVxFNA+OkRlZKMLVEM3qI4aiKJH9Ixe0ZvxZLwY78bHtHXByGf20B8Ynz87LJfF</latexit>
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<latexit sha1_base64="+Po/3BCvhGvy3rESnKMpzZ3o/HE="></latexit>

H± = H[ ±], L± = L[ ±]
<latexit sha1_base64="+8bcI1gM1QR7gE6HMLsbA34uq2U=">AAACEXicbVBNS8MwGE79nPOr6tFLcAg7yGinoJfB0MsOO0xwH7CWkmbpFpamJUmFUfYXvPhXvHhQxKs3b/4b062gbj4Q8uR53pc37+PHjEplWV/Gyura+sZmYau4vbO7t28eHHZklAhM2jhikej5SBJGOWkrqhjpxYKg0Gek649vMr97T4SkEb9Tk5i4IRpyGlCMlJY8s9zwnDiENdjoO7Gk2cM9g83srkHY/BE9s2RVrBngMrFzUgI5Wp756QwinISEK8yQlH3bipWbIqEoZmRadBJJYoTHaEj6mnIUEumms42m8FQrAxhEQh+u4Ez93ZGiUMpJ6OvKEKmRXPQy8T+vn6jgyk0pjxNFOJ4PChIGVQSzeOCACoIVm2iCsKD6rxCPkEBY6RCLOgR7ceVl0qlW7PNK9faiVL/O4yiAY3ACysAGl6AOGqAF2gCDB/AEXsCr8Wg8G2/G+7x0xch7jsAfGB/f3xSbzQ==</latexit> left action right action

• basis separating responses and correlations:
`classical field’ `quantum field’

 c =
1p
2
( + +  �),  q = 1p

2
( + �  �)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

more details: Sieberer, Buchhold, SD, ROPP (2016); 
Sieberer, Buchhold, Marino, SD, arxiv (2023) 



Concept: Symmetries in the Keldysh formalism

• closed time path 

=

Z
D ±e

iS[ ±]

<latexit sha1_base64="9ovBWumBaDtSHkQ4pKXAKRBsMKY=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCRV0I1Q1IXLivYBSQyT6aQdOkmGmYlQQn/Cjb/ixoUibgV3/o2TNoi2Hhg4c+693HNPwBmVyrK+jLn5hcWl5dJKeXVtfWPT3NpuySQVmDRxwhLRCZAkjMakqahipMMFQVHASDsYXOT19j0RkibxrRpy4kWoF9OQYqS05JuHZ9ClsYJuhFQfIwYvXS6p7/IIkruMwhvn5++NfLNiVa0x4CyxC1IBBRq++el2E5xGJFaYISkd2+LKy5BQFDMyKrupJBzhAeoRR9MYRUR62fiqEdzXSheGidBPOxyrvycyFEk5jALdmZuX07Vc/K/mpCo89TIa81SRGE8WhSmDKoF5RLBLBcGKDTVBWFDtFeI+EggrHWRZh2BPnzxLWrWqfVStXR9X6udFHCWwC/bAAbDBCaiDK9AATYDBA3gCL+DVeDSejTfjfdI6ZxQzO+APjI9vJuSeNA==</latexit>

<latexit sha1_base64="XNaGvrqdsRf54ud1REn/mjuBibc=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlU1E2h6MZlBfvAJpTJdNIOnTyYuRFK6MaNv+LGhSJu/Qd3/o2TNgttPXDhcM693HuPFwuuwLK+jYXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNrzO/9cCk4lF4B6OYuQHph9znlICWuubBPa5iJyAwkEEKcuwMCDhyEJXhGFe7ZsmqWBPgeWLnpIRy1Lvml9OLaBKwEKggSnVsKwY3JRI4FWxcdBLFYkKHpM86moYkYMpNJ1+M8ZFWetiPpK4Q8ET9PZGSQKlR4OnO7F4162Xif14nAf/STXkYJ8BCOl3kJwJDhLNIcI9LRkGMNCFUcn0rpgMiCQUdXFGHYM++PE+aJxX7vHJ6e1aqXeVxFNA+OkRlZKMLVEM3qI4aiKJH9Ixe0ZvxZLwY78bHtHXByGf20B8Ynz87LJfF</latexit>
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H± = H[ ±], L± = L[ ±]
<latexit sha1_base64="+8bcI1gM1QR7gE6HMLsbA34uq2U=">AAACEXicbVBNS8MwGE79nPOr6tFLcAg7yGinoJfB0MsOO0xwH7CWkmbpFpamJUmFUfYXvPhXvHhQxKs3b/4b062gbj4Q8uR53pc37+PHjEplWV/Gyura+sZmYau4vbO7t28eHHZklAhM2jhikej5SBJGOWkrqhjpxYKg0Gek649vMr97T4SkEb9Tk5i4IRpyGlCMlJY8s9zwnDiENdjoO7Gk2cM9g83srkHY/BE9s2RVrBngMrFzUgI5Wp756QwinISEK8yQlH3bipWbIqEoZmRadBJJYoTHaEj6mnIUEumms42m8FQrAxhEQh+u4Ez93ZGiUMpJ6OvKEKmRXPQy8T+vn6jgyk0pjxNFOJ4PChIGVQSzeOCACoIVm2iCsKD6rxCPkEBY6RCLOgR7ceVl0qlW7PNK9faiVL/O4yiAY3ACysAGl6AOGqAF2gCDB/AEXsCr8Wg8G2/G+7x0xch7jsAfGB/f3xSbzQ==</latexit> left action right action

• basis separating responses and correlations:
`classical field’ `quantum field’

 c =
1p
2
( + +  �),  q = 1p

2
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

more details: Sieberer, Buchhold, SD, ROPP (2016); 
Sieberer, Buchhold, Marino, SD, arxiv (2023) 

• symmetries have contour structure, e.g. global U(1): 

• symmetry generators

Uc(1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Uq(1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 ±(t,x) ! ei�± ±(t,x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="fgjW03ITkEniQVit0TC0mc1iNp8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahIpRdFfVY9OKxgtsW2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aPXBwOO9GWbmhQln2rjul1NYWl5ZXSuulzY2t7Z3yrt7TS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNf3eSdU77pUrbs2dAf0lXk4qkKPRK392+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0ZJU+iqSyJQyaqT8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+/Jc0T2veRe3s7rxSv87jKMIBHEIVPLiEOtxCA3wg8ABP8AKvjnSenTfnfd5acPKZffgF5+MbBtWOHw==</latexit>

U+(1)
<latexit sha1_base64="3V+JXzm6R9NOA4c5Wjqkf13TTHA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7Kuqx6MVjBbcttEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70OqDgcd7M8zMCxPOtHHdL6ewtLyyulZcL21sbm3vlHf3mlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upn6rUeqNJPi3owTGsR4IFjECDZWavq9k6p33CtX3Jo7A/pLvJxUIEejV/7s9iVJYyoM4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoyCp9FEllSxg0U39OZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwVt8+S9pnta8i9rZ3Xmlfp3HUYQDOIQqeHAJdbiFBvhA4AGe4AVeHek8O2/O+7y14OQz+/ALzsc3CeOOIQ==</latexit>

U�(1)

�+, �� $ �c = (�+ + ��)/2, �q = (�+ � ��)/2
<latexit sha1_base64="P6TU5XLANC4PFJGMm9ht7fkWhg4="></latexit>

in-phase out-of-phase



Concept: Classification of symmetries

• overview: strong and weak symmetries

• focus: continuous global symmetry U(1)

• strong/quantum symmetries: independent transformations on both contours 

<latexit sha1_base64="kH5TLBXq7YrEfya4cMH9/nwKDSI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyVRUZdFNy4rmLbQhjCZTtqhk4czN0II9VfcuFDErR/izr9x2mahrQcGzj3nXu6d4yeCK7Csb6O0srq2vlHerGxt7+zumfsHbRWnkjKHxiKWXZ8oJnjEHOAgWDeRjIS+YB1/fDP1O49MKh5H95AlzA3JMOIBpwS05JlVx6N1+6QPPGQKO96DLjyzZjWsGfAysQtSQwVanvnVH8Q0DVkEVBCleraVgJsTCZwKNqn0U8USQsdkyHqaRkTvcvPZ8RN8rJUBDmKpXwR4pv6eyEmoVBb6ujMkMFKL3lT8z+ulEFy5OY+SFFhE54uCVGCI8TQJPOCSURCZJoRKrm/FdEQkoaDzqugQ7MUvL5P2acO+aJzdndea10UcZXSIjlAd2egSNdEtaiEHUZShZ/SK3own48V4Nz7mrSWjmKmiPzA+fwBgYZNP</latexit>

Uc(1)⇥ Uq(1)

<latexit sha1_base64="/HySLibf5wv7cdwzxwjXjHm+zVs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPRi8cKpi20oWy2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eCwoZNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4N/WbT6g0T+SjGaUYxLQvecQZNVZqEr/LKt5Zt1R2q+4MZJl4OSlDjnq39NXpJSyLURomqNZtz01NMKbKcCZwUuxkGlPKhrSPbUsljVEH49m5E3JqlR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6CYYc5lmBiWbL4oyQUxCpr+THlfIjBhZQpni9lbCBlRRZmxCRRuCt/jyMmmcV72r6sXDZbl2m8dRgGM4gQp4cA01uIc6+MBgCM/wCm9O6rw4787HvHXFyWeO4A+czx+yi46B</latexit>

Uc(1)

• weak/classical symmetries: both contours ‘in phase’,             explicitly broken, 
<latexit sha1_base64="aDEGFCwmQ7ouUX/DGTS60rVadgs=">AAAB7nicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrRj0SvXjExAUS2JBu6UJDt13brgnZ8CO8eNAYr/4eb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrtZDfe6x6p71yxa25M6Bl4uWkAjkavfJXty9JGlNhCMdadzw3MUGGlWGE00mpm2qaYDLCA9qxVOCY6iCbnTtBJ1bpo0gqW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLrIGMiSQ0VZL4oSjkyEk1/R32mKDF8bAkmitlbERlihYmxCZVsCN7iy8ukeVbzLmvn9xeV+k0eRxGO4Biq4MEV1OEOGuADgRE8wyu8OYnz4rw7H/PWgpPPHMIfOJ8/x+2Ojw==</latexit>

Uq(1)
<latexit sha1_base64="ek0b7v3IdiUDcxJ8vKBYmEqR72s=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjBPOAZAmzk0kyZHZ2M9MrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcP6iZKNOM1FslINwNquBSK11Cg5M1YcxoGkjeC4d3UbzxxbUSkHnEccz+kfSV6glG0UrPNBqIzunE7xZJbdmcgy8TLSAkyVDvFr3Y3YknIFTJJjWl5box+SjUKJvmk0E4Mjykb0j5vWapoyI2fzu6dkBOrdEkv0rYUkpn6eyKloTHjMLCdIcWBWfSm4n9eK8HetZ8KFSfIFZsv6iWSYESmz5Ou0JyhHFtCmRb2VsIGVFOGNqKCDcFbfHmZ1M/K3mX5/OGiVLnN4sjDERzDKXhwBRW4hyrUgIGEZ3iFN2fkvDjvzse8NedkM4fwB87nD38Yj58=</latexit>

�q = 0

➡ conservation laws, gapless hydrodynamic modes (Keldysh Noether theorem)

➡ spontaneous breaking of ‘classical’ symmetry:  gapless Goldstone modes (Keldysh Goldstone theorem)

Buca, Prosen, NJP (2013)
Lieu et al., PRL (2020)

more details: Sieberer, Buchhold, SD, ROPP (2016); 
Sieberer, Buchhold, Marino, SD, arxiv (2023)
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Concept: Classical/weak symmetry 
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Concept: Classical/weak symmetry 

<latexit sha1_base64="HS4LX/FJC1NxMw2wHOR9kjSvFQI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrRj0SvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNf0eqXqnvXLFrbkzoGXi5aQCORq98le3L0kaU2EIx1p3PDcxQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI3uLLy6R5VvMua+f3F5X6TR5HEY7gGKrgwRXU4Q4a4AOBR3iGV3hzpPPivDsf89aCk88cwh84nz9cXY5X</latexit>

Uc(1)

<latexit sha1_base64="/HySLibf5wv7cdwzxwjXjHm+zVs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPRi8cKpi20oWy2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eCwoZNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4N/WbT6g0T+SjGaUYxLQvecQZNVZqEr/LKt5Zt1R2q+4MZJl4OSlDjnq39NXpJSyLURomqNZtz01NMKbKcCZwUuxkGlPKhrSPbUsljVEH49m5E3JqlR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6CYYc5lmBiWbL4oyQUxCpr+THlfIjBhZQpni9lbCBlRRZmxCRRuCt/jyMmmcV72r6sXDZbl2m8dRgGM4gQp4cA01uIc6+MBgCM/wCm9O6rw4787HvHXFyWeO4A+czx+yi46B</latexit>

Uc(1)•           invariance: both contours transform ‘in phase’
<latexit sha1_base64="N49atn+Zov0hzzrLZRZlHbi7Z3E=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSqKiLotuXFawD2himUwnzdDJJMzcCCV068ZfceNCEbf+gTv/xmkbRFsPDBzOuZc75wSp4Boc58taWFxaXlktrZXXNza3tu2d3aZOMkVZgyYiUe2AaCa4ZA3gIFg7VYzEgWCtYHA19lv3TGmeyFsYpsyPSV/ykFMCRura2IsIYC+NOPYgwewu5x6N+OhH7toVp+pMgOeJW5AKKlDv2p9eL6FZzCRQQbTuuE4Kfk4UcCrYqOxlmqWEDkifdQyVJGbazydJRvjQKD0cJso8CXii/t7ISaz1MA7MZEwg0rPeWPzP62QQXvg5l2kGTNLpoTAT2GQe14J7XDEKYmgIoYqbv2IaEUUomPLKpgR3NvI8aR5X3bPqyc1ppXZZ1FFC++gAHSEXnaMaukZ11EAUPaAn9IJerUfr2Xqz3qejC1axs4f+wPr4BtvqmdI=</latexit>

�̂ ! ei��̂

• interesting physics is associated to the spontaneous breaking of 

• but no             invariance
<latexit sha1_base64="XKstAXmpS6rM9OlCZCYEY6JC/Xk=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrRj0SvXjExAUS2JBu6UKl265t14Rs+A9ePGiMV/+PN/+NBfag6EsmeXlvJjPzwoQzbVz3yyksLa+srhXXSxubW9s75d29ppapItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWOrqd+65EqzaS4M+OEBjEeCBYxgo2Vmn7voeod98oVt+bOgP4SLycVyNHolT+7fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6skofRVLZEgbN1J8TGY61Hseh7YyxGepFbyr+53VSE10GGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZf/kuaJzXvvHZ6e1apX+VxFOEADqEKHlxAHW6gAT4QuIcneIFXRzrPzpvzPm8tOPnMPvyC8/ENcb+OZQ==</latexit>

Uq(1)

• symmetries (and recall all examples above!):



Concept: Classical/weak symmetry, spontaneous breaking

<latexit sha1_base64="/HySLibf5wv7cdwzxwjXjHm+zVs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPRi8cKpi20oWy2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eCwoZNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4N/WbT6g0T+SjGaUYxLQvecQZNVZqEr/LKt5Zt1R2q+4MZJl4OSlDjnq39NXpJSyLURomqNZtz01NMKbKcCZwUuxkGlPKhrSPbUsljVEH49m5E3JqlR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6CYYc5lmBiWbL4oyQUxCpr+THlfIjBhZQpni9lbCBlRRZmxCRRuCt/jyMmmcV72r6sXDZbl2m8dRgGM4gQp4cA01uIc6+MBgCM/wCm9O6rw4787HvHXFyWeO4A+czx+yi46B</latexit>

Uc(1)•           invariance:

<latexit sha1_base64="OC/vZSMyRxRIhVi+tpVHNtzNWl8=">AAACBnicbVDLSgMxFL3xWeur6tJNsAjiosyoVJcFNy4r2Ae0Y8mkmTY0kxmSjFCG7l271W9wJ279DT/BvzDTzsK2HggczrmvHD8WXBvH+UYrq2vrG5uFreL2zu7efungsKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Sb+a0npjSP5IMZx8wLyUDygFNirNTuxkPeo4/nvVLZqThT4GXi5qQMOeq90k+3H9EkZNJQQbTuuE5svJQow6lgk2I30SwmdEQGrGOpJCHTXjq9d4JPrdLHQaTskwZP1b8dKQm1Hoe+rQyJGepFLxP/8zqJCW68lMs4MUzS2aIgEdhEOPs87nPFqBFjSwhV3N6K6ZAoQo2NaG5LNlvpQE9w0WbjLiaxTJoXFbdauby/KteqeUoFOIYTOAMXrqEGd1CHBlAQ8AKv8Iae0Tv6QJ+z0hWU9xzBHNDXLw3omTY=</latexit>

�⇤
c

<latexit sha1_base64="U9jV8KqIX+GsXqAbfVBk2ZQ7X8E=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyoVJcFNy4r2Ae0Q8mkmTY2kwxJRihDt67d6je4E7f+h5/gX5hpZ2FbDwQO59xXThBzpo3rfjuFtfWNza3idmlnd2//oHx41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxreZ336iSjMpHswkpn6Eh4KFjGBjpVYvHrE+6ZcrbtWdAa0SLycVyNHol396A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns2ik6s8oAhVLZJwyaqX87UhxpPYkCWxlhM9LLXib+53UTE974KRNxYqgg80VhwpGRKPs6GjBFieETSzBRzN6KyAgrTIwNaGFLNlvpUE9RyWbjLSexSloXVa9Wvby/qtRreUpFOIFTOAcPrqEOd9CAJhB4hBd4hTfn2Xl3PpzPeWnByXuOYQHO1y/kSpia</latexit>

�c

<latexit sha1_base64="2/WDSju9IpHSNtb21c/UvcN9yBw=">AAACCHicdVDLSgMxFM34rPVVdekmWAQXMmRqO7W7ghuXFewD26Fk0kwbmskMSUYoQ3/AtVv9Bnfi1r/wE/wLM20FK3ogcDjnvnL8mDOlEfqwVlbX1jc2c1v57Z3dvf3CwWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74KvPb91QqFolbPYmpF+KhYAEjWBvprhePWD8l52jaLxSRXUVOxa1BZKNyrYTmpFJFLnRsNEMRLNDoFz57g4gkIRWacKxU10Gx9lIsNSOcTvO9RNEYkzEe0q6hAodUeens4ik8NcoABpE0T2g4U392pDhUahL6pjLEeqR+e5n4l9dNdHDppUzEiaaCzBcFCYc6gtn34YBJSjSfGIKJZOZWSEZYYqJNSEtbstlSBWoK8yab7wDg/6RVsh3XvrgpF+vuIqUcOAYn4Aw4oArq4Bo0QBMQIMAjeALP1oP1Yr1ab/PSFWvRcwSWYL1/ARfdmmA=</latexit>

�c,0

<latexit sha1_base64="1IvnWlx1j03Pl93zLgUYjhsHYps=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQq6rLopssK9gFtLJPJpB06mYSZiVJC/8ONC0Xc+i/u/BsnaRbaemDgcM693DPHizlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadeb3GZ+95FKxSJxr6cxdUM8EixgBGsjPQxCrMcE87Q5G/qVYbVm1+0caJk4BalBgdaw+jXwI5KEVGjCsVJ9x461m2KpGeF0VhkkisaYTPCI9g0VOKTKTfPUM3RiFB8FkTRPaJSrvzdSHCo1DT0zmaVUi14m/uf1Ex1cuykTcaKpIPNDQcKRjlBWAfKZpETzqSGYSGayIjLGEhNtispKcBa/vEw6Z3Xnsn5+d1Fr3BR1lOEIjuEUHLiCBjShBW0gIOEZXuHNerJerHfrYz5asoqdQ/gD6/MHMdGSUQ==</latexit>

Hd

• condensation for  (stat. state determined by  alone)rd = γl − γp < 0
<latexit sha1_base64="rybAugpbwU4IjuOG9qF3yw2i0NM=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQq6rLopssK9gFtKJPJpB06mcSZSaGEfocbF4q49WPc+TdO2iy09cDA4Zx7uWeOn3CmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZ9bGinAna0kxz2k0kxZHPaccf3+d+Z0KlYrF41NOEehEeChYygrWRvH6E9YhgjhqDAA3sqlNz5kCrxC1IFQo0B/ZXP4hJGlGhCcdK9Vwn0V6GpWaE01mlnyqaYDLGQ9ozVOCIKi+bh56hM6MEKIyleUKjufp7I8ORUtPIN5N5SLXs5eJ/Xi/V4a2XMZGkmgqyOBSmHOkY5Q2ggElKNJ8agolkJisiIywx0aaniinBXf7yKmlf1Nzr2uXDVbV+V9RRhhM4hXNw4Qbq0IAmtIDAEzzDK7xZE+vFerc+FqMlq9g5hj+wPn8A39ORhQ==</latexit>

Hd

<latexit sha1_base64="cFWWTQzX2EknyZZ6E6xZvC7cOIc=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwISVRUZdFNy4r2Ac0MUwmk3boZJLOTIQS+jtu/BU3Coq69UectFlo2wsD555zLnfu8RNGpbKsL6O0tLyyulZer2xsbm3vmLt7LRmnApMmjlksOj6ShFFOmooqRjqJICjyGWn7g5tcbz8SIWnM79UoIW6EepyGFCOlKc+sO0mfehg6KobkIaMOztvxlD2BzjBFAZx0w4WeoWdWrZo1KTgP7AJUQVENz3xzghinEeEKMyRl17YS5WZIKIoZGVecVJIE4QHqka6GHEVEutnk0jE80kwAw1joxxWcsH8nMhRJOYp87YyQ6stZLScXad1UhVduRnmSKsLxdFGYMqhPzmODARUEKzbSAGFB9V8h7iOBsNLhVnQI9uzJ86B1WrMvamd359X6dRFHGRyAQ3AMbHAJ6uAWNEATYPAEXsA7+DCejVfj0/ieWktGMbMP/pXx8wsPn6co</latexit>

�c ! ei�c�c, �q ! ei�c�q

• associated Keldysh action (semiclassical limit)

S =

Z

t,x

n
�⇤
q

⇥
i@t�c �

�Hc

��⇤
c

+ i
�Hd

��⇤
c

⇤
+ 2i��⇤

q�q

o

<latexit sha1_base64="k/syNh9yHvYwPTsoIJ22Pk2390M="></latexit>

<latexit sha1_base64="8m0T87E9N2DFVRcTcCw+6LqaGF0="></latexit>

H↵ =

Z
ddx[r↵|�c|

2 +K↵|r�c|
2 + g↵|�c|

4]

Landau-type  functionalsϕ4



Concept: Classical/weak symmetry, spontaneous breaking

<latexit sha1_base64="/HySLibf5wv7cdwzxwjXjHm+zVs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPRi8cKpi20oWy2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eCwoZNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4N/WbT6g0T+SjGaUYxLQvecQZNVZqEr/LKt5Zt1R2q+4MZJl4OSlDjnq39NXpJSyLURomqNZtz01NMKbKcCZwUuxkGlPKhrSPbUsljVEH49m5E3JqlR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6CYYc5lmBiWbL4oyQUxCpr+THlfIjBhZQpni9lbCBlRRZmxCRRuCt/jyMmmcV72r6sXDZbl2m8dRgGM4gQp4cA01uIc6+MBgCM/wCm9O6rw4787HvHXFyWeO4A+czx+yi46B</latexit>

Uc(1)•           invariance:

➡ sombrero potential with degenerate manifold of minima

➡ system chooses one of the minima spontaneously

➡ excitation along this manifold costs no action

• visually clear:

<latexit sha1_base64="OC/vZSMyRxRIhVi+tpVHNtzNWl8=">AAACBnicbVDLSgMxFL3xWeur6tJNsAjiosyoVJcFNy4r2Ae0Y8mkmTY0kxmSjFCG7l271W9wJ279DT/BvzDTzsK2HggczrmvHD8WXBvH+UYrq2vrG5uFreL2zu7efungsKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Sb+a0npjSP5IMZx8wLyUDygFNirNTuxkPeo4/nvVLZqThT4GXi5qQMOeq90k+3H9EkZNJQQbTuuE5svJQow6lgk2I30SwmdEQGrGOpJCHTXjq9d4JPrdLHQaTskwZP1b8dKQm1Hoe+rQyJGepFLxP/8zqJCW68lMs4MUzS2aIgEdhEOPs87nPFqBFjSwhV3N6K6ZAoQo2NaG5LNlvpQE9w0WbjLiaxTJoXFbdauby/KteqeUoFOIYTOAMXrqEGd1CHBlAQ8AKv8Iae0Tv6QJ+z0hWU9xzBHNDXLw3omTY=</latexit>

�⇤
c

<latexit sha1_base64="U9jV8KqIX+GsXqAbfVBk2ZQ7X8E=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyoVJcFNy4r2Ae0Q8mkmTY2kwxJRihDt67d6je4E7f+h5/gX5hpZ2FbDwQO59xXThBzpo3rfjuFtfWNza3idmlnd2//oHx41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxreZ336iSjMpHswkpn6Eh4KFjGBjpVYvHrE+6ZcrbtWdAa0SLycVyNHol396A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns2ik6s8oAhVLZJwyaqX87UhxpPYkCWxlhM9LLXib+53UTE974KRNxYqgg80VhwpGRKPs6GjBFieETSzBRzN6KyAgrTIwNaGFLNlvpUE9RyWbjLSexSloXVa9Wvby/qtRreUpFOIFTOAcPrqEOd9CAJhB4hBd4hTfn2Xl3PpzPeWnByXuOYQHO1y/kSpia</latexit>

�c

<latexit sha1_base64="2/WDSju9IpHSNtb21c/UvcN9yBw=">AAACCHicdVDLSgMxFM34rPVVdekmWAQXMmRqO7W7ghuXFewD26Fk0kwbmskMSUYoQ3/AtVv9Bnfi1r/wE/wLM20FK3ogcDjnvnL8mDOlEfqwVlbX1jc2c1v57Z3dvf3CwWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74KvPb91QqFolbPYmpF+KhYAEjWBvprhePWD8l52jaLxSRXUVOxa1BZKNyrYTmpFJFLnRsNEMRLNDoFz57g4gkIRWacKxU10Gx9lIsNSOcTvO9RNEYkzEe0q6hAodUeens4ik8NcoABpE0T2g4U392pDhUahL6pjLEeqR+e5n4l9dNdHDppUzEiaaCzBcFCYc6gtn34YBJSjSfGIKJZOZWSEZYYqJNSEtbstlSBWoK8yab7wDg/6RVsh3XvrgpF+vuIqUcOAYn4Aw4oArq4Bo0QBMQIMAjeALP1oP1Yr1ab/PSFWvRcwSWYL1/ARfdmmA=</latexit>

�c,0

<latexit sha1_base64="1IvnWlx1j03Pl93zLgUYjhsHYps=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQq6rLopssK9gFtLJPJpB06mYSZiVJC/8ONC0Xc+i/u/BsnaRbaemDgcM693DPHizlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadeb3GZ+95FKxSJxr6cxdUM8EixgBGsjPQxCrMcE87Q5G/qVYbVm1+0caJk4BalBgdaw+jXwI5KEVGjCsVJ9x461m2KpGeF0VhkkisaYTPCI9g0VOKTKTfPUM3RiFB8FkTRPaJSrvzdSHCo1DT0zmaVUi14m/uf1Ex1cuykTcaKpIPNDQcKRjlBWAfKZpETzqSGYSGayIjLGEhNtispKcBa/vEw6Z3Xnsn5+d1Fr3BR1lOEIjuEUHLiCBjShBW0gIOEZXuHNerJerHfrYz5asoqdQ/gD6/MHMdGSUQ==</latexit>

Hd

• condensation for  (stat. state determined by  alone)rd = γl − γp < 0
<latexit sha1_base64="rybAugpbwU4IjuOG9qF3yw2i0NM=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQq6rLopssK9gFtKJPJpB06mcSZSaGEfocbF4q49WPc+TdO2iy09cDA4Zx7uWeOn3CmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZ9bGinAna0kxz2k0kxZHPaccf3+d+Z0KlYrF41NOEehEeChYygrWRvH6E9YhgjhqDAA3sqlNz5kCrxC1IFQo0B/ZXP4hJGlGhCcdK9Vwn0V6GpWaE01mlnyqaYDLGQ9ozVOCIKi+bh56hM6MEKIyleUKjufp7I8ORUtPIN5N5SLXs5eJ/Xi/V4a2XMZGkmgqyOBSmHOkY5Q2ggElKNJ8agolkJisiIywx0aaniinBXf7yKmlf1Nzr2uXDVbV+V9RRhhM4hXNw4Qbq0IAmtIDAEzzDK7xZE+vFerc+FqMlq9g5hj+wPn8A39ORhQ==</latexit>

Hd

<latexit sha1_base64="cFWWTQzX2EknyZZ6E6xZvC7cOIc=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwISVRUZdFNy4r2Ac0MUwmk3boZJLOTIQS+jtu/BU3Coq69UectFlo2wsD555zLnfu8RNGpbKsL6O0tLyyulZer2xsbm3vmLt7LRmnApMmjlksOj6ShFFOmooqRjqJICjyGWn7g5tcbz8SIWnM79UoIW6EepyGFCOlKc+sO0mfehg6KobkIaMOztvxlD2BzjBFAZx0w4WeoWdWrZo1KTgP7AJUQVENz3xzghinEeEKMyRl17YS5WZIKIoZGVecVJIE4QHqka6GHEVEutnk0jE80kwAw1joxxWcsH8nMhRJOYp87YyQ6stZLScXad1UhVduRnmSKsLxdFGYMqhPzmODARUEKzbSAGFB9V8h7iOBsNLhVnQI9uzJ86B1WrMvamd359X6dRFHGRyAQ3AMbHAJ6uAWNEATYPAEXsA7+DCejVfj0/ieWktGMbMP/pXx8wsPn6co</latexit>

�c ! ei�c�c, �q ! ei�c�q

• associated Keldysh action (semiclassical limit)

S =
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t,x
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<latexit sha1_base64="k/syNh9yHvYwPTsoIJ22Pk2390M="></latexit>

<latexit sha1_base64="8m0T87E9N2DFVRcTcCw+6LqaGF0="></latexit>

H↵ =

Z
ddx[r↵|�c|

2 +K↵|r�c|
2 + g↵|�c|

4]

Landau-type  functionalsϕ4



Concept: Classical/weak symmetry, spontaneous breaking

<latexit sha1_base64="/HySLibf5wv7cdwzxwjXjHm+zVs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPRi8cKpi20oWy2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eCwoZNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4N/WbT6g0T+SjGaUYxLQvecQZNVZqEr/LKt5Zt1R2q+4MZJl4OSlDjnq39NXpJSyLURomqNZtz01NMKbKcCZwUuxkGlPKhrSPbUsljVEH49m5E3JqlR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6CYYc5lmBiWbL4oyQUxCpr+THlfIjBhZQpni9lbCBlRRZmxCRRuCt/jyMmmcV72r6sXDZbl2m8dRgGM4gQp4cA01uIc6+MBgCM/wCm9O6rw4787HvHXFyWeO4A+czx+yi46B</latexit>

Uc(1)•           invariance:

➡ sombrero potential with degenerate manifold of minima

➡ system chooses one of the minima spontaneously

➡ excitation along this manifold costs no action

• visually clear:

• more generally valid (incl. beyond semiclassical limit): Keldysh Goldstone theorem

If a global continuous weak symmetry is broken, there is an exact zero mode (R/A sector).

more details: reviews

<latexit sha1_base64="OC/vZSMyRxRIhVi+tpVHNtzNWl8=">AAACBnicbVDLSgMxFL3xWeur6tJNsAjiosyoVJcFNy4r2Ae0Y8mkmTY0kxmSjFCG7l271W9wJ279DT/BvzDTzsK2HggczrmvHD8WXBvH+UYrq2vrG5uFreL2zu7efungsKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Sb+a0npjSP5IMZx8wLyUDygFNirNTuxkPeo4/nvVLZqThT4GXi5qQMOeq90k+3H9EkZNJQQbTuuE5svJQow6lgk2I30SwmdEQGrGOpJCHTXjq9d4JPrdLHQaTskwZP1b8dKQm1Hoe+rQyJGepFLxP/8zqJCW68lMs4MUzS2aIgEdhEOPs87nPFqBFjSwhV3N6K6ZAoQo2NaG5LNlvpQE9w0WbjLiaxTJoXFbdauby/KteqeUoFOIYTOAMXrqEGd1CHBlAQ8AKv8Iae0Tv6QJ+z0hWU9xzBHNDXLw3omTY=</latexit>

�⇤
c

<latexit sha1_base64="U9jV8KqIX+GsXqAbfVBk2ZQ7X8E=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyoVJcFNy4r2Ae0Q8mkmTY2kwxJRihDt67d6je4E7f+h5/gX5hpZ2FbDwQO59xXThBzpo3rfjuFtfWNza3idmlnd2//oHx41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxreZ336iSjMpHswkpn6Eh4KFjGBjpVYvHrE+6ZcrbtWdAa0SLycVyNHol396A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns2ik6s8oAhVLZJwyaqX87UhxpPYkCWxlhM9LLXib+53UTE974KRNxYqgg80VhwpGRKPs6GjBFieETSzBRzN6KyAgrTIwNaGFLNlvpUE9RyWbjLSexSloXVa9Wvby/qtRreUpFOIFTOAcPrqEOd9CAJhB4hBd4hTfn2Xl3PpzPeWnByXuOYQHO1y/kSpia</latexit>

�c

<latexit sha1_base64="2/WDSju9IpHSNtb21c/UvcN9yBw=">AAACCHicdVDLSgMxFM34rPVVdekmWAQXMmRqO7W7ghuXFewD26Fk0kwbmskMSUYoQ3/AtVv9Bnfi1r/wE/wLM20FK3ogcDjnvnL8mDOlEfqwVlbX1jc2c1v57Z3dvf3CwWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74KvPb91QqFolbPYmpF+KhYAEjWBvprhePWD8l52jaLxSRXUVOxa1BZKNyrYTmpFJFLnRsNEMRLNDoFz57g4gkIRWacKxU10Gx9lIsNSOcTvO9RNEYkzEe0q6hAodUeens4ik8NcoABpE0T2g4U392pDhUahL6pjLEeqR+e5n4l9dNdHDppUzEiaaCzBcFCYc6gtn34YBJSjSfGIKJZOZWSEZYYqJNSEtbstlSBWoK8yab7wDg/6RVsh3XvrgpF+vuIqUcOAYn4Aw4oArq4Bo0QBMQIMAjeALP1oP1Yr1ab/PSFWvRcwSWYL1/ARfdmmA=</latexit>
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<latexit sha1_base64="1IvnWlx1j03Pl93zLgUYjhsHYps=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQq6rLopssK9gFtLJPJpB06mYSZiVJC/8ONC0Xc+i/u/BsnaRbaemDgcM693DPHizlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadeb3GZ+95FKxSJxr6cxdUM8EixgBGsjPQxCrMcE87Q5G/qVYbVm1+0caJk4BalBgdaw+jXwI5KEVGjCsVJ9x461m2KpGeF0VhkkisaYTPCI9g0VOKTKTfPUM3RiFB8FkTRPaJSrvzdSHCo1DT0zmaVUi14m/uf1Ex1cuykTcaKpIPNDQcKRjlBWAfKZpETzqSGYSGayIjLGEhNtispKcBa/vEw6Z3Xnsn5+d1Fr3BR1lOEIjuEUHLiCBjShBW0gIOEZXuHNerJerHfrYz5asoqdQ/gD6/MHMdGSUQ==</latexit>

Hd

• condensation for  (stat. state determined by  alone)rd = γl − γp < 0
<latexit sha1_base64="rybAugpbwU4IjuOG9qF3yw2i0NM=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQq6rLopssK9gFtKJPJpB06mcSZSaGEfocbF4q49WPc+TdO2iy09cDA4Zx7uWeOn3CmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZ9bGinAna0kxz2k0kxZHPaccf3+d+Z0KlYrF41NOEehEeChYygrWRvH6E9YhgjhqDAA3sqlNz5kCrxC1IFQo0B/ZXP4hJGlGhCcdK9Vwn0V6GpWaE01mlnyqaYDLGQ9ozVOCIKi+bh56hM6MEKIyleUKjufp7I8ORUtPIN5N5SLXs5eJ/Xi/V4a2XMZGkmgqyOBSmHOkY5Q2ggElKNJ8agolkJisiIywx0aaniinBXf7yKmlf1Nzr2uXDVbV+V9RRhhM4hXNw4Qbq0IAmtIDAEzzDK7xZE+vFerc+FqMlq9g5hj+wPn8A39ORhQ==</latexit>
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<latexit sha1_base64="cFWWTQzX2EknyZZ6E6xZvC7cOIc=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwISVRUZdFNy4r2Ac0MUwmk3boZJLOTIQS+jtu/BU3Coq69UectFlo2wsD555zLnfu8RNGpbKsL6O0tLyyulZer2xsbm3vmLt7LRmnApMmjlksOj6ShFFOmooqRjqJICjyGWn7g5tcbz8SIWnM79UoIW6EepyGFCOlKc+sO0mfehg6KobkIaMOztvxlD2BzjBFAZx0w4WeoWdWrZo1KTgP7AJUQVENz3xzghinEeEKMyRl17YS5WZIKIoZGVecVJIE4QHqka6GHEVEutnk0jE80kwAw1joxxWcsH8nMhRJOYp87YyQ6stZLScXad1UhVduRnmSKsLxdFGYMqhPzmODARUEKzbSAGFB9V8h7iOBsNLhVnQI9uzJ86B1WrMvamd359X6dRFHGRyAQ3AMbHAJ6uAWNEATYPAEXsA7+DCejVfj0/ieWktGMbMP/pXx8wsPn6co</latexit>

�c ! ei�c�c, �q ! ei�c�q

• associated Keldysh action (semiclassical limit)
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<latexit sha1_base64="k/syNh9yHvYwPTsoIJ22Pk2390M="></latexit>

<latexit sha1_base64="8m0T87E9N2DFVRcTcCw+6LqaGF0="></latexit>
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Landau-type  functionalsϕ4



Application: KPZ in driven open Bose gas

• Goldstone mode construction: 

• promote classical symmetry generator to slow dynamic field,  

• derive its action, : depends only on derivatives of  by symmetry
θc → θc(t, x)

SG[∂μθc, . . . ] θ(t, x)



Application: KPZ in driven open Bose gas

• Goldstone mode construction: 

• promote classical symmetry generator to slow dynamic field,  

• derive its action, : depends only on derivatives of  by symmetry
θc → θc(t, x)

SG[∂μθc, . . . ] θ(t, x)

• field parametrisation (drop index c): 

• classical field:  ,  
=> identify phase as the Goldstone mode

• => quantum field: , 

ϕc(t, x) = ρ(t, x)eiθ(t,x) ρ, θ ∈ ℝ

ϕq(t, x) = ζ(t, x)eiθ(t,x) ζ ∈ ℂ

• functional integral:
<latexit sha1_base64="OC/vZSMyRxRIhVi+tpVHNtzNWl8=">AAACBnicbVDLSgMxFL3xWeur6tJNsAjiosyoVJcFNy4r2Ae0Y8mkmTY0kxmSjFCG7l271W9wJ279DT/BvzDTzsK2HggczrmvHD8WXBvH+UYrq2vrG5uFreL2zu7efungsKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Sb+a0npjSP5IMZx8wLyUDygFNirNTuxkPeo4/nvVLZqThT4GXi5qQMOeq90k+3H9EkZNJQQbTuuE5svJQow6lgk2I30SwmdEQGrGOpJCHTXjq9d4JPrdLHQaTskwZP1b8dKQm1Hoe+rQyJGepFLxP/8zqJCW68lMs4MUzS2aIgEdhEOPs87nPFqBFjSwhV3N6K6ZAoQo2NaG5LNlvpQE9w0WbjLiaxTJoXFbdauby/KteqeUoFOIYTOAMXrqEGd1CHBlAQ8AKv8Iae0Tv6QJ+z0hWU9xzBHNDXLw3omTY=</latexit>
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<latexit sha1_base64="U9jV8KqIX+GsXqAbfVBk2ZQ7X8E=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyoVJcFNy4r2Ae0Q8mkmTY2kwxJRihDt67d6je4E7f+h5/gX5hpZ2FbDwQO59xXThBzpo3rfjuFtfWNza3idmlnd2//oHx41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxreZ336iSjMpHswkpn6Eh4KFjGBjpVYvHrE+6ZcrbtWdAa0SLycVyNHol396A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns2ik6s8oAhVLZJwyaqX87UhxpPYkCWxlhM9LLXib+53UTE974KRNxYqgg80VhwpGRKPs6GjBFieETSzBRzN6KyAgrTIwNaGFLNlvpUE9RyWbjLSexSloXVa9Wvby/qtRreUpFOIFTOAcPrqEOd9CAJhB4hBd4hTfn2Xl3PpzPeWnByXuOYQHO1y/kSpia</latexit>
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<latexit sha1_base64="1IvnWlx1j03Pl93zLgUYjhsHYps=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQq6rLopssK9gFtLJPJpB06mYSZiVJC/8ONC0Xc+i/u/BsnaRbaemDgcM693DPHizlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadeb3GZ+95FKxSJxr6cxdUM8EixgBGsjPQxCrMcE87Q5G/qVYbVm1+0caJk4BalBgdaw+jXwI5KEVGjCsVJ9x461m2KpGeF0VhkkisaYTPCI9g0VOKTKTfPUM3RiFB8FkTRPaJSrvzdSHCo1DT0zmaVUi14m/uf1Ex1cuykTcaKpIPNDQcKRjlBWAfKZpETzqSGYSGayIjLGEhNtispKcBa/vEw6Z3Xnsn5+d1Fr3BR1lOEIjuEUHLiCBjShBW0gIOEZXuHNerJerHfrYz5asoqdQ/gD6/MHMdGSUQ==</latexit>
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<latexit sha1_base64="HIN9M9uHQZMMvlq7wMp6V513aVI="></latexit>



Application: KPZ in driven open Bose gas

• Goldstone mode construction: 

• promote classical symmetry generator to slow dynamic field,  

• derive its action, : depends only on derivatives of  by symmetry
θc → θc(t, x)

SG[∂μθc, . . . ] θ(t, x)

• field parametrisation (drop index c): 

• classical field:  ,  
=> identify phase as the Goldstone mode

• => quantum field: , 

ϕc(t, x) = ρ(t, x)eiθ(t,x) ρ, θ ∈ ℝ

ϕq(t, x) = ζ(t, x)eiθ(t,x) ζ ∈ ℂ

• functional integral:
<latexit sha1_base64="OC/vZSMyRxRIhVi+tpVHNtzNWl8=">AAACBnicbVDLSgMxFL3xWeur6tJNsAjiosyoVJcFNy4r2Ae0Y8mkmTY0kxmSjFCG7l271W9wJ279DT/BvzDTzsK2HggczrmvHD8WXBvH+UYrq2vrG5uFreL2zu7efungsKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Sb+a0npjSP5IMZx8wLyUDygFNirNTuxkPeo4/nvVLZqThT4GXi5qQMOeq90k+3H9EkZNJQQbTuuE5svJQow6lgk2I30SwmdEQGrGOpJCHTXjq9d4JPrdLHQaTskwZP1b8dKQm1Hoe+rQyJGepFLxP/8zqJCW68lMs4MUzS2aIgEdhEOPs87nPFqBFjSwhV3N6K6ZAoQo2NaG5LNlvpQE9w0WbjLiaxTJoXFbdauby/KteqeUoFOIYTOAMXrqEGd1CHBlAQ8AKv8Iae0Tv6QJ+z0hWU9xzBHNDXLw3omTY=</latexit>
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<latexit sha1_base64="U9jV8KqIX+GsXqAbfVBk2ZQ7X8E=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyoVJcFNy4r2Ae0Q8mkmTY2kwxJRihDt67d6je4E7f+h5/gX5hpZ2FbDwQO59xXThBzpo3rfjuFtfWNza3idmlnd2//oHx41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxreZ336iSjMpHswkpn6Eh4KFjGBjpVYvHrE+6ZcrbtWdAa0SLycVyNHol396A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns2ik6s8oAhVLZJwyaqX87UhxpPYkCWxlhM9LLXib+53UTE974KRNxYqgg80VhwpGRKPs6GjBFieETSzBRzN6KyAgrTIwNaGFLNlvpUE9RyWbjLSexSloXVa9Wvby/qtRreUpFOIFTOAcPrqEOd9CAJhB4hBd4hTfn2Xl3PpzPeWnByXuOYQHO1y/kSpia</latexit>

�c

<latexit sha1_base64="1IvnWlx1j03Pl93zLgUYjhsHYps=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQq6rLopssK9gFtLJPJpB06mYSZiVJC/8ONC0Xc+i/u/BsnaRbaemDgcM693DPHizlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadeb3GZ+95FKxSJxr6cxdUM8EixgBGsjPQxCrMcE87Q5G/qVYbVm1+0caJk4BalBgdaw+jXwI5KEVGjCsVJ9x461m2KpGeF0VhkkisaYTPCI9g0VOKTKTfPUM3RiFB8FkTRPaJSrvzdSHCo1DT0zmaVUi14m/uf1Ex1cuykTcaKpIPNDQcKRjlBWAfKZpETzqSGYSGayIjLGEhNtispKcBa/vEw6Z3Xnsn5+d1Fr3BR1lOEIjuEUHLiCBjShBW0gIOEZXuHNerJerHfrYz5asoqdQ/gD6/MHMdGSUQ==</latexit>
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<latexit sha1_base64="HIN9M9uHQZMMvlq7wMp6V513aVI="></latexit>

• eliminate all gapped modes: density fluctuations  => Goldstone mode actionρ(t, x) = ρ0 + δρ(t, x)

➡ role of conjugate quantum /noise field played by combination of original noise fields 
➡ equivalence MSRJD <—> Langevin: KPZ equation (  at equilibrium)λ = 0
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<latexit sha1_base64="zF9+Z/0NKSysiga6SjTMF254Pa4="></latexit>

⇣ = ⇣1 + i⇣2
<latexit sha1_base64="xFNTofy/xMN0GuqitzJitIFDEJ0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFEIQyUxXdCEU3LivYC7TDkEnPtKGZC0lGqEPBja/ixoUibn0Jd76N6XQW2nog5OP/zyE5vxdzJpVlfRuFhcWl5ZXiamltfWNzy9zeacooERQaNOKRaHtEAmchNBRTHNqxABJ4HFre8Hrit+5BSBaFd2oUgxOQfsh8RonSkmvudR9AEXyJs9u18TFmU6y6ZtmqWFnhebBzKKO86q751e1FNAkgVJQTKTu2FSsnJUIxymFc6iYSYkKHpA8djSEJQDpptsMYH2qlh/1I6BMqnKm/J1ISSDkKPN0ZEDWQs95E/M/rJMq/cFIWxomCkE4f8hOOVYQngeAeE0AVH2kgVDD9V0wHRBCqdGwlHYI9u/I8NKsV+6Rydntarl3lcRTRPjpAR8hG56iGblAdNRBFj+gZvaI348l4Md6Nj2lrwchndtGfMj5/AMw1llg=</latexit>



Concept: Conservation laws and quantum/strong symmetry 

<latexit sha1_base64="V8KV1qnuAqsbwX4VmapP+SAS52g=">AAACFHicbZBNS8NAEIY3ftb6FfXoZbEIlWJJVNSLUPTisYJpC20Im+2mXbrZxN2NUEJ/hBf/ihcPinj14M1/46YNoq0DC8+8M8PsvH7MqFSW9WXMzS8sLi0XVoqra+sbm+bWdkNGicDEwRGLRMtHkjDKiaOoYqQVC4JCn5GmP7jK6s17IiSN+K0axsQNUY/TgGKktOSZFcerlO0D2FE0JBI63mGWXUBNWNOPfKcTzyxZVWsccBbsHEogj7pnfna6EU5CwhVmSMq2bcXKTZFQFDMyKnYSSWKEB6hH2ho50rvcdHzUCO5rpQuDSOjHFRyrvydSFEo5DH3dGSLVl9O1TPyv1k5UcO6mlMeJIhxPFgUJgyqCmUOwSwXBig01ICyo/ivEfSQQVtrHojbBnj55FhpHVfu0enxzUqpd5nYUwC7YA2VggzNQA9egDhyAwQN4Ai/g1Xg0no03433SOmfkMzvgTxgf3+bJml4=</latexit>

U+(1)⇥ U�(1) = Uc(1)⇥ Uq(1)➡ independent phase rotation symmetries on both contours 

• example 1: dephasing Lindbladian L̂↵ = n̂i
<latexit sha1_base64="fF17rSheyKWyO4eI2H5HtjlmWFk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJXEB7oRim5cuKhgH9CUcDOdtkMnkzAzEUqoG3/FjQtF3PoX7vwbp2kW2nrgwplz7mXuPUHMmdKO820VFhaXlleKq6W19Y3NLXt7p6GiRBJaJxGPZCsARTkTtK6Z5rQVSwphwGkzGF5P/OYDlYpF4l6PYtoJoS9YjxHQRvLtPW8AGt/6HvB4APgSZ2/hM98uOxUnA54nbk7KKEfNt7+8bkSSkApNOCjVdp1Yd1KQmhFOxyUvUTQGMoQ+bRsqIKSqk2YXjPGhUbq4F0lTQuNM/T2RQqjUKAxMZwh6oGa9ifif105076KTMhEnmgoy/aiXcKwjPIkDd5mkRPORIUAkM7tiMgAJRJvQSiYEd/bkedI4rrgnlbO703L1Ko+jiPbRATpCLjpHVXSDaqiOCHpEz+gVvVlP1ov1bn1MWwtWPrOL/sD6/AHJkpXU</latexit>

➡ particle number conserved, [n̂i, N̂ ] = 08 i
<latexit sha1_base64="I3KXWIw6nLvTj3r2HXDTU65lorQ=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFFK4gXdCEU3rqSCvUASwmQ6aYdOJmFmIpTQpRtfxY0LRdz6CO58G6dpFtr6w8DHf87hzPmDhFGpLOvbKC0sLi2vlFcra+sbm1vm9k5bxqnApIVjFotugCRhlJOWooqRbiIIigJGOsHwelLvPBAhaczv1SghXoT6nIYUI6Ut39x33AFSkPu0lsOtd2m5NTeMBWLMrVHfrFp1KxecB7uAKijU9M0vtxfjNCJcYYakdGwrUV6GhKKYkXHFTSVJEB6iPnE0chQR6WX5IWN4qJ0e1Mv14wrm7u+JDEVSjqJAd0ZIDeRsbWL+V3NSFV54GeVJqgjH00VhyqCK4SQV2KOCYMVGGhAWVP8V4gESCCudXUWHYM+ePA/t47p9Uj+7O602roo4ymAPHIAjYINz0AA3oAlaAINH8AxewZvxZLwY78bHtLVkFDO74I+Mzx+3GJiE</latexit>

➡ simple intuition: no number exchange with the bath

more details: Sieberer, Buchhold, SD, ROPP (2016); 
Sieberer, Buchhold, Marino, SD, arxiv (2023)



Concept: Conservation laws and quantum/strong symmetry 

<latexit sha1_base64="V8KV1qnuAqsbwX4VmapP+SAS52g=">AAACFHicbZBNS8NAEIY3ftb6FfXoZbEIlWJJVNSLUPTisYJpC20Im+2mXbrZxN2NUEJ/hBf/ihcPinj14M1/46YNoq0DC8+8M8PsvH7MqFSW9WXMzS8sLi0XVoqra+sbm+bWdkNGicDEwRGLRMtHkjDKiaOoYqQVC4JCn5GmP7jK6s17IiSN+K0axsQNUY/TgGKktOSZFcerlO0D2FE0JBI63mGWXUBNWNOPfKcTzyxZVWsccBbsHEogj7pnfna6EU5CwhVmSMq2bcXKTZFQFDMyKnYSSWKEB6hH2ho50rvcdHzUCO5rpQuDSOjHFRyrvydSFEo5DH3dGSLVl9O1TPyv1k5UcO6mlMeJIhxPFgUJgyqCmUOwSwXBig01ICyo/ivEfSQQVtrHojbBnj55FhpHVfu0enxzUqpd5nYUwC7YA2VggzNQA9egDhyAwQN4Ai/g1Xg0no03433SOmfkMzvgTxgf3+bJml4=</latexit>

U+(1)⇥ U�(1) = Uc(1)⇥ Uq(1)➡ independent phase rotation symmetries on both contours 

• example 1: dephasing Lindbladian L̂↵ = n̂i
<latexit sha1_base64="fF17rSheyKWyO4eI2H5HtjlmWFk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJXEB7oRim5cuKhgH9CUcDOdtkMnkzAzEUqoG3/FjQtF3PoX7vwbp2kW2nrgwplz7mXuPUHMmdKO820VFhaXlleKq6W19Y3NLXt7p6GiRBJaJxGPZCsARTkTtK6Z5rQVSwphwGkzGF5P/OYDlYpF4l6PYtoJoS9YjxHQRvLtPW8AGt/6HvB4APgSZ2/hM98uOxUnA54nbk7KKEfNt7+8bkSSkApNOCjVdp1Yd1KQmhFOxyUvUTQGMoQ+bRsqIKSqk2YXjPGhUbq4F0lTQuNM/T2RQqjUKAxMZwh6oGa9ifif105076KTMhEnmgoy/aiXcKwjPIkDd5mkRPORIUAkM7tiMgAJRJvQSiYEd/bkedI4rrgnlbO703L1Ko+jiPbRATpCLjpHVXSDaqiOCHpEz+gVvVlP1ov1bn1MWwtWPrOL/sD6/AHJkpXU</latexit>

➡ particle number conserved, [n̂i, N̂ ] = 08 i
<latexit sha1_base64="I3KXWIw6nLvTj3r2HXDTU65lorQ=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFFK4gXdCEU3rqSCvUASwmQ6aYdOJmFmIpTQpRtfxY0LRdz6CO58G6dpFtr6w8DHf87hzPmDhFGpLOvbKC0sLi2vlFcra+sbm1vm9k5bxqnApIVjFotugCRhlJOWooqRbiIIigJGOsHwelLvPBAhaczv1SghXoT6nIYUI6Ut39x33AFSkPu0lsOtd2m5NTeMBWLMrVHfrFp1KxecB7uAKijU9M0vtxfjNCJcYYakdGwrUV6GhKKYkXHFTSVJEB6iPnE0chQR6WX5IWN4qJ0e1Mv14wrm7u+JDEVSjqJAd0ZIDeRsbWL+V3NSFV54GeVJqgjH00VhyqCK4SQV2KOCYMVGGhAWVP8V4gESCCudXUWHYM+ePA/t47p9Uj+7O602roo4ymAPHIAjYINz0AA3oAlaAINH8AxewZvxZLwY78bHtLVkFDO74I+Mzx+3GJiE</latexit>

➡ simple intuition: no number exchange with the bath

• example 2: for any Hamiltonian, strong = weak symmetry

➡ the exchange of physical quantities (‘charge’) is via the fluctuation term
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Z

t,x

h
 
†
+i@t + �H+ � (+ ! �)� i

X

↵

�↵

⇣
2L†

↵,�L↵,+ � L
†
↵,+L↵,+ � L

†
↵,�L↵,�

⌘i
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contour diagonalcontour diagonal contour coupling

more details: Sieberer, Buchhold, SD, ROPP (2016); 
Sieberer, Buchhold, Marino, SD, arxiv (2023)



Concept: Conservation laws and quantum/strong symmetry 

➡ non-trivial classical charge (with finite expectation value) only for quantum symmetry

Uc(1) : Nq =

Z
d2xhJ0

q i = 0
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Uq(1) : Nc =

Z
d2xhJ0

c i = N
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• Noether charges:

• Keldysh Noether construction:

• promote
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✓c,q ! ✓c,q(t, ~x)

• change of action:

• vanishing variation:
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�S

�✓q,c

!
= 0 =) @µJ

µ
c,q = 0

SH = SH [@µ✓q, ...]
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@tJ
0
c,q = �r ~Jc,qor

where universally for time-local non-relativistic dynamics 

and           is model specific
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� �
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~Jc,q

more details: Sieberer, Buchhold, SD, ROPP (2016); 
Sieberer, Buchhold, Marino, SD, arxiv (2023)

continuity equation

• constructing hydrodynamic action: 

➡ Hamiltonian system, quantum symmetries are broken infinitesimally by infinitesimal regularization 
➡ quantum symmetries are not preserved under RG transformations (spontaneously broken): emergence of 

dissipation at large distance 

redundancy



Application: KPZ in equilibrium closed Bose gas

• 1d Hamiltonian:

• Keldysh action (without coupling to bath)

S =

Z
dt dx

X

�=±
�( ⇤

�i@t � �H[ ⇤
�, �])
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• two relevant strong/quantum symmetries: 

•   particle number conservation

• translations  momentum conservation

U(1)q →
→

1D Bose Gas: Kulkarni, Lamacraft, PRA (2013); 
Spin chains: De Nardis, Gopalakrishnan, Vasseur, PRL (2023)

Keldysh analog to non-linear fluctuation hydrodynamics: C. 
Mendl, H. Spohn, PRL (2012); H. Spohn, J. Stat. Phys. (2014)

➡ expected hydrodynamic equations:
➡ Continuity
➡ Euler

H =

Z
dx [Z|@x |2 + �| |4]
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Closed equilibrium Bose gas: Symmetry based derivation of KPZ

• derive hydrodynamics from Keldysh via Noether reasoning  naturally generates conserved noises

• expand in symmetry generator fluctuations: 
→

• global invariances  quantum fields  appear only with derivatives (omit index ‘c’)→ θq, χq

• with density  and superfluid velocity 

• equation of motion for : continuity, Euler equation

ρ vρ = 1
2i (ψ*∂xψ − ψ∂xψ*) = ρ∂xθ

θq, χq

Keldysh analog to non-linear fluctuating hydrodynamics: C. 
Mendl, H. Spohn, PRL (2012); H. Spohn, J. Stat. Phys. (2014)

Uq(1) :  �(x, t) ! ei�✓q(x,t) (x, t)
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T x
q :  �(x, t) !  �(x+ ��q(x, t))
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�S =

Z

t,x
✓q(@t⇢� @x(v⇢)) + �q(@t(⇢v)� �@x⇢

2 + Z@x(⇢v
2 + (@x

p
⇢)2))
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neglect (quantum 
pressure terms)



Closed equilibrium Bose gas: Symmetry based derivation of KPZ
• expand ρ = ρ0 + δρ

⇢0@tv = 2�⇢0@x�⇢+ �@x�⇢
2 + Z⇢0v@xv

2 + Z@x(�⇢v
2)
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@t�⇢ = ⇢0@xv + v@x�⇢
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Closed equilibrium Bose gas: Symmetry based derivation of KPZ
• expand ρ = ρ0 + δρ

⇢0@tv = 2�⇢0@x�⇢+ �@x�⇢
2 + Z⇢0v@xv

2 + Z@x(�⇢v
2)
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@t�⇢ = ⇢0@xv + v@x�⇢
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• linearized time evolution  propagating sound waves (special to 1D)

• diagonalize via 

• consider fluctuations around comoving frames  removes all linear terms

→
v± = v ± cρ, c = 2λρ0

v±(x, t) = f±(x ∓ ct, t)

@tf± = �1@xf
2
± + �2@xf

2
⌥ + g±@xf⌥f±
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emergent KPZ from sound modes: H. van Beijeren, PRL (2012)

parameters: functions of the 
ones above



Closed equilibrium Bose gas: Symmetry based derivation of KPZ
• expand ρ = ρ0 + δρ

• symmetries:

• parity: , 

• in new coordinates 
v(t, x) → − v(t, − x), δρ(t, x) → + δρ(t, − x)

f±(t, x) → − f∓(t, − x)

⇢0@tv = 2�⇢0@x�⇢+ �@x�⇢
2 + Z⇢0v@xv

2 + Z@x(�⇢v
2)
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• linearized time evolution  propagating sound waves (special to 1D)

• diagonalize via 

• consider fluctuations around comoving frames  removes all linear terms

→
v± = v ± cρ, c = 2λρ0

v±(x, t) = f±(x ∓ ct, t)

@tf± = �1@xf
2
± + �2@xf

2
⌥ + g±@xf⌥f±
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emergent KPZ from sound modes: H. van Beijeren, PRL (2012)

parameters: functions of the 
ones above



Closed equilibrium Bose gas: Symmetry based derivation of KPZ
• expand ρ = ρ0 + δρ

• symmetries:

• parity: , 

• in new coordinates 
v(t, x) → − v(t, − x), δρ(t, x) → + δρ(t, − x)

f±(t, x) → − f∓(t, − x)

• add back conserved noise + dissipation on the path integral  2 coupled Burgers equations

• concrete parameter set: decouple under RG 

• KPZ scaling for dispersion of sound wave packages in comoving frame

• Keldysh  Can systematically take the  limit (all non-linearities irrelevant, z = 2) 

→

→ T → 0
Pereira et al., PRL (2006)

Ertas, Kardar, PRL (1992)

⇢0@tv = 2�⇢0@x�⇢+ �@x�⇢
2 + Z⇢0v@xv

2 + Z@x(�⇢v
2)
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• linearized time evolution  propagating sound waves (special to 1D)

• diagonalize via 

• consider fluctuations around comoving frames  removes all linear terms

→
v± = v ± cρ, c = 2λρ0

v±(x, t) = f±(x ∓ ct, t)

@tf± = �1@xf
2
± + �2@xf

2
⌥ + g±@xf⌥f±
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emergent KPZ from sound modes: H. van Beijeren, PRL (2012)

parameters: functions of the 
ones above



Summary: two symmetry based routes to KPZ in 1D Bose gases

microphysics macrophysics

—> soft Goldstone modes in open system 
(adds possibility for vortex defects)

—> soft hydrodynamic modes in closed system

spontaneous breaking of weak symmetry strong symmetry

C. Fontaine, PRL (2023)

z = 2
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• equilibrium vs. non-equilibrium

• weak vs. strong symmetry

• pure vs. mixed states 

T > 0: non-linearities relevant, KPZ  
T=0: non-linearities irrelevant, suggests 

z = 3/2
z = 2

analogous C. Mendl, H. Spohn, PRL (2012)

no (infinitesimally small breaking enough)

closed equilibrium Bose gas

 : KPZ 

(  dark state, fine tuning needed)

PK ∼ k0

PK ∼ k2

S = S[@µ✓
a
c , ...]
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• equilibrium vs. non-equilibrium

yes (very peculiar to 1D)

driven open Bose gas





Outline

1. From the Lindblad equation to the Lindblad-Keldysh functional integral 

• Lindblad equation for driven open quantum matter
• construction of Lindblad-Keldysh functional integral

@t⇢ = �i[H, ⇢] + L[⇢]

3. Principles of universality in driven open quantum matter

• the principles: eq. vs. non-eq.; pure vs. mixed states; weak vs. strong 
symmetries

• application: 1D KPZ in open vs. closed systems

ei�[�] =

Z
D��eiSM [�+��]

Keldysh theory general: A. Kamenev, Field theory or non-equilibrium systems, 
Cambridge University Press 
Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven Open 
Quantum Systems, Reports on Progress in Physics (2016);
L. Sieberer, M. Buchhold, J. Marino, SD, Universality in Driven Open Quantum 
Matter, arxiv (2023)

2. KPZ equation in exciton-polariton condensates

• background: semiclassical limit, classifying eq. vs. non-eq. states
• from XP to KPZ: absence of algebraic order out of equilibrium
• compact KPZ and non-equilibrium phase transition

4. Macroscopic non-equilibrium phenomena from weak non-equilibrium drive

• non-equilibrium O(N) models: phase structure, limit cycles
• novel non-equilibrium criticality at onset of a limit cycle
• route towards KPZ via breaking of time translation symmetry

5. Quantum aspects: topology in driven open quantum matter

• fermion topological dark states in Lindblad evolution
• universality of topological response: pure states, mixed states



4. Macroscopic non-equilibrium phenomena from 
weak non-equilibrium drive

• archetypical example: KPZ in low dimension

• non-equilibrium O(N) models: phase structure, limit cycles

• novel non-equilibrium criticality at onset of a limit cycle

43

can serve as a quantitative measure for the departure from ther-
mal equilibrium. Note that � = 0 in equilibrium, and that � is
well-defined also for Kd = 0, which is the microscopic value
of the di↵usion constant Kd in the model for driven-dissipative
condensates introduced in Sec. II B 2. It turns out to be most
convenient to combine � with the quantities [19]

D = Kc

 
Kd

Kc
+

uc

ud

!
, � =

�

2⇢0

0
BBBB@1 +

u2
c

u2
d

1
CCCCA (189)

(see Sec. II B 2 for the definition of the noise strength � and the
mean-field condensate density ⇢0) to define the dimensionless
non-equilibrium strength as [5]:

g = ⇤d�2
0
�2�

D3 , (190)

where ⇤0 is the UV momentum cuto↵. Thus, the answer to
the question of whether equilibrium vs. non-equilibrium uni-
versal behavior is realized in driven-dissipative condensates, is
encoded in the RG flow of g.

In the condensed phase, the RG flow of g is driven domi-
nantly by fluctuations of the gapless Goldstone mode discussed
in Sec. II D 6, i.e., by fluctuations of the phase of the conden-
sate field. The latter were shown [269–272] to be governed by
the Kardar-Parisi-Zhang (KPZ) equation [73], in which � de-
fined in Eq. (188) appears as the coe�cient of the characteristic
non-linear term, see Eq. (199). Below in Sec. IV A, we present
an alternative mapping of the long-wavelength condensate dy-
namics to the KPZ equation, starting from the Keldysh action in
Eq. (73) and integrating out the gapped density mode within the
Keldysh functional integral. As a consequence of the mapping
to the KPZ equation, the RG flow of g in d spatial dimensions is
at the one-loop level given by [5]

@`g = � (d � 2) g +
(2d � 3) Cd

2d
g2, (191)

where ` = ln(⇤/⇤0), ⇤ is the running momentum cuto↵, and
Cd = 21�d⇡�d/2�(2 � d/2) is a geometric factor. The key role
that is played by spatial dimensionality becomes manifest in the
canonical scaling of g, which is encoded in the first term on the
RHS of the flow equation: to wit, g is relevant in 1D where
d�2 < 0, marginal in 2D, and irrelevant in 3D since then d�2 >
0. In 2D, the loop correction — the second term on the RHS of
Eq. (191) — is positive, making g marginally-relevant. This has
far-reaching consequences for a driven-dissipative condensate in
which the microscopic value of g is small, i.e., which is close to
equilibrium: upon increasing the scale at which the system is ob-
served, the non-equilibrium nature is more pronounced in one-
and two-dimensional systems, whereas e↵ective equilibrium is
established on large scales in three-dimensional systems. In 1D
the canonical scaling towards strong coupling is balanced at an
attractive strong-coupling fixed point (SCFP) g⇤ by the loop cor-
rection. This term vanishes at d = 3/2, and for d > 3/2 the one-
loop equation does not have a stable SCFP, which, however, is
recovered in a non-perturbative FRG approach [252–254]. The

d1 2 3

g

1

Figure 10. Equilibrium vs. non-equilibrium phase diagram for driven-
dissipative condensates (cf. Ref. [252]). The line g = 1, where g is
defined in Eq. (190) and measures the deviation from equilibrium con-
ditions, separates the close-to-equilibrium regime for g < 1 from the
strong-coupling, far-from-equilibrium regime at g > 1. Red dots indi-
cate the fixed-point values of g that are reached if the RG flow is initial-
ized in the close-to-equilibrium regime. In dimensions one and two, the
equilibrium fixed point at g = 0 is unstable, and the RG flow along the
dashed lines is directed towards the blue line of strong-coupling fixed
points. Thus, a system that is microscopically close to equilibrium will
exhibit strongly non-equilibrium behavior at large scales. On the other
hand, in three spatial dimensions, an initially small value of g is dimin-
ished under renormalization, and the universal large-scale behavior is
governed by the e↵ective equilibrium fixed point at g = 0. The green
line indicates the existence of a critical value gc in d > 2, corresponding
to a transition between the e↵ective equilibrium phase and a true non-
equilibrium phase that is realized for large microscopic values g > gc.

RG flow of g that is found within this approach is illustrated
qualitatively in Fig. 10, which shows that also in 2D the flow is
out of the shaded close-to-equilibrium regime with g < 1, and
towards a strong-coupling, non-equilibrium fixed point. The sit-
uation is quite di↵erent in 3D: in this case, if the microscopic
value of g is small, at large scales an e↵ective equilibrium with a
renormalized value g! 0 is reached. However, for d > 2, there
exists a critical line of unstable fixed points gc, separating the
basins of attraction of the equilibrium and non-equilibrium fixed
points, for g < gc and g > gc respectively. Thus, in addition
to the e↵ective equilibrium phase, a true non-equilibrium phase
may be reached in systems that are far from equilibrium even at
the microscopic level also in 3D [273]. The properties of this
phase have not been explored so far.

The rest of this section is organized as follows: in Sec. IV B,
we review the dynamical critical behavior at the driven-
dissipative condensation transition in 3D [26, 181, 274], which,
according to the above discussion, is governed by an e↵ective
equilibrium fixed point. Signatures of the non-equilibrium na-
ture of the microscopic model are present in the asymptotic fade-
out of the deviation from equilibrium at large scales. In contrast,
the universal scaling behavior of driven-dissipative condensates
in both 2D [19] and 1D [265–267] is quite distinct from the equi-
librium case and governed by the SCFP of the KPZ equation.

physics of gapless modes in a 
stable phase of matter

physics of gapless critical 
modes at a second order 
phase transition

• spinoff, in stable phase: route towards KPZ via breaking of time 
translation symmetry

micro macro

eq.

non-eq.

eq.

eq.

non-eq.

eq.



Emergent non-equilibrium: Dynamical limit cycles as candidates

Walter et al. PRL (2014); Iemini et al. PRL (2018); Dutta, Cooper PRL (2019); Buca et al. Nat. Comm. (2019) 

• dynamical limit cycle phases / time crystalline order: non-equilibrium collective 
effects, in classical and quantum systems, ruled out at equilibrium 

Kongkhambut et al., 
Science (2022)

Dogra et al., 
Science (2019)

• experimental realizations in cold atomic systems

micro macro

eq.

non-eq.

eq.

P. Bruno, PRL (2013); Volovik, JETP Letters 
(2013); Watanabe, Oshikawa, PRL (2015)

vs.
micro macro

eq.

non-eq.

eq.
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(2013); Watanabe, Oshikawa, PRL (2015)

vs.
micro macro
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Approach: Effective field theory

active (quantum) 
matter

driven 
magnets driven 

condensates

…

nonequilibrium symmetry based, semiclassical effective field theory 
(stochastic Langevin equations <=> MSRJD field theory)

non-equilibrium long wavelength theory, full phase 
diagram

coarse graining

fluctuation
corrections

length

microscopic 
(quantum) model

internal symmetries
equilibrium broken

mesoscopic

macroscopic

Fruchart et al., Nature 2021; 
Hanai et al., PRL 2019; 
Suchanek, Kroy, Loos, arxiv 
2023; Heyl et al., arxiv (2023)

Sieberer et al., 
PRL (2013)

Mitra, Millis, 
PRL (2010)



Approach: Effective field theory

active (quantum) 
matter

driven 
magnets driven 

condensates

…

nonequilibrium symmetry based, semiclassical effective field theory 
(stochastic Langevin equations <=> MSRJD field theory)

non-equilibrium long wavelength theory, full phase 
diagram

coarse graining

fluctuation
corrections

length

microscopic 
(quantum) model

internal symmetries
equilibrium broken

mesoscopic

macroscopic

Fruchart et al., Nature 2021; 
Hanai et al., PRL 2019; 
Suchanek, Kroy, Loos, arxiv 
2023; Heyl et al., arxiv (2023)

Sieberer et al., 
PRL (2013)

Mitra, Millis, 
PRL (2010)

1. identify 
phenomena in 
minimal setting

2. search for 
relevant 
platforms

Outline:



Effective field theory: The non-equilibrium modelO(N)

∂2
t

⃗ϕ + (2γ − Z∇2 + uρ)∂t
⃗ϕ + u′ ∂tρ ⃗ϕ + (r − Z′ ∇2 + λρ) ⃗ϕ + ⃗ξ = 0

• equilibrium: (mesoscopic)  model as workhorse of stat. mech. & near-equilibrium dynamics
• purely symmetry based

O(N )

ρ = ⃗ϕ ⋅ ⃗ϕ

relativistic  model O(N )  potentialϕ4

Mesoscopic

Microscopic

Macroscopic



Effective field theory: The non-equilibrium modelO(N)

∂2
t

⃗ϕ + (2γ − Z∇2 + uρ)∂t
⃗ϕ + u′ ∂tρ ⃗ϕ + (r − Z′ ∇2 + λρ) ⃗ϕ + ⃗ξ = 0

• equilibrium: (mesoscopic)  model as workhorse of stat. mech. & near-equilibrium dynamics
• purely symmetry based
• slow dynamics of order parameter  & possibly conservation laws

O(N )

ϕ Mesoscopic

Microscopic

Macroscopic

ρ = ⃗ϕ ⋅ ⃗ϕ

Hohenberg-Halperin model A

Hohenberg, Halperin, RMP (1977)

noise (exploring configurations 
beyond deterministic) 



Effective field theory: The non-equilibrium modelO(N)

∂2
t

⃗ϕ + (2γ − Z∇2 + uρ)∂t
⃗ϕ + u′ ∂tρ ⃗ϕ + (r − Z′ ∇2 + λρ) ⃗ϕ + ⃗ξ = 0

• equilibrium: (mesoscopic)  model as workhorse of stat. mech. & near-equilibrium dynamics
• purely symmetry based
• slow dynamics of order parameter  & possibly conservation laws

• non-equilibrium setup:
• non-thermal pumps & losses (e.g. laser)  nonconservative interactions
• no conservation laws  no hydrodynamic modes

O(N )

ϕ

→
→

nonconservative forces
(breaking equilibrium / thermal symmetry)

ρ = ⃗ϕ ⋅ ⃗ϕ

Zelle, Daviet, Rosch, SD, arxiv:2304.09207 

Mesoscopic

Microscopic

Macroscopic



Effective field theory: The non-equilibrium modelO(N)

∂2
t

⃗ϕ + (2γ − Z∇2 + uρ)∂t
⃗ϕ + u′ ∂tρ ⃗ϕ + (r − Z′ ∇2 + λρ) ⃗ϕ + ⃗ξ = 0

• equilibrium: (mesoscopic)  model as workhorse of stat. mech. & near-equilibrium dynamics
• purely symmetry based
• slow dynamics of order parameter  & possibly conservation laws

• non-equilibrium setup:
• non-thermal pumps & losses (e.g. laser)  nonconservative interactions
• no conservation laws  no hydrodynamic modes

O(N )

ϕ

→
→

nonconservative forces
(breaking equilibrium / thermal symmetry)

tune  
triggers equilibrium  

transition

r < 0
O(N )

pump  loss  “antidamping” :
stabilized by , triggers time crystalline limit 

cycle

> ⇒ γ < 0
u, u′ 

ρ = ⃗ϕ ⋅ ⃗ϕ

Zelle, Daviet, Rosch, SD, arxiv:2304.09207 

Mesoscopic

Microscopic

Macroscopic



∂2
t

⃗ϕ + (2γ−Z∇2 + uρ)∂t
⃗ϕ + u′ ∂tρ ⃗ϕ + (r−Z′ ∇2 + λρ) ⃗ϕ + ⃗ξ = 0

Phases of the non-equilibrium  modelO(N)

• disordered phase: 
  No symmetries broken,  intact

ϕs = 0
O(N )

• statically ordered phase: 
usual symmetry breaking 

ϕs = ρ0e1

O(N ) → O(N − 1)

• time crystalline order: 
  periodic function
a) rotation on a circle
b) amplitude oscillations along fixed 

axis

ϕs(t)

Disordered Phase
ϕs = 0

r

γ

 order PT2nd

Static Order

ρ0 ≠ 0, ·ϕ = 0

 breaking,

exceptional

O(N − 1)

ur = 2λγ
Time Crystal

ρ0 ≠ 0, ·ϕ ≠ 0

• homogeneous (0+1), non-linear mean field (deterministic) equation

 order PT2nd



∂2
t

⃗ϕ + (2γ−Z∇2 + uρ)∂t
⃗ϕ + u′ ∂tρ ⃗ϕ + (r−Z′ ∇2 + λρ) ⃗ϕ + ⃗ξ = 0

Aspects of phase diagram I: emergent equilibrium

Disordered Phase
ϕs = 0

r

γ

Static Order

ρ0 ≠ 0, ·ϕ = 0

Time Crystal

ρ0 ≠ 0, ·ϕ ≠ 0

• emergent equilibrium behavior (non-
equilibrium perturbation irrelevant)

• phase transition in Model A 
universality class of Hohenberg-
Halperin

• full problem: (d+1) dimensions, stochastic equation (or functional integral) 



∂2
t

⃗ϕ + (2γ−Z∇2 + uρ)∂t
⃗ϕ + u′ ∂tρ ⃗ϕ + (r−Z′ ∇2 + λρ) ⃗ϕ + ⃗ξ = 0

Disordered Phase
ϕs = 0

r

γ

Static Order

ρ0 ≠ 0, ·ϕ = 0

Time Crystal

ρ0 ≠ 0, ·ϕ ≠ 0

• order-to-order transition: symmetry 
protected Critical Exceptional Point (CEP) 

• giant non-equilibrium fluctuations, super-
thermal mode occupation: 2 possibilites

• symmetry restoration (weak 
interaction)

• fluctuation induced first order 
transition controlled, full resummation 
of diagrams possible (strong int.)

• full problem: (d+1) dimensions, stochastic equation (or functional integral) 

Aspects of phase diagram II: the CEP transition

Zelle, Daviet, Rosch, SD, arxiv:2304.09207, to appear in PRX 
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⃗ϕ + (2γ−Z∇2 + uρ)∂t
⃗ϕ + u′ ∂tρ ⃗ϕ + (r−Z′ ∇2 + λρ) ⃗ϕ + ⃗ξ = 0

Disordered Phase
ϕs = 0

r

γ

Static Order

ρ0 ≠ 0, ·ϕ = 0

fluctuation induced first order 

Time Crystal

ρ0 ≠ 0, ·ϕ ≠ 0

• full problem: (d+1) dimensions, stochastic equation (or functional integral) 

Aspects of phase diagram II: the CEP transition

• order-to-order transition: symmetry 
protected Critical Exceptional Point (CEP) 

• giant non-equilibrium fluctuations, super-
thermal mode occupation: 2 possibilites

• symmetry restoration (weak 
interaction)

• fluctuation induced first order 
transition controlled, full resummation 
of diagrams possible (strong int.)

Daviet, Zelle, Rosch, SD, to appear in PRL 
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⃗ϕ + (2γ−Z∇2 + uρ)∂t
⃗ϕ + u′ ∂tρ ⃗ϕ + (r−Z′ ∇2 + λρ) ⃗ϕ + ⃗ξ = 0

Disordered Phase
ϕs = 0

r

γ

Static Order

ρ0 ≠ 0, ·ϕ = 0

fluctuation induced first order 

Time Crystal

ρ0 ≠ 0, ·ϕ ≠ 0

• full problem: (d+1) dimensions, stochastic equation (or functional integral) 

Aspects of phase diagram II: the CEP transition

• order-to-order transition: symmetry 
protected Critical Exceptional Point (CEP) 

• giant non-equilibrium fluctuations, super-
thermal mode occupation: 2 possibilites

• symmetry restoration (weak 
interaction)

• fluctuation induced first order 
transition controlled, full resummation 
of diagrams possible (strong int.)direct transition  novel universality, focus here→

Daviet, Zelle, Rosch, SD, to appear in PRL 



∂2
t

⃗ϕ + (2γ−Z∇2 + uρ)∂t
⃗ϕ + u′ ∂tρ ⃗ϕ + (r−Z′ ∇2 + λρ) ⃗ϕ + ⃗ξ = 0

�

u0 � u

O(N) symmetric �s = 0

Van der Pol phase

O(N) ! O(N � 1)

Rotating phase

O(N) ! O(N � 2)

A A’

B

• generalization of van der Pol (vdP) oscillator to

➡  field (vdP: )

➡  dimensions
➡ noise

• two possible phases 

➡ : vdP oscillations of amplitude 
along spontaneously picks axis 

➡  constant rotation, fixed 
amplitude, spontaneously picks orbit (only 
for )

O(N ) N = 1
d

u′ − u < 0

u′ − u > 0

N > 1

• competing non-equilibrium couplings

Direct transition: oscillatory vs. rotating phases



Direct transition — emergent symmetry

• at transition : 

• Finite frequency scale 

• Hinders straight-forward RG

γ = 0

r = ω0
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• field parametrization for : fast scale 

•

γ ≈ 0 ω0
⃗ϕ (t) = ⃗χ1(t)cos ω0t + ⃗χ2(t)sin ω0t

• : slow degrees of freedomχ1, χ2 ∈ ℝN
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• at transition : 

• Finite frequency scale 

• Hinders straight-forward RG

γ = 0

r = ω0

• at transition:  condense

• :   Rotation

• :         Oscillation (vdP)

⃗χ1, ⃗χ2

⃗χ1 ⋅ ⃗χ2 = 0
⃗χ1 ∥ ⃗χ2
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• field parametrization for : fast scale 

•

γ ≈ 0 ω0
⃗ϕ (t) = ⃗χ1(t)cos ω0t + ⃗χ2(t)sin ω0t

• : slow degrees of freedomχ1, χ2 ∈ ℝN

•

• time translation acts as :

• reason: 

• arbitrary shift  in 

parametriz. of 

O(N ) : ⃗χ1,2 → R ⃗χ1,2

SO(2)

( ⃗χ1

⃗χ2) → (cos α −sin α
sin α cos α ) ( ⃗χ1

⃗χ2)
ω0t → ω0t + α

⃗ϕ

• symmetries of slow degrees of freedom 
(rotating wave approximation, RWA):



Direct transition — emergent symmetry

• at transition : 

• Finite frequency scale 

• Hinders straight-forward RG

γ = 0

r = ω0

• at transition:  condense

• :   Rotation

• :         Oscillation (vdP)

⃗χ1, ⃗χ2

⃗χ1 ⋅ ⃗χ2 = 0
⃗χ1 ∥ ⃗χ2

➡ direct transition:  breakingO(N ) × SO(2)
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The  modelO(N) × SO(2)
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• effective dynamics at transition (RWA, or symmetry based):  invariantsO(N ) × SO(2)
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Z = Zc + iZd, � = �d, g = gc + igd,  = c + id

➡   van der Pol  driven-dissipative 
Bose condensation

N = 1 ⇔

driven Ising: Avni et al., arxiv (2023) 



• equilibrium limit: thermal symmetry
• satisfied iff 

Hc = JHd, J =
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equilibrium non-equilibrium

The  model: Equilibrium vs. non-equilibriumO(N) × SO(2)
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MesoscopicMicroscopi Macroscopic

coarse graining / RG

equilibrium broken equilibrium restored

•  emergent equilibrium (with universal neq 
corrections)
N = 1 :

Sieberer, Huber, Altman, SD PRL (2013)



RG flow of the  model, O(N) × SO(2) N ≥ 2

• dynamic RG in  to leading two-loop order:

• equilibrium: , well known (frust. 
magnets)

Calabrese, Parruccini, Nucl. Phys. B (2004); Delamotte, Mouhanna, 

Tissier PRB (2004)

• non-equilibrium perturbations are relevant
➡ equilibrium fixed points unstable to infinitesimal 

breaking of equilibrium conditions, opposite 
: spontaneous breaking of eq.

➡ pair of novel perturbatively  accessible non-
equilibrium fixed points 

➡ new non-equilibrium universality class

• : transition to rotation  order (to 

oscillation: fluctuation induced  order)

d = 4 − ϵ
O(N ) × O(2)

N = 1

κ*d > 0 2nd

1st

equilibrium surface 

3 dimensional projection of RG flow



Nonequilibrium fixed point of  modelO(N) × SO(2)

critical exponents: scaling form

 χR(q, t) ∼ q−2+η′ +z χ̃R(tqz, iqη−ηc, qγ−ν), C(q, t) ∼ q−2+ηC̃(tqz, iqη−ηc, qγ−ν)

: dynamical exponent , mean field: 

: correlation length , mean field: 

: anomalous dimension, mean field 

z τ ∼ xz zMF = 2
ν ξ ∼ γ−ν νMF = 1/2
η η = 0

: anomalous response, asymptotic 
violation of FDR

: competition of coherent/dissipative effects

η′ η ≠ η′ ⇒

ηc

 defines 
2Teff(q)

ω
Im χR(q, ω) = 𝒞(q, ω) Teff(q)

➡  diverges universally at transition into rotating phase

➡ can be measured via Stokes - Anti-Stokes

Teff ∼ qη−η′ 

response (dynamic susceptibility) correlations

N = 2 N = 3

−1.46ϵ2

−1.49ϵ2

−0.343ϵ2

ν, z, ηc

η

Re[η − η′ ]

See Daviet, Zelle, Rosch, 
SD: arXiv:2312.13372

−0.353ϵ2



• example : Ferrimagnet

• 3d magnet:  in xy plane, non-
commuting  along z-axis gives 

• laser drive (couples Goldstone and Ising 
mode) 

N = 2
SO(2)
ℤ2

O(2) ≃ ℤ2 ⋊ SO(2)

O(2)

T

paramagnet
xy ordered 

(ferro/antiferro)ferrimagnet

Tc TN

ℤ2∅

exp: e.g. Sürgers et al. Nat. Comm. (2014); Omi et al. PRB (2021)

equilibrium phase diagram

Where to look for it — I. Driven Ferrimagnet

• strategy I: driven  models, additional  emergent  O(N ) SO(2)
disordered

MesoscopicMicroscopic Macroscopic
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equilibrium phase diagram

Where to look for it — I. Driven Ferrimagnet

• strategy I: driven  models, additional  emergent  O(N ) SO(2)
disorderedstatic 

order

rotating 
order

novel 
universality 

class

fluctuation 
catastrophy

infinitesimal drive sufficient to activate 
limit cycle

➡ driven magnets: small non-equilibrium perturbation gives rise to strong macroscopic effect!
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Where to look for it — II. Exciton-polaritons, magnon condensates

• strategy II: realize  directly & break equilibrium O(N ) × SO(2)

• breaking of equilibrium conditions: lossy & incoherently pumped systems

• ingredients: two  symmetric d.o.f.s and one exchange symmetry U(1)

U(1)+ :  + ! exp(i✓+) +, U(1)� :  � ! exp(i✓�) �, Z2 :

⇢
 + !  �
 � !  +

<latexit sha1_base64="nzhAu8an/D99k5TBMvbLx/kgX9M="></latexit>

• or equivalently

U(1)s :  ± ! exp(i✓s) ±, U(1)a :  ± ! exp(±i✓a) ±, Z2 :

⇢
 + !  �
 � !  +

<latexit sha1_base64="iX8Hi7W3b56esuiNXja/1446XQk="></latexit>

U(1)s ' SO(2)
<latexit sha1_base64="Nc/KzCoJwuYhRGrY02tRFPHi5iU=">AAAB/HicbVBNT8JAEN3iF+JXlaOXjcQELqRFEz0SvXgTo0USaJrtssCG3W3d3Zo0Df4VLx40xqs/xJv/xgV6UPAlk7y8N5OZeWHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK2iRGLi4YhFshMiRRgVxNNUM9KJJUE8ZOQ+HF9O/ftHIhWNxJ1OY+JzNBR0QDHSRgrssld1a4GCPUU5eYC319VGLbArTt2ZAS4TNycVkKMV2F+9foQTToTGDCnVdZ1Y+xmSmmJGJqVeokiM8BgNSddQgThRfjY7fgKPjdKHg0iaEhrO1N8TGeJKpTw0nRzpkVr0puJ/XjfRg3M/oyJONBF4vmiQMKgjOE0C9qkkWLPUEIQlNbdCPEISYW3yKpkQ3MWXl0m7UXdP6o2b00rzIo+jCA7BEagCF5yBJrgCLeABDFLwDF7Bm/VkvVjv1se8tWDlM2XwB9bnD9pMkvY=</latexit>

U(1)a o Z2 ' O(2)
<latexit sha1_base64="ZpeGemnlgbeoFxLmiuavUetsn90=">AAACEXicbVDLSsNAFJ34rPUVdelmsAjppiRR0GXRjTsrmLbYhDCZTtqhk4czE6GE/oIbf8WNC0XcunPn3zhps9DWCxcO59zLufcEKaNCmua3trS8srq2Xtmobm5t7+zqe/ttkWQcEwcnLOHdAAnCaEwcSSUj3ZQTFAWMdILRZaF3HggXNIlv5TglXoQGMQ0pRlJRvm5Ax7DqPoIulzQiAroRksMgyO8mvg1dobh7eG3YdV+vmQ1zWnARWCWogbJavv7l9hOcRSSWmCEhepaZSi9HygczMqm6mSApwiM0ID0FY6TcvXz60QQeK6YPw4SrjiWcsr83chQJMY4CNVncK+a1gvxP62UyPPdyGqeZJDGeGYUZgzKBRTywTznBko0VQJhTdSvEQ8QRlirEqgrBmn95EbTthnXSsG9Oa82LMo4KOARHwAAWOANNcAVawAEYPIJn8AretCftRXvXPmajS1q5cwD+lPb5AzcGm2A=</latexit>
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• exciton-polaritons: polarization degree of freedom

• magnon condensates in yttrium iron garnet (YIG): condensation in ±kBEC

➡ realizations of relevant symmetry group in various current platforms

5

interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.

YIG

Exciton-polaritons
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Limit-cycle phase: Goldstone modes

• limit cycle as spontaneous breaking of time translation symmetry:
• equation of motion (for slow d.o.f.) / action is time translation invariant
• limit cycle breaks time translations spontaneously
• Goldstone theorem: there must exist a soft mode

in preparation

rotating phase

 rotations of the circle
+ rotation along circle

=  gapless modes

2N − 4

2N − 3

Goldstone of 
time translation

• example:

symmetry breaking: 
=>  Goldstone modes

O(N ) → O(N − 2)
N − 1 + N − 2 = 2N − 3



• limit cycle as spontaneous breaking of time translation symmetry:
• formally:  limit cycle solution   also limit cycle solution
➡ continuous manifold of stable states, parameterized by 

• Goldstone construction: promote constant symmetry generator to slow dynamic field,  & 

derive its EoM

ϕs(t) ⟹ ϕs(t + t0)
t0

t0 → θ(t, x)

Goldstone mode of time translation in preparation



• limit cycle as spontaneous breaking of time translation symmetry:
• formally:  limit cycle solution   also limit cycle solution
➡ continuous manifold of stable states, parameterized by 

• Goldstone construction: promote constant symmetry generator to slow dynamic field,  & 

derive its EoM

ϕs(t) ⟹ ϕs(t + t0)
t0

t0 → θ(t, x)

• discrete internal symmetry only: 

• time crystal for ; resulting EoM:

∂2
t ϕ + (2γ + uϕ2 − Z1∇2)∂tϕ + (ω2

0 + λϕ2 − Z2∇2)ϕ + ξ = 0
ℤ2 : ϕ → − ϕ

γ < 0 : ϕs(t) ≈ A cos ωDt

∂tθ − K ∇2θ + g (∇θ)2 + ξθ = 0

➡ limit cycles naturally host gapless excitations
➡ mechanism does not need continuous internal symmetry

• Example:  van der Pol oscillatorN = 1

Goldstone mode of time translation in preparation



• limit cycle as spontaneous breaking of time translation symmetry:
• formally:  limit cycle solution   also limit cycle solution
➡ continuous manifold of stable states, parameterized by 

• Goldstone construction: promote constant symmetry generator to slow dynamic field,  & 

derive its EoM
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• discrete internal symmetry only: 
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∂2
t ϕ + (2γ + uϕ2 − Z1∇2)∂tϕ + (ω2

0 + λϕ2 − Z2∇2)ϕ + ξ = 0
ℤ2 : ϕ → − ϕ

γ < 0 : ϕs(t) ≈ A cos ωDt

∂tθ − K ∇2θ + g (∇θ)2 + ξθ = 0

➡ limit cycles naturally host gapless excitations
➡ mechanism does not need continuous internal symmetry

• Example:  van der Pol oscillatorN = 1

KPZ equation!

Kardar, Parisi, 
Zhang, PRL (1986)

Goldstone mode of time translation in preparation



∂tθ − K ∇2θ + g(∇θ)2 + ξ = 0

Goldstone mode of time translation: A route to KPZ matter

• Goldstone mode of TT breaking in van der Pol oscillator & KPZ equation

Kardar, Parisi, Zhang, PRL (1986)

• preliminary numerical evidence (N=1 van der Pol equation in 1D on 128 lattice sites)

stretched exponential decay of two-time 
correlation function

KPZ exponent β

KPZ: 
numerical: 

1/z = 2/3
1/z ≈ 0.63



∂tθ − K ∇2θ + g(∇θ)2 + ξ = 0

Goldstone mode of time translation: A route to KPZ matter

• Goldstone mode of TT breaking in van der Pol oscillator & KPZ equation

Kardar, Parisi, Zhang, PRL (1986)

• preliminary numerical evidence (N=1 van der Pol equation in 1D on 128 lattice sites)

stretched exponential decay of two-time 
correlation function

KPZ exponent β

KPZ: 
numerical: 

1/z = 2/3
1/z ≈ 0.63

• route to realizations of KPZ matter in ?
• exciton-polariton condensates
• 2d arrays of current-driven Josephson junctions
• magnon condensates

d = 2

➡ robust (time translation symmetry protected) realization of KPZ dynamics with 
many possible incarnations



Summary and perspective: Active quantum matter
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can serve as a quantitative measure for the departure from ther-
mal equilibrium. Note that � = 0 in equilibrium, and that � is
well-defined also for Kd = 0, which is the microscopic value
of the di↵usion constant Kd in the model for driven-dissipative
condensates introduced in Sec. II B 2. It turns out to be most
convenient to combine � with the quantities [19]

D = Kc

 
Kd

Kc
+

uc

ud

!
, � =

�

2⇢0

0
BBBB@1 +

u2
c

u2
d

1
CCCCA (189)

(see Sec. II B 2 for the definition of the noise strength � and the
mean-field condensate density ⇢0) to define the dimensionless
non-equilibrium strength as [5]:

g = ⇤d�2
0
�2�

D3 , (190)

where ⇤0 is the UV momentum cuto↵. Thus, the answer to
the question of whether equilibrium vs. non-equilibrium uni-
versal behavior is realized in driven-dissipative condensates, is
encoded in the RG flow of g.

In the condensed phase, the RG flow of g is driven domi-
nantly by fluctuations of the gapless Goldstone mode discussed
in Sec. II D 6, i.e., by fluctuations of the phase of the conden-
sate field. The latter were shown [269–272] to be governed by
the Kardar-Parisi-Zhang (KPZ) equation [73], in which � de-
fined in Eq. (188) appears as the coe�cient of the characteristic
non-linear term, see Eq. (199). Below in Sec. IV A, we present
an alternative mapping of the long-wavelength condensate dy-
namics to the KPZ equation, starting from the Keldysh action in
Eq. (73) and integrating out the gapped density mode within the
Keldysh functional integral. As a consequence of the mapping
to the KPZ equation, the RG flow of g in d spatial dimensions is
at the one-loop level given by [5]

@`g = � (d � 2) g +
(2d � 3) Cd

2d
g2, (191)

where ` = ln(⇤/⇤0), ⇤ is the running momentum cuto↵, and
Cd = 21�d⇡�d/2�(2 � d/2) is a geometric factor. The key role
that is played by spatial dimensionality becomes manifest in the
canonical scaling of g, which is encoded in the first term on the
RHS of the flow equation: to wit, g is relevant in 1D where
d�2 < 0, marginal in 2D, and irrelevant in 3D since then d�2 >
0. In 2D, the loop correction — the second term on the RHS of
Eq. (191) — is positive, making g marginally-relevant. This has
far-reaching consequences for a driven-dissipative condensate in
which the microscopic value of g is small, i.e., which is close to
equilibrium: upon increasing the scale at which the system is ob-
served, the non-equilibrium nature is more pronounced in one-
and two-dimensional systems, whereas e↵ective equilibrium is
established on large scales in three-dimensional systems. In 1D
the canonical scaling towards strong coupling is balanced at an
attractive strong-coupling fixed point (SCFP) g⇤ by the loop cor-
rection. This term vanishes at d = 3/2, and for d > 3/2 the one-
loop equation does not have a stable SCFP, which, however, is
recovered in a non-perturbative FRG approach [252–254]. The

d1 2 3

g

1

Figure 10. Equilibrium vs. non-equilibrium phase diagram for driven-
dissipative condensates (cf. Ref. [252]). The line g = 1, where g is
defined in Eq. (190) and measures the deviation from equilibrium con-
ditions, separates the close-to-equilibrium regime for g < 1 from the
strong-coupling, far-from-equilibrium regime at g > 1. Red dots indi-
cate the fixed-point values of g that are reached if the RG flow is initial-
ized in the close-to-equilibrium regime. In dimensions one and two, the
equilibrium fixed point at g = 0 is unstable, and the RG flow along the
dashed lines is directed towards the blue line of strong-coupling fixed
points. Thus, a system that is microscopically close to equilibrium will
exhibit strongly non-equilibrium behavior at large scales. On the other
hand, in three spatial dimensions, an initially small value of g is dimin-
ished under renormalization, and the universal large-scale behavior is
governed by the e↵ective equilibrium fixed point at g = 0. The green
line indicates the existence of a critical value gc in d > 2, corresponding
to a transition between the e↵ective equilibrium phase and a true non-
equilibrium phase that is realized for large microscopic values g > gc.

RG flow of g that is found within this approach is illustrated
qualitatively in Fig. 10, which shows that also in 2D the flow is
out of the shaded close-to-equilibrium regime with g < 1, and
towards a strong-coupling, non-equilibrium fixed point. The sit-
uation is quite di↵erent in 3D: in this case, if the microscopic
value of g is small, at large scales an e↵ective equilibrium with a
renormalized value g! 0 is reached. However, for d > 2, there
exists a critical line of unstable fixed points gc, separating the
basins of attraction of the equilibrium and non-equilibrium fixed
points, for g < gc and g > gc respectively. Thus, in addition
to the e↵ective equilibrium phase, a true non-equilibrium phase
may be reached in systems that are far from equilibrium even at
the microscopic level also in 3D [273]. The properties of this
phase have not been explored so far.

The rest of this section is organized as follows: in Sec. IV B,
we review the dynamical critical behavior at the driven-
dissipative condensation transition in 3D [26, 181, 274], which,
according to the above discussion, is governed by an e↵ective
equilibrium fixed point. Signatures of the non-equilibrium na-
ture of the microscopic model are present in the asymptotic fade-
out of the deviation from equilibrium at large scales. In contrast,
the universal scaling behavior of driven-dissipative condensates
in both 2D [19] and 1D [265–267] is quite distinct from the equi-
librium case and governed by the SCFP of the KPZ equation.

• quantum materials are usually hard to drive away from thermal equilibrium 
• but soft modes can be activated: weak non-equilibrium perturbation can lead to strong non-
equilibrium macroscopic effects

gapless phases gapless (critical) points

➡ non-equilibrium sensitivity of non-linear sigma models for bigger groups?
➡ role of topological defects out-of-equilibrium?
➡ general mechanism stabilizing new universality classes of nonthermal matter?

KPZ driven ferrimagnet onset of TT breaking
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5. Quantum aspects: Topology in 
driven open quantum matter

• dissipation engineering: inducing topological states out of equilibrium

• ‘topology beats dissipation’: response of a pure non-equilibrium topological insulator 

•  ‘topology beats mixedness’: quantised non-linear response  for mixed states

mixed vs. pure states

weak vs. strong symmetry

equilibrium vs. non-equilibrium
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Pure states: Order by dissipation

SD, A. Micheli, A. Kantian, B. Kraus, H.P. Büchler, P. Zoller, Nat. Phys. (2008);  
B. Kraus, H.P. Büchler, SD, A. Micheli, A. Kantian, P. Zoller,  PRA (2008); 

F. Verstraete, M. Wolf, J. I. Cirac, Nature Physics 5, 633 (2009).

Microscopic
Quantum Optics

“Thermodynamic”
Many-body physics

Long wavelength
Statistical mechanics 



Guiding Question

• Equilibrium: dissipation/friction enhances the statistical degree of disorder, entropy increases 

@tS > 0
second law of thermodynamics

• Q1: Can this be reversed in a many-body 
quantum system? 

@tS < 0

• Q2: Is it possible to create genuine many-body quantum mechanical order by dissipation?

• Long range phase coherence
• Entanglement
• Topological order

• A: Yes, if dissipation is suitably combined 
with coherent drive

drive
(e.g. laser)

dissipative environment

many-body 
system

entropy 
outflow

but @tSsyst < 0@tSsyst+env > 0



• Key concept: Dark states

for e.g. H|Di = E|Di

⇢ = |DihD|

*

➡ time evolution stops when                        *

Lindblad operators

coherent evolution

• quantum master equation

( )@t⇢ = �i[H, ⇢] + 

X

i

Li⇢L
†
i � 1

2{L
†
iLi, ⇢}

environment

drive 
system

driven-dissipative evolution

Concept: Dark states in Lindblad equations

Li|Di = 0 8i



• Interesting situation: unique dark state solution

➡ dissipation removes entropy, increases purity

Hilbert space

dark subspace

➡ you can enter, but never leave *

➡ directed motion in Hilbert space ⇢
t!1�! |DihD|

for e.g. H|Di = E|Di*

Lindblad operators

coherent evolution

• quantum master equation

( )@t⇢ = �i[H, ⇢] + 

X

i

Li⇢L
†
i � 1

2{L
†
iLi, ⇢}

environment

drive 
system

driven-dissipative evolution

Concept: Dark states in Lindblad equations



Order by dissipation:
Bosons

SD, A. Micheli, A. Kantian, B. Kraus, H.P. Büchler, P. Zoller, Nat. Phys. (2008);  
B. Kraus, H.P. Büchler, SD, A. Micheli, A. Kantian, P. Zoller,  PRA (2008); 

F. Verstraete, M. Wolf, J. I. Cirac, Nature Physics 5, 633 (2009).

Microscopic
Quantum Optics

“Thermodynamic”
Many-body physics

Long wavelength
Statistical mechanics 



• optical pumping: three internal (electronic) levels     Aspect et al., PRL (1998); Kasevich, Chu, PRL (1992)

dark state

Dark states: From quantum optics to many particles 

bright state



• optical pumping: three internal (electronic) levels     Aspect et al., PRL (1998); Kasevich, Chu, PRL (1992)

dark state

• 1 atom on 2 sites: external (spatial) degrees of freedom (atoms on optical lattice)

1 2 (a†1 + a†2) |vac�
symmetric 

superposition

Dark states: From quantum optics to many particles 



• optical pumping: three internal (electronic) levels     Aspect et al., PRL (1998); Kasevich, Chu, PRL (1992)

dark state

• 1 atom on 2 sites: external (spatial) degrees of freedom (atoms on optical lattice)

1 2 (a†1 + a†2) |vac�
symmetric 

superposition

➡   combination of drive and dissipation enables purification

• N atoms on M sites (optical lattice)

|BECi = 1

N !

⇣X

`

a†`

⌘N
|vaci

Dark states: From quantum optics to many particles 



Dissipative Many-Body State Preparation

• Lindblad operators for BEC dark state: 

➡ Long range phase coherence/ boson condensation from quasilocal dissipative operations

Li = (a†i + a†i+1)(ai � ai+1) Li|BECi = 0 8 i



Dissipative Many-Body State Preparation

• Lindblad operators for BEC dark state: 

➡ Long range phase coherence/ boson condensation from quasilocal dissipative operations

➡ Ordered phase reached from arbitrary initial state

=) ⇢(t) �! |BECihBEC| for t ! 1

• Uniqueness of stationary solution can be shown 

Li = (a†i + a†i+1)(ai � ai+1) Li|BECi = 0 8 i
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• Lindblad operators for BEC dark state: 

➡ Long range phase coherence/ boson condensation from quasilocal dissipative operations

➡ Ordered phase reached from arbitrary initial state

=) ⇢(t) �! |BECihBEC| for t ! 1

• Uniqueness of stationary solution can be shown 

Li = (a†i + a†i+1)(ai � ai+1) Li|BECi = 0 8 i
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FIG. 3. Experimental signatures of four-qubit stabilizer pumping. a, Schematic of the four system qubits to be cooled
into the GHZ state (|0000⇤ + |1111⇤)/

⇧
2, which is uniquely characterized as the simultaneous eigenstate with eigenvalue +1

of the shown stabilizers. b, Reconstructed density matrices (real part) of the initial mixed state �mixed and subsequent states
�1,2,3,4 after sequentially pumping the stabilizers Z1Z2, Z2Z3, Z3Z4 and X1X2X3X4. Populations in the initial mixed state
with qubits i and j antiparallel, or in the -1 eigenspace of the ZiZj stabilizer, disappear after pumping this stabilizer into
the +1 eigenspace. For example, populations in dark blue dissappear after Z1Z2-stabilizer pumping. A final pumping of the
stabilizer X1X2X3X4 builds up the coherence between |0000⇤ and |1111⇤, shown as red bars in the density matrix of �4. c,
Measured expectation values of the relevant stabilizers; ideally, non-zero expectation values have a value of +1. d, Evolution
of the measured expectation values of the relevant stabilizers for repetitively pumping an initial state |1111⇤ with probability
p = 0.5 into the -1 eigenspace of the stabilizer X1X2X3X4. The incremental cooling is evident by the red line fitted to the
pumped stabilizer expectation value. The evolution of the expectation value ⇥X1X2X3X4⇤ for deterministic cooling (p = 1) is
also shown. The observed decay of ⇥ZiZj⇤ is due to imperfections and detrimental to the pumping process (see Supplementary
Information). Error bars in c and d, ±1⇥.

COHERENT FOUR-PARTICLE INTERACTIONS

The coupling of the system to an ancilla particle, as
used above for the engineering of dissipative dynamics,
can also be harnessed to mediate e�ective coherent n-
body interactions between the system qubits [26, 29].
The demonstration of a toolbox for open-system quan-
tum simulation is thus complemented by adding unitary
maps �S ⇤⇥ US�SU

†
S to the dissipative elements described

above. Here, US = exp(�i⇥HS) is the unitary time evo-
lution operator for a time step ⇥ , which is generated
by a system Hamiltonian HS . In contrast to the re-
cent achievements [41, 42] of small-scale analog quantum
simulators based on trapped ions, where two-body spin
Hamiltonians have been engineered directly [43], here we
pursue a gate-based implementation following the con-
cept of Lloyd’s digital quantum simulator [12], where the
time evolution is decomposed into a sequence of coherent
(and dissipative) steps.

In particular, the available gate operations enable an
experimentally e�cient simulation of n-body spin inter-
actions [44], which we illustrate by implementing time dy-
namics of a four-body Hamiltonian HS = gX1X2X3X4.

This example is motivated by the e�orts to experimen-
tally realize Kitaev’s toric code Hamiltonian [25], which
is a sum of commuting four-qubit stabilizer operators
representing four-body spin interactions. This paradig-
matic model belongs to a whole class of spin systems,
which have been discussed in the context of topological
quantum computing [45] and quantum phases exhibiting
topological order [46].

The elementary unitary operation US can be decom-
posed into a compact sequence of three coherent opera-
tions, as explained in Fig. 4a. In an experiment carried
out with 4+1 ions, we apply US for di�erent values of ⇥
to the system ions initially prepared in |1111⌅. We ob-
served coherent oscillations in the subspace spanned by
|0000⌅ and |1111⌅, as shown in Fig. 4b. We character-
ize our implementation of US by comparing the expected
and measured states, determined by quantum state to-
mography, for each value of ⇥ . The fidelity between the
expected and measured states is on average 85(2)%.

Universal open-system quantum 
simulator, 

Blatt group, Nature (2011)

GHZ state of 
four ions

⇢ = |DihD|

|Di = 1

2
(|0000i+ |1111i)

• Experimental realizations:

 Entanglement generation



Dissipative Many-Body State Preparation

• Lindblad operators for BEC dark state: 

➡ Long range phase coherence/ boson condensation from quasilocal dissipative operations

➡ Ordered phase reached from arbitrary initial state

=) ⇢(t) �! |BECihBEC| for t ! 1

• Uniqueness of stationary solution can be shown 

Li = (a†i + a†i+1)(ai � ai+1) Li|BECi = 0 8 i
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FIG. 3. Experimental signatures of four-qubit stabilizer pumping. a, Schematic of the four system qubits to be cooled
into the GHZ state (|0000⇤ + |1111⇤)/

⇧
2, which is uniquely characterized as the simultaneous eigenstate with eigenvalue +1

of the shown stabilizers. b, Reconstructed density matrices (real part) of the initial mixed state �mixed and subsequent states
�1,2,3,4 after sequentially pumping the stabilizers Z1Z2, Z2Z3, Z3Z4 and X1X2X3X4. Populations in the initial mixed state
with qubits i and j antiparallel, or in the -1 eigenspace of the ZiZj stabilizer, disappear after pumping this stabilizer into
the +1 eigenspace. For example, populations in dark blue dissappear after Z1Z2-stabilizer pumping. A final pumping of the
stabilizer X1X2X3X4 builds up the coherence between |0000⇤ and |1111⇤, shown as red bars in the density matrix of �4. c,
Measured expectation values of the relevant stabilizers; ideally, non-zero expectation values have a value of +1. d, Evolution
of the measured expectation values of the relevant stabilizers for repetitively pumping an initial state |1111⇤ with probability
p = 0.5 into the -1 eigenspace of the stabilizer X1X2X3X4. The incremental cooling is evident by the red line fitted to the
pumped stabilizer expectation value. The evolution of the expectation value ⇥X1X2X3X4⇤ for deterministic cooling (p = 1) is
also shown. The observed decay of ⇥ZiZj⇤ is due to imperfections and detrimental to the pumping process (see Supplementary
Information). Error bars in c and d, ±1⇥.

COHERENT FOUR-PARTICLE INTERACTIONS

The coupling of the system to an ancilla particle, as
used above for the engineering of dissipative dynamics,
can also be harnessed to mediate e�ective coherent n-
body interactions between the system qubits [26, 29].
The demonstration of a toolbox for open-system quan-
tum simulation is thus complemented by adding unitary
maps �S ⇤⇥ US�SU

†
S to the dissipative elements described

above. Here, US = exp(�i⇥HS) is the unitary time evo-
lution operator for a time step ⇥ , which is generated
by a system Hamiltonian HS . In contrast to the re-
cent achievements [41, 42] of small-scale analog quantum
simulators based on trapped ions, where two-body spin
Hamiltonians have been engineered directly [43], here we
pursue a gate-based implementation following the con-
cept of Lloyd’s digital quantum simulator [12], where the
time evolution is decomposed into a sequence of coherent
(and dissipative) steps.

In particular, the available gate operations enable an
experimentally e�cient simulation of n-body spin inter-
actions [44], which we illustrate by implementing time dy-
namics of a four-body Hamiltonian HS = gX1X2X3X4.

This example is motivated by the e�orts to experimen-
tally realize Kitaev’s toric code Hamiltonian [25], which
is a sum of commuting four-qubit stabilizer operators
representing four-body spin interactions. This paradig-
matic model belongs to a whole class of spin systems,
which have been discussed in the context of topological
quantum computing [45] and quantum phases exhibiting
topological order [46].

The elementary unitary operation US can be decom-
posed into a compact sequence of three coherent opera-
tions, as explained in Fig. 4a. In an experiment carried
out with 4+1 ions, we apply US for di�erent values of ⇥
to the system ions initially prepared in |1111⌅. We ob-
served coherent oscillations in the subspace spanned by
|0000⌅ and |1111⌅, as shown in Fig. 4b. We character-
ize our implementation of US by comparing the expected
and measured states, determined by quantum state to-
mography, for each value of ⇥ . The fidelity between the
expected and measured states is on average 85(2)%.

Universal open-system quantum 
simulator, 

Blatt group, Nature (2011)

GHZ state of 
four ions

⇢ = |DihD|

|Di = 1

2
(|0000i+ |1111i)

• Experimental realizations:

 Entanglement generation Long range quantum correlations

cooling the quantum Ising model by engineered dissipation
Google Quantum AI collaboration, arxiv (2023)
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Can we prepare such states efficiently out-of-equilibrium?

Is topology uniquely tied to ground or equilibrium states? 
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Kitaev‘s quantum wire (Hamiltonian scenario)

• two inequivalent 
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physical site

• Hamiltonian in Bogoliubov basis
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L = a
<latexit sha1_base64="7vaSfujEOyfnVcrgL90v7Yumhfs=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoheh6MVjBfsh7VJm02wbmmRDkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmRYozY33/2yusrK6tbxQ3S1vbO7t75f2DpklSTWiDJDzR7QgM5UzShmWW07bSFETEaSsa3U791hPVhiXywY4VDQUMJIsZAeukx+4IlAJ87ffKFb/qz4CXSZCTCspR75W/uv2EpIJKSzgY0wl8ZcMMtGWE00mpmxqqgIxgQDuOShDUhNns4Ak+cUofx4l2JS2eqb8nMhDGjEXkOgXYoVn0puJ/Xie18VWYMalSSyWZL4pTjm2Cp9/jPtOUWD52BIhm7lZMhqCBWJdRyYUQLL68TJpn1eCi6t+fV2o3eRxFdISO0SkK0CWqoTtURw1EkEDP6BW9edp78d69j3lrwctnDtEfeJ8/48mPzg==</latexit>

 = 0
<latexit sha1_base64="H+ZoQ1MmohsnTaFZsbkiHfmkd1U=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoheh6MVjBWsL26Vk02wbmmyWJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LBjcX42yutrK6tb5Q3K1vbO7t71f2DR6MyTVmLKqF0JyKGCZ6wluVWsE6qGZGRYO1odDv1209MG66SBztOWSjJIOExp8Q6KegqyQakh9E17lVruI5nQMvEL0gNCjR71a9uX9FMssRSQYwJfJzaMCfacirYpNLNDEsJHZEBCxxNiGQmzGcnT9CJU/ooVtpVYtFM/T2RE2nMWEauUxI7NIveVPzPCzIbX4U5T9LMsoTOF8WZQFah6f+ozzWjVowdIVRzdyuiQ6IJtS6ligvBX3x5mTye1f2LOr4/rzVuijjKcATHcAo+XEID7qAJLaCg4Ble4c2z3ov37n3MW0teMXMIf+B9/gAHXJBt</latexit>

!0 = 0

<latexit sha1_base64="2dw22FSFEj5+TTmHAoxnb74D5W4=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQsuMKLoRim66rGAfMDMMmTTThmaSIckIZejOjb/ixoUibv0Fd/6NmbYLrR4InHvOvdzcE6WMKu04X1ZpYXFpeaW8Wllb39jcsrd32kpkEpMWFkzIboQUYZSTlqaakW4qCUoiRjrR8KbwO/dEKir4nR6lJEhQn9OYYqSNFNr7foqkpoiFGvpyIOAVPIEUeo3jogpCu+rUnAngX+LOSBXM0AztT78ncJYQrjFDSnmuk+ogL3ZgRsYVP1MkRXiI+sQzlKOEqCCf3DGGh0bpwVhI87iGE/XnRI4SpUZJZDoTpAdq3ivE/zwv0/FlkFOeZppwPF0UZwxqAYtQYI9KgjUbGYKwpOavEA+QRFib6ComBHf+5L+kfVpzz2vO7Vm1fj2Lowz2wAE4Ai64AHXQAE3QAhg8gCfwAl6tR+vZerPep60lazazC37B+vgGpiSX4A==</latexit>

@t⇢ = �i[H, ⇢]
<latexit sha1_base64="pmrwUUp4m2e4hy/foOeFR5Oh0og="></latexit>

@t⇢ = (a⇢a† � 1
2{a

†a, ⇢})evolution 

stationary state

<latexit sha1_base64="Jas52xAgg62pmSXrGYPNE/RGLHc=">AAACCHicbVDJSgNBEO1xjXGLevRgYxC8GGZE0YsQ9JJjBLNAJoaeTiVp0rPYXSOGYY5e/BUvHhTx6id482/sLAdNfFDweK+KqnpeJIVG2/625uYXFpeWMyvZ1bX1jc3c1nZVh7HiUOGhDFXdYxqkCKCCAiXUIwXM9yTUvP7V0K/dg9IiDG5wEEHTZ91AdARnaKRWbs9VvbCVuAgPmMBdmtILCrfJkesBMlpKW7m8XbBHoLPEmZA8maDcyn257ZDHPgTIJdO64dgRNhOmUHAJadaNNUSM91kXGoYGzAfdTEaPpPTAKG3aCZWpAOlI/T2RMF/rge+ZTp9hT097Q/E/rxFj57yZiCCKEQI+XtSJJcWQDlOhbaGAoxwYwrgS5lbKe0wxjia7rAnBmX55llSPC85pwb4+yRcvJ3FkyC7ZJ4fEIWekSEqkTCqEk0fyTF7Jm/VkvVjv1se4dc6azOyQP7A+fwBx05mV</latexit>

⇢eq = e��H <latexit sha1_base64="oN7BvVrgcpL0q3e1FqhCt1VM0NM=">AAAB+3icbVDLTgJBEJzFF+IL8ehlIjHxRHaNRo9ELx4xkUcChMwODUyYnV1neg1ks7/ixYPGePVHvPk3DrAHBSvppFLVne4uP5LCoOt+O7m19Y3Nrfx2YWd3b/+geFhqmDDWHOo8lKFu+cyAFArqKFBCK9LAAl9C0x/fzvzmE2gjQvWA0wi6ARsqMRCcoZV6xVJHj8Je0kGYYKLgMU1pr1h2K+4cdJV4GSmTDLVe8avTD3kcgEIumTFtz42wmzCNgktIC53YQMT4mA2hbaliAZhuMr89padW6dNBqG0ppHP190TCAmOmgW87A4Yjs+zNxP+8doyD624iVBQjKL5YNIglxZDOgqB9oYGjnFrCuBb2VspHTDOONq6CDcFbfnmVNM4r3mXFvb8oV2+yOPLkmJyQM+KRK1Ild6RG6oSTCXkmr+TNSZ0X5935WLTmnGzmiPyB8/kDsn+U3A==</latexit>⇢neq
<latexit sha1_base64="OEDhHjxc4MfJ5tb8k+2M0kk4Cj4=">AAACEXicbVA9SwNBEN3z2/gVtbRZDIJVuBNFGyFoY6lgEiEXjr3NXLK4t3fuzonhkr9g41+xsVDE1s7Of+MmucKvB8M83pthd16YSmHQdT+dqemZ2bn5hcXS0vLK6lp5faNhkkxzqPNEJvoqZAakUFBHgRKuUg0sDiU0w+vTkd+8BW1Eoi6xn0I7Zl0lIsEZWiko7/q6lwS5j3CHuYKb4ZAe04Hra6a6EqgvJ90dBOWKW3XHoH+JV5AKKXAelD/8TsKzGBRyyYxpeW6K7ZxpFFzCsORnBlLGr1kXWpYqFoNp5+OLhnTHKh0aJdqWQjpWv2/kLDamH4d2MmbYM7+9kfif18owOmrnQqUZguKTh6JMUkzoKB7aERo4yr4ljGth/0p5j2nG0YZYsiF4v0/+Sxp7Ve+g6l7sV2onRRwLZItsk13ikUNSI2fknNQJJ/fkkTyTF+fBeXJenbfJ6JRT7GySH3DevwBcxJ1R</latexit>

⇢neq = |0ih0|coincide!

ground state dark state
<latexit sha1_base64="0x1tj7inZHeE6QADT51737uS7LA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclJKIohuhqAsXLirYBzQhTKa37dDJJMxMhBK7c+OvuHGhiFt/wZ1/4/Sx0NYDFw7n3Mu994QJZ0o7zrc1N7+wuLScW8mvrq1vbNpb2zUVp5JClcY8lo2QKOBMQFUzzaGRSCBRyKEe9i6Hfv0epGKxuNP9BPyIdARrM0q0kQJ77yZg+OHKk0R0OOBzB3tFrx1LwrlXxCywC07JGQHPEndCCmiCSmB/ea2YphEITTlRquk6ifYzIjWjHAZ5L1WQENojHWgaKkgEys9GfwzwgVFa2Gw3JTQeqb8nMhIp1Y9C0xkR3VXT3lD8z2umun3mZ0wkqQZBx4vaKcc6xsNQcItJoJr3DSFUMnMrpl0iCdUmurwJwZ1+eZbUjkruScm5PS6ULyZx5NAu2keHyEWnqIyuUQVVEUWP6Bm9ojfryXqx3q2PceucNZnZQX9gff4Ad1CXxg==</latexit>

Li|Di = 08 i

<latexit sha1_base64="5wSsY3uF1JO/vmLF1qD7n966vKo=">AAACJHicbVDJSgNBEO2JW4xb1KOXxiB4McyoqCBC0EuOCkaFTAw9nZqkSU/P0F0jhEk+xou/4sWDCx68+C12loPbg6Ie71XRXS9IpDDouh9Obmp6ZnYuP19YWFxaXimurl2ZONUcajyWsb4JmAEpFNRQoISbRAOLAgnXQfds6F/fgTYiVpfYS6ARsbYSoeAMrdQsHvtSRM3MDwCZjzH1hQqxN6Bwm+2MRFod0BPad33NVFsC9eW4u33aLJbcsjsC/Uu8CSmRCc6bxVe/FfM0AoVcMmPqnptgI2MaBZcwKPipgYTxLmtD3VLFIjCNbHTkgG5ZpUXDWNtSSEfq942MRcb0osBORgw75rc3FP/z6imGR41MqCRFUHz8UJhKatMYJkZbQgNH2bOEcS3sXynvMM042lwLNgTv98l/ydVu2Tso713slyqnkzjyZINskm3ikUNSIVVyTmqEk3vySJ7Ji/PgPDlvzvt4NOdMdtbJDzifX4l1pBQ=</latexit>

lim
�!1

e��H = |0ih0|

<latexit sha1_base64="UbZbTwVgBp72qkaUumftc4nKMLA="></latexit>

@t⇢̂ = �i[Ĥ, ⇢̂] + 

X

↵

(L̂↵⇢̂L̂
†
↵ � 1

2{L̂
†
↵L̂↵, ⇢̂})



Lindblad operators

coherent evolution

• quite general quantum evolution:

Motivation: Quantum states vs. quantum dynamics

environment

drive 
system

• simple example: damped harmonic oscillator (quantum cavity)

driven-dissipative evolution

<latexit sha1_base64="F61VpVm7lfdflK+F3Bfz1Go/mo8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIopuhKKbLivYBzQx3Ewm6dDJg5mJUEI3/oobF4q49TPc+TdOHwttPXDhcM693HuPn3EmlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzQXhLZIylPR9UFSzhLaUkxx2s0EhdjntOMPbsd+55EKydLkXg0z6sYQJSxkBJSWPPOgga+xk8Y0As/Czik8OAFEGDyzatWsCfAisWekimZoeuaXE6Qkj2miCAcpe7aVKbcAoRjhdFRxckkzIAOIaE/TBGIq3WLywAgfayXAYSp0JQpP1N8TBcRSDmNfd8ag+nLeG4v/eb1chVduwZIsVzQh00VhzrFK8TgNHDBBieJDTYAIpm/FpA8CiNKZVXQI9vzLi6R9VrMvatbdebV+M4ujjA7RETpBNrpEddRATdRCBI3QM3pFb8aT8WK8Gx/T1pIxm9lHf2B8/gD+cZS+</latexit>

H = !0 a
†
a

<latexit sha1_base64="D6rcDYNRamv4NksQfK6IY7+uPC0=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0UYI2lhYRPCSQHKEvc0kWbK3d+zuCeHIb7CxUMTWH2Tnv3GTXKGJDwYe780wMy9MBNfGdb+dwsrq2vpGcbO0tb2zu1feP2joOFUMfRaLWLVCqlFwib7hRmArUUijUGAzHN1O/eYTKs1j+WjGCQYRHUje54waK/n35JrQbrniVt0ZyDLxclKBHPVu+avTi1kaoTRMUK3bnpuYIKPKcCZwUuqkGhPKRnSAbUsljVAH2ezYCTmxSo/0Y2VLGjJTf09kNNJ6HIW2M6JmqBe9qfif105N/yrIuExSg5LNF/VTQUxMpp+THlfIjBhbQpni9lbChlRRZmw+JRuCt/jyMmmcVb2LqvtwXqnd5HEU4QiO4RQ8uIQa3EEdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gCLN43a</latexit>

L = a
<latexit sha1_base64="7vaSfujEOyfnVcrgL90v7Yumhfs=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoheh6MVjBfsh7VJm02wbmmRDkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmRYozY33/2yusrK6tbxQ3S1vbO7t75f2DpklSTWiDJDzR7QgM5UzShmWW07bSFETEaSsa3U791hPVhiXywY4VDQUMJIsZAeukx+4IlAJ87ffKFb/qz4CXSZCTCspR75W/uv2EpIJKSzgY0wl8ZcMMtGWE00mpmxqqgIxgQDuOShDUhNns4Ak+cUofx4l2JS2eqb8nMhDGjEXkOgXYoVn0puJ/Xie18VWYMalSSyWZL4pTjm2Cp9/jPtOUWD52BIhm7lZMhqCBWJdRyYUQLL68TJpn1eCi6t+fV2o3eRxFdISO0SkK0CWqoTtURw1EkEDP6BW9edp78d69j3lrwctnDtEfeJ8/48mPzg==</latexit>

 = 0
<latexit sha1_base64="H+ZoQ1MmohsnTaFZsbkiHfmkd1U=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoheh6MVjBWsL26Vk02wbmmyWJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LBjcX42yutrK6tb5Q3K1vbO7t71f2DR6MyTVmLKqF0JyKGCZ6wluVWsE6qGZGRYO1odDv1209MG66SBztOWSjJIOExp8Q6KegqyQakh9E17lVruI5nQMvEL0gNCjR71a9uX9FMssRSQYwJfJzaMCfacirYpNLNDEsJHZEBCxxNiGQmzGcnT9CJU/ooVtpVYtFM/T2RE2nMWEauUxI7NIveVPzPCzIbX4U5T9LMsoTOF8WZQFah6f+ozzWjVowdIVRzdyuiQ6IJtS6ligvBX3x5mTye1f2LOr4/rzVuijjKcATHcAo+XEID7qAJLaCg4Ble4c2z3ov37n3MW0teMXMIf+B9/gAHXJBt</latexit>

!0 = 0

<latexit sha1_base64="2dw22FSFEj5+TTmHAoxnb74D5W4=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQsuMKLoRim66rGAfMDMMmTTThmaSIckIZejOjb/ixoUibv0Fd/6NmbYLrR4InHvOvdzcE6WMKu04X1ZpYXFpeaW8Wllb39jcsrd32kpkEpMWFkzIboQUYZSTlqaakW4qCUoiRjrR8KbwO/dEKir4nR6lJEhQn9OYYqSNFNr7foqkpoiFGvpyIOAVPIEUeo3jogpCu+rUnAngX+LOSBXM0AztT78ncJYQrjFDSnmuk+ogL3ZgRsYVP1MkRXiI+sQzlKOEqCCf3DGGh0bpwVhI87iGE/XnRI4SpUZJZDoTpAdq3ivE/zwv0/FlkFOeZppwPF0UZwxqAYtQYI9KgjUbGYKwpOavEA+QRFib6ComBHf+5L+kfVpzz2vO7Vm1fj2Lowz2wAE4Ai64AHXQAE3QAhg8gCfwAl6tR+vZerPep60lazazC37B+vgGpiSX4A==</latexit>

@t⇢ = �i[H, ⇢]
<latexit sha1_base64="pmrwUUp4m2e4hy/foOeFR5Oh0og="></latexit>

@t⇢ = (a⇢a† � 1
2{a

†a, ⇢})evolution 

stationary state

<latexit sha1_base64="Jas52xAgg62pmSXrGYPNE/RGLHc=">AAACCHicbVDJSgNBEO1xjXGLevRgYxC8GGZE0YsQ9JJjBLNAJoaeTiVp0rPYXSOGYY5e/BUvHhTx6id482/sLAdNfFDweK+KqnpeJIVG2/625uYXFpeWMyvZ1bX1jc3c1nZVh7HiUOGhDFXdYxqkCKCCAiXUIwXM9yTUvP7V0K/dg9IiDG5wEEHTZ91AdARnaKRWbs9VvbCVuAgPmMBdmtILCrfJkesBMlpKW7m8XbBHoLPEmZA8maDcyn257ZDHPgTIJdO64dgRNhOmUHAJadaNNUSM91kXGoYGzAfdTEaPpPTAKG3aCZWpAOlI/T2RMF/rge+ZTp9hT097Q/E/rxFj57yZiCCKEQI+XtSJJcWQDlOhbaGAoxwYwrgS5lbKe0wxjia7rAnBmX55llSPC85pwb4+yRcvJ3FkyC7ZJ4fEIWekSEqkTCqEk0fyTF7Jm/VkvVjv1se4dc6azOyQP7A+fwBx05mV</latexit>

⇢eq = e��H <latexit sha1_base64="oN7BvVrgcpL0q3e1FqhCt1VM0NM=">AAAB+3icbVDLTgJBEJzFF+IL8ehlIjHxRHaNRo9ELx4xkUcChMwODUyYnV1neg1ks7/ixYPGePVHvPk3DrAHBSvppFLVne4uP5LCoOt+O7m19Y3Nrfx2YWd3b/+geFhqmDDWHOo8lKFu+cyAFArqKFBCK9LAAl9C0x/fzvzmE2gjQvWA0wi6ARsqMRCcoZV6xVJHj8Je0kGYYKLgMU1pr1h2K+4cdJV4GSmTDLVe8avTD3kcgEIumTFtz42wmzCNgktIC53YQMT4mA2hbaliAZhuMr89padW6dNBqG0ppHP190TCAmOmgW87A4Yjs+zNxP+8doyD624iVBQjKL5YNIglxZDOgqB9oYGjnFrCuBb2VspHTDOONq6CDcFbfnmVNM4r3mXFvb8oV2+yOPLkmJyQM+KRK1Ild6RG6oSTCXkmr+TNSZ0X5935WLTmnGzmiPyB8/kDsn+U3A==</latexit>⇢neq
<latexit sha1_base64="OEDhHjxc4MfJ5tb8k+2M0kk4Cj4=">AAACEXicbVA9SwNBEN3z2/gVtbRZDIJVuBNFGyFoY6lgEiEXjr3NXLK4t3fuzonhkr9g41+xsVDE1s7Of+MmucKvB8M83pthd16YSmHQdT+dqemZ2bn5hcXS0vLK6lp5faNhkkxzqPNEJvoqZAakUFBHgRKuUg0sDiU0w+vTkd+8BW1Eoi6xn0I7Zl0lIsEZWiko7/q6lwS5j3CHuYKb4ZAe04Hra6a6EqgvJ90dBOWKW3XHoH+JV5AKKXAelD/8TsKzGBRyyYxpeW6K7ZxpFFzCsORnBlLGr1kXWpYqFoNp5+OLhnTHKh0aJdqWQjpWv2/kLDamH4d2MmbYM7+9kfif18owOmrnQqUZguKTh6JMUkzoKB7aERo4yr4ljGth/0p5j2nG0YZYsiF4v0/+Sxp7Ve+g6l7sV2onRRwLZItsk13ikUNSI2fknNQJJ/fkkTyTF+fBeXJenbfJ6JRT7GySH3DevwBcxJ1R</latexit>

⇢neq = |0ih0|coincide!

ground state dark state
<latexit sha1_base64="0x1tj7inZHeE6QADT51737uS7LA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclJKIohuhqAsXLirYBzQhTKa37dDJJMxMhBK7c+OvuHGhiFt/wZ1/4/Sx0NYDFw7n3Mu994QJZ0o7zrc1N7+wuLScW8mvrq1vbNpb2zUVp5JClcY8lo2QKOBMQFUzzaGRSCBRyKEe9i6Hfv0epGKxuNP9BPyIdARrM0q0kQJ77yZg+OHKk0R0OOBzB3tFrx1LwrlXxCywC07JGQHPEndCCmiCSmB/ea2YphEITTlRquk6ifYzIjWjHAZ5L1WQENojHWgaKkgEys9GfwzwgVFa2Gw3JTQeqb8nMhIp1Y9C0xkR3VXT3lD8z2umun3mZ0wkqQZBx4vaKcc6xsNQcItJoJr3DSFUMnMrpl0iCdUmurwJwZ1+eZbUjkruScm5PS6ULyZx5NAu2keHyEWnqIyuUQVVEUWP6Bm9ojfryXqx3q2PceucNZnZQX9gff4Ad1CXxg==</latexit>

Li|Di = 08 i

<latexit sha1_base64="5wSsY3uF1JO/vmLF1qD7n966vKo=">AAACJHicbVDJSgNBEO2JW4xb1KOXxiB4McyoqCBC0EuOCkaFTAw9nZqkSU/P0F0jhEk+xou/4sWDCx68+C12loPbg6Ie71XRXS9IpDDouh9Obmp6ZnYuP19YWFxaXimurl2ZONUcajyWsb4JmAEpFNRQoISbRAOLAgnXQfds6F/fgTYiVpfYS6ARsbYSoeAMrdQsHvtSRM3MDwCZjzH1hQqxN6Bwm+2MRFod0BPad33NVFsC9eW4u33aLJbcsjsC/Uu8CSmRCc6bxVe/FfM0AoVcMmPqnptgI2MaBZcwKPipgYTxLmtD3VLFIjCNbHTkgG5ZpUXDWNtSSEfq942MRcb0osBORgw75rc3FP/z6imGR41MqCRFUHz8UJhKatMYJkZbQgNH2bOEcS3sXynvMM042lwLNgTv98l/ydVu2Tso713slyqnkzjyZINskm3ikUNSIVVyTmqEk3vySJ7Ji/PgPDlvzvt4NOdMdtbJDzifX4l1pBQ=</latexit>

lim
�!1

e��H = |0ih0|

dynamical 
response to

<latexit sha1_base64="IspIhHOoGDl0BjyW2EFTUYuEZxk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiCEJJRNFl0Y3LCvYCbSwnk0k77WQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5vcTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7B00Vp5LQBol5LNs+KMqZoA3NNKftRFKIfE5b/uhmUm89UqlYLO51llAvgr5gISOgjdWzy8OHbgB9DPgUwwyHPbviVJ2p8DK4c6igueo9+6sbxCSNqNCEg1Id10m0l4PUjHA6LnVTRRMgI+jTjkEBEVVePj1+jI+NE+AwluYJjafu74kcIqWyyDedEeiBWqxNzP9qnVSHV17ORJJqKshsUZhyrGM8SQIHTFKieWYAiGTmVkwGIIFok1fJhOAufnkZmmdV96Lq3J1XatfzOIroEB2hE+SiS1RDt6iOGoigDD2jV/RmPVkv1rv1MWstWPOZMvoj6/MHpwuTeg==</latexit>

j†a+ a†j

qualitatively different!
<latexit sha1_base64="lRxndnn4i3Ee3sHFFQndGzxVHOw=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhHgwzougx6MVjBLNAZgw9nUrSpGehu0YIQ8CLv+LFgyJe/Qlv/o2d5aDRBwWP96qoqhckUmh0nC8rt7C4tLySXy2srW9sbtnbO3Udp4pDjccyVs2AaZAighoKlNBMFLAwkNAIBldjv3EPSos4usVhAn7IepHoCs7QSG17z8M+ICvhEYW77Fh4cQg91nYojtp20Sk7E9C/xJ2RIpmh2rY/vU7M0xAi5JJp3XKdBP2MKRRcwqjgpRoSxgesBy1DIxaC9rPJDyN6aJQO7cbKVIR0ov6cyFio9TAMTGfIsK/nvbH4n9dKsXvhZyJKUoSITxd1U0kxpuNAaEco4CiHhjCuhLmV8j5TjKOJrWBCcOdf/kvqJ2X3rOzcnBYrl7M48mSfHJAScck5qZBrUiU1wskDeSIv5NV6tJ6tN+t92pqzZjO75Besj2+omJbj</latexit>

✓(t)e�i!0t
<latexit sha1_base64="b22Vn76TyGXb05wfwWXbJIKNSvU=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDEAvDnShaBm0sFYwKSQxzm0myuHt37M4J4UjjX7GxUMTWn2Hnv3ETU2jig4HHezPMzAsTJS35/peXm5mdm1/ILxaWlldW14rrG9c2To3AmohVbG5DsKhkhDWSpPA2MQg6VHgT3p8N/ZsHNFbG0RX1E2xq6EayIwWQk1rFrQb1kKBMexzvsv1GF7QGToNWseRX/BH4NAnGpMTGuGgVPxvtWKQaIxIKrK0HfkLNDAxJoXBQaKQWExD30MW6oxFotM1s9MCA7zqlzTuxcRURH6m/JzLQ1vZ16Do1UM9OekPxP6+eUuekmckoSQkj8bOokypOMR+mwdvSoCDVdwSEke5WLnpgQJDLrOBCCCZfnibXB5XgqOJfHpaqp+M48myb7bAyC9gxq7JzdsFqTLABe2Iv7NV79J69N+/9pzXnjWc22R94H9+eEJXH</latexit>

✓(t)e��t

reversible, equilibrium irreversible, non-equilibrium

<latexit sha1_base64="UbZbTwVgBp72qkaUumftc4nKMLA="></latexit>

@t⇢̂ = �i[Ĥ, ⇢̂] + 

X

↵

(L̂↵⇢̂L̂
†
↵ � 1

2{L̂
†
↵L̂↵, ⇢̂})



Lindblad operators

coherent evolution

• quite general quantum evolution:   eliminate environment 

Motivation: Quantum states vs. quantum dynamics

environment

drive 
system

• simple example: damped harmonic oscillator

driven-dissipative evolution

<latexit sha1_base64="F61VpVm7lfdflK+F3Bfz1Go/mo8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIopuhKKbLivYBzQx3Ewm6dDJg5mJUEI3/oobF4q49TPc+TdOHwttPXDhcM693HuPn3EmlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzQXhLZIylPR9UFSzhLaUkxx2s0EhdjntOMPbsd+55EKydLkXg0z6sYQJSxkBJSWPPOgga+xk8Y0As/Czik8OAFEGDyzatWsCfAisWekimZoeuaXE6Qkj2miCAcpe7aVKbcAoRjhdFRxckkzIAOIaE/TBGIq3WLywAgfayXAYSp0JQpP1N8TBcRSDmNfd8ag+nLeG4v/eb1chVduwZIsVzQh00VhzrFK8TgNHDBBieJDTYAIpm/FpA8CiNKZVXQI9vzLi6R9VrMvatbdebV+M4ujjA7RETpBNrpEddRATdRCBI3QM3pFb8aT8WK8Gx/T1pIxm9lHf2B8/gD+cZS+</latexit>

H = !0 a
†
a

<latexit sha1_base64="D6rcDYNRamv4NksQfK6IY7+uPC0=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0UYI2lhYRPCSQHKEvc0kWbK3d+zuCeHIb7CxUMTWH2Tnv3GTXKGJDwYe780wMy9MBNfGdb+dwsrq2vpGcbO0tb2zu1feP2joOFUMfRaLWLVCqlFwib7hRmArUUijUGAzHN1O/eYTKs1j+WjGCQYRHUje54waK/n35JrQbrniVt0ZyDLxclKBHPVu+avTi1kaoTRMUK3bnpuYIKPKcCZwUuqkGhPKRnSAbUsljVAH2ezYCTmxSo/0Y2VLGjJTf09kNNJ6HIW2M6JmqBe9qfif105N/yrIuExSg5LNF/VTQUxMpp+THlfIjBhbQpni9lbChlRRZmw+JRuCt/jyMmmcVb2LqvtwXqnd5HEU4QiO4RQ8uIQa3EEdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gCLN43a</latexit>

L = a
<latexit sha1_base64="7vaSfujEOyfnVcrgL90v7Yumhfs=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoheh6MVjBfsh7VJm02wbmmRDkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmRYozY33/2yusrK6tbxQ3S1vbO7t75f2DpklSTWiDJDzR7QgM5UzShmWW07bSFETEaSsa3U791hPVhiXywY4VDQUMJIsZAeukx+4IlAJ87ffKFb/qz4CXSZCTCspR75W/uv2EpIJKSzgY0wl8ZcMMtGWE00mpmxqqgIxgQDuOShDUhNns4Ak+cUofx4l2JS2eqb8nMhDGjEXkOgXYoVn0puJ/Xie18VWYMalSSyWZL4pTjm2Cp9/jPtOUWD52BIhm7lZMhqCBWJdRyYUQLL68TJpn1eCi6t+fV2o3eRxFdISO0SkK0CWqoTtURw1EkEDP6BW9edp78d69j3lrwctnDtEfeJ8/48mPzg==</latexit>

 = 0
<latexit sha1_base64="H+ZoQ1MmohsnTaFZsbkiHfmkd1U=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoheh6MVjBWsL26Vk02wbmmyWJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LBjcX42yutrK6tb5Q3K1vbO7t71f2DR6MyTVmLKqF0JyKGCZ6wluVWsE6qGZGRYO1odDv1209MG66SBztOWSjJIOExp8Q6KegqyQakh9E17lVruI5nQMvEL0gNCjR71a9uX9FMssRSQYwJfJzaMCfacirYpNLNDEsJHZEBCxxNiGQmzGcnT9CJU/ooVtpVYtFM/T2RE2nMWEauUxI7NIveVPzPCzIbX4U5T9LMsoTOF8WZQFah6f+ozzWjVowdIVRzdyuiQ6IJtS6ligvBX3x5mTye1f2LOr4/rzVuijjKcATHcAo+XEID7qAJLaCg4Ble4c2z3ov37n3MW0teMXMIf+B9/gAHXJBt</latexit>

!0 = 0

<latexit sha1_base64="2dw22FSFEj5+TTmHAoxnb74D5W4=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQsuMKLoRim66rGAfMDMMmTTThmaSIckIZejOjb/ixoUibv0Fd/6NmbYLrR4InHvOvdzcE6WMKu04X1ZpYXFpeaW8Wllb39jcsrd32kpkEpMWFkzIboQUYZSTlqaakW4qCUoiRjrR8KbwO/dEKir4nR6lJEhQn9OYYqSNFNr7foqkpoiFGvpyIOAVPIEUeo3jogpCu+rUnAngX+LOSBXM0AztT78ncJYQrjFDSnmuk+ogL3ZgRsYVP1MkRXiI+sQzlKOEqCCf3DGGh0bpwVhI87iGE/XnRI4SpUZJZDoTpAdq3ivE/zwv0/FlkFOeZppwPF0UZwxqAYtQYI9KgjUbGYKwpOavEA+QRFib6ComBHf+5L+kfVpzz2vO7Vm1fj2Lowz2wAE4Ai64AHXQAE3QAhg8gCfwAl6tR+vZerPep60lazazC37B+vgGpiSX4A==</latexit>

@t⇢ = �i[H, ⇢]
<latexit sha1_base64="pmrwUUp4m2e4hy/foOeFR5Oh0og="></latexit>

@t⇢ = (a⇢a† � 1
2{a

†a, ⇢})evolution 

stationary state
<latexit sha1_base64="zeZWNYwit15WLa4FnvCIjxW/MSU=">AAACH3icbVDLSgMxFM34rPU16tJNsAhuLBnxtRGKbrqsYB/QqSWT3rahmcyQZIQy7Z+48VfcuFBE3PVvTB8LbT0QcnLOvdzcE8SCa0PIyFlaXlldW89sZDe3tnd23b39io4SxaDMIhGpWkA1CC6hbLgRUIsV0DAQUA16d2O/+gRK80g+mH4MjZB2JG9zRo2Vmu6lL3jYTP0ADPVNhMkQw2N6Onnj4hDf4AHxFZUdAdgX05sMcNPNkTyZAC8Sb0ZyaIZS0/32WxFLQpCGCap13SOxaaRUGc4EDLN+oiGmrEc7ULdU0hB0I53sN8THVmnhdqTskQZP1N8dKQ217oeBrQyp6ep5byz+59UT075upFzGiQHJpoPaicA2iHFYuMUVMCP6llCmuP0rZl2qKDM20qwNwZtfeZFUzvLeRZ7cn+cKt7M4MugQHaET5KErVEBFVEJlxNAzekXv6MN5cd6cT+drWrrkzHoO0B84ox/GiqGI</latexit>

lim
�!0

e��H = |0ih0|

dynamical 
response to

<latexit sha1_base64="IspIhHOoGDl0BjyW2EFTUYuEZxk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiCEJJRNFl0Y3LCvYCbSwnk0k77WQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5vcTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7B00Vp5LQBol5LNs+KMqZoA3NNKftRFKIfE5b/uhmUm89UqlYLO51llAvgr5gISOgjdWzy8OHbgB9DPgUwwyHPbviVJ2p8DK4c6igueo9+6sbxCSNqNCEg1Id10m0l4PUjHA6LnVTRRMgI+jTjkEBEVVePj1+jI+NE+AwluYJjafu74kcIqWyyDedEeiBWqxNzP9qnVSHV17ORJJqKshsUZhyrGM8SQIHTFKieWYAiGTmVkwGIIFok1fJhOAufnkZmmdV96Lq3J1XatfzOIroEB2hE+SiS1RDt6iOGoigDD2jV/RmPVkv1rv1MWstWPOZMvoj6/MHpwuTeg==</latexit>

j†a+ a†j

<latexit sha1_base64="Jas52xAgg62pmSXrGYPNE/RGLHc=">AAACCHicbVDJSgNBEO1xjXGLevRgYxC8GGZE0YsQ9JJjBLNAJoaeTiVp0rPYXSOGYY5e/BUvHhTx6id482/sLAdNfFDweK+KqnpeJIVG2/625uYXFpeWMyvZ1bX1jc3c1nZVh7HiUOGhDFXdYxqkCKCCAiXUIwXM9yTUvP7V0K/dg9IiDG5wEEHTZ91AdARnaKRWbs9VvbCVuAgPmMBdmtILCrfJkesBMlpKW7m8XbBHoLPEmZA8maDcyn257ZDHPgTIJdO64dgRNhOmUHAJadaNNUSM91kXGoYGzAfdTEaPpPTAKG3aCZWpAOlI/T2RMF/rge+ZTp9hT097Q/E/rxFj57yZiCCKEQI+XtSJJcWQDlOhbaGAoxwYwrgS5lbKe0wxjia7rAnBmX55llSPC85pwb4+yRcvJ3FkyC7ZJ4fEIWekSEqkTCqEk0fyTF7Jm/VkvVjv1se4dc6azOyQP7A+fwBx05mV</latexit>

⇢eq = e��H
<latexit sha1_base64="oN7BvVrgcpL0q3e1FqhCt1VM0NM=">AAAB+3icbVDLTgJBEJzFF+IL8ehlIjHxRHaNRo9ELx4xkUcChMwODUyYnV1neg1ks7/ixYPGePVHvPk3DrAHBSvppFLVne4uP5LCoOt+O7m19Y3Nrfx2YWd3b/+geFhqmDDWHOo8lKFu+cyAFArqKFBCK9LAAl9C0x/fzvzmE2gjQvWA0wi6ARsqMRCcoZV6xVJHj8Je0kGYYKLgMU1pr1h2K+4cdJV4GSmTDLVe8avTD3kcgEIumTFtz42wmzCNgktIC53YQMT4mA2hbaliAZhuMr89padW6dNBqG0ppHP190TCAmOmgW87A4Yjs+zNxP+8doyD624iVBQjKL5YNIglxZDOgqB9oYGjnFrCuBb2VspHTDOONq6CDcFbfnmVNM4r3mXFvb8oV2+yOPLkmJyQM+KRK1Ild6RG6oSTCXkmr+TNSZ0X5935WLTmnGzmiPyB8/kDsn+U3A==</latexit>⇢neq

<latexit sha1_base64="OEDhHjxc4MfJ5tb8k+2M0kk4Cj4=">AAACEXicbVA9SwNBEN3z2/gVtbRZDIJVuBNFGyFoY6lgEiEXjr3NXLK4t3fuzonhkr9g41+xsVDE1s7Of+MmucKvB8M83pthd16YSmHQdT+dqemZ2bn5hcXS0vLK6lp5faNhkkxzqPNEJvoqZAakUFBHgRKuUg0sDiU0w+vTkd+8BW1Eoi6xn0I7Zl0lIsEZWiko7/q6lwS5j3CHuYKb4ZAe04Hra6a6EqgvJ90dBOWKW3XHoH+JV5AKKXAelD/8TsKzGBRyyYxpeW6K7ZxpFFzCsORnBlLGr1kXWpYqFoNp5+OLhnTHKh0aJdqWQjpWv2/kLDamH4d2MmbYM7+9kfif18owOmrnQqUZguKTh6JMUkzoKB7aERo4yr4ljGth/0p5j2nG0YZYsiF4v0/+Sxp7Ve+g6l7sV2onRRwLZItsk13ikUNSI2fknNQJJ/fkkTyTF+fBeXJenbfJ6JRT7GySH3DevwBcxJ1R</latexit>

⇢neq = |0ih0|coincide!

very different!

ground state dark state
<latexit sha1_base64="0x1tj7inZHeE6QADT51737uS7LA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclJKIohuhqAsXLirYBzQhTKa37dDJJMxMhBK7c+OvuHGhiFt/wZ1/4/Sx0NYDFw7n3Mu994QJZ0o7zrc1N7+wuLScW8mvrq1vbNpb2zUVp5JClcY8lo2QKOBMQFUzzaGRSCBRyKEe9i6Hfv0epGKxuNP9BPyIdARrM0q0kQJ77yZg+OHKk0R0OOBzB3tFrx1LwrlXxCywC07JGQHPEndCCmiCSmB/ea2YphEITTlRquk6ifYzIjWjHAZ5L1WQENojHWgaKkgEys9GfwzwgVFa2Gw3JTQeqb8nMhIp1Y9C0xkR3VXT3lD8z2umun3mZ0wkqQZBx4vaKcc6xsNQcItJoJr3DSFUMnMrpl0iCdUmurwJwZ1+eZbUjkruScm5PS6ULyZx5NAu2keHyEWnqIyuUQVVEUWP6Bm9ojfryXqx3q2PceucNZnZQX9gff4Ad1CXxg==</latexit>

Li|Di = 08 i

<latexit sha1_base64="lRxndnn4i3Ee3sHFFQndGzxVHOw=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhHgwzougx6MVjBLNAZgw9nUrSpGehu0YIQ8CLv+LFgyJe/Qlv/o2d5aDRBwWP96qoqhckUmh0nC8rt7C4tLySXy2srW9sbtnbO3Udp4pDjccyVs2AaZAighoKlNBMFLAwkNAIBldjv3EPSos4usVhAn7IepHoCs7QSG17z8M+ICvhEYW77Fh4cQg91nYojtp20Sk7E9C/xJ2RIpmh2rY/vU7M0xAi5JJp3XKdBP2MKRRcwqjgpRoSxgesBy1DIxaC9rPJDyN6aJQO7cbKVIR0ov6cyFio9TAMTGfIsK/nvbH4n9dKsXvhZyJKUoSITxd1U0kxpuNAaEco4CiHhjCuhLmV8j5TjKOJrWBCcOdf/kvqJ2X3rOzcnBYrl7M48mSfHJAScck5qZBrUiU1wskDeSIv5NV6tJ6tN+t92pqzZjO75Besj2+omJbj</latexit>

✓(t)e�i!0t
<latexit sha1_base64="b22Vn76TyGXb05wfwWXbJIKNSvU=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDEAvDnShaBm0sFYwKSQxzm0myuHt37M4J4UjjX7GxUMTWn2Hnv3ETU2jig4HHezPMzAsTJS35/peXm5mdm1/ILxaWlldW14rrG9c2To3AmohVbG5DsKhkhDWSpPA2MQg6VHgT3p8N/ZsHNFbG0RX1E2xq6EayIwWQk1rFrQb1kKBMexzvsv1GF7QGToNWseRX/BH4NAnGpMTGuGgVPxvtWKQaIxIKrK0HfkLNDAxJoXBQaKQWExD30MW6oxFotM1s9MCA7zqlzTuxcRURH6m/JzLQ1vZ16Do1UM9OekPxP6+eUuekmckoSQkj8bOokypOMR+mwdvSoCDVdwSEke5WLnpgQJDLrOBCCCZfnibXB5XgqOJfHpaqp+M48myb7bAyC9gxq7JzdsFqTLABe2Iv7NV79J69N+/9pzXnjWc22R94H9+eEJXH</latexit>

✓(t)e��t

reversible, equilibrium irreversible, non-equilibrium

microphysics macrophysics

inessential diagonal 
matrix ai = i@qiUU�1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Berry connection

• enter topology: 

• topology is encoded in the state (wave function)

• observables are oftentimes dynamical responses (to gauge fields)

• example: Chern insulator (e.g. quantum Hall) 

<latexit sha1_base64="UbZbTwVgBp72qkaUumftc4nKMLA="></latexit>

@t⇢̂ = �i[Ĥ, ⇢̂] + 

X

↵

(L̂↵⇢̂L̂
†
↵ � 1

2{L̂
†
↵L̂↵, ⇢̂})

cf., for single particle problems: Albert, Bradlyn, Fraas, Jiang, PRX (2016)
following Avron, Fraas, Graf, J. Stat. Phys. (2012); Avron, Fraas, Graf, Kenneth, New J. Phys. (2010)



Lindblad operators

coherent evolution

• quite general quantum evolution:   eliminate environment 

Motivation: Quantum states vs. quantum dynamics

environment

drive 
system

• simple example: damped harmonic oscillator

driven-dissipative evolution

<latexit sha1_base64="F61VpVm7lfdflK+F3Bfz1Go/mo8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIopuhKKbLivYBzQx3Ewm6dDJg5mJUEI3/oobF4q49TPc+TdOHwttPXDhcM693HuPn3EmlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzQXhLZIylPR9UFSzhLaUkxx2s0EhdjntOMPbsd+55EKydLkXg0z6sYQJSxkBJSWPPOgga+xk8Y0As/Czik8OAFEGDyzatWsCfAisWekimZoeuaXE6Qkj2miCAcpe7aVKbcAoRjhdFRxckkzIAOIaE/TBGIq3WLywAgfayXAYSp0JQpP1N8TBcRSDmNfd8ag+nLeG4v/eb1chVduwZIsVzQh00VhzrFK8TgNHDBBieJDTYAIpm/FpA8CiNKZVXQI9vzLi6R9VrMvatbdebV+M4ujjA7RETpBNrpEddRATdRCBI3QM3pFb8aT8WK8Gx/T1pIxm9lHf2B8/gD+cZS+</latexit>

H = !0 a
†
a

<latexit sha1_base64="D6rcDYNRamv4NksQfK6IY7+uPC0=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0UYI2lhYRPCSQHKEvc0kWbK3d+zuCeHIb7CxUMTWH2Tnv3GTXKGJDwYe780wMy9MBNfGdb+dwsrq2vpGcbO0tb2zu1feP2joOFUMfRaLWLVCqlFwib7hRmArUUijUGAzHN1O/eYTKs1j+WjGCQYRHUje54waK/n35JrQbrniVt0ZyDLxclKBHPVu+avTi1kaoTRMUK3bnpuYIKPKcCZwUuqkGhPKRnSAbUsljVAH2ezYCTmxSo/0Y2VLGjJTf09kNNJ6HIW2M6JmqBe9qfif105N/yrIuExSg5LNF/VTQUxMpp+THlfIjBhbQpni9lbChlRRZmw+JRuCt/jyMmmcVb2LqvtwXqnd5HEU4QiO4RQ8uIQa3EEdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gCLN43a</latexit>

L = a
<latexit sha1_base64="7vaSfujEOyfnVcrgL90v7Yumhfs=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoheh6MVjBfsh7VJm02wbmmRDkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmRYozY33/2yusrK6tbxQ3S1vbO7t75f2DpklSTWiDJDzR7QgM5UzShmWW07bSFETEaSsa3U791hPVhiXywY4VDQUMJIsZAeukx+4IlAJ87ffKFb/qz4CXSZCTCspR75W/uv2EpIJKSzgY0wl8ZcMMtGWE00mpmxqqgIxgQDuOShDUhNns4Ak+cUofx4l2JS2eqb8nMhDGjEXkOgXYoVn0puJ/Xie18VWYMalSSyWZL4pTjm2Cp9/jPtOUWD52BIhm7lZMhqCBWJdRyYUQLL68TJpn1eCi6t+fV2o3eRxFdISO0SkK0CWqoTtURw1EkEDP6BW9edp78d69j3lrwctnDtEfeJ8/48mPzg==</latexit>

 = 0
<latexit sha1_base64="H+ZoQ1MmohsnTaFZsbkiHfmkd1U=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoheh6MVjBWsL26Vk02wbmmyWJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LBjcX42yutrK6tb5Q3K1vbO7t71f2DR6MyTVmLKqF0JyKGCZ6wluVWsE6qGZGRYO1odDv1209MG66SBztOWSjJIOExp8Q6KegqyQakh9E17lVruI5nQMvEL0gNCjR71a9uX9FMssRSQYwJfJzaMCfacirYpNLNDEsJHZEBCxxNiGQmzGcnT9CJU/ooVtpVYtFM/T2RE2nMWEauUxI7NIveVPzPCzIbX4U5T9LMsoTOF8WZQFah6f+ozzWjVowdIVRzdyuiQ6IJtS6ligvBX3x5mTye1f2LOr4/rzVuijjKcATHcAo+XEID7qAJLaCg4Ble4c2z3ov37n3MW0teMXMIf+B9/gAHXJBt</latexit>

!0 = 0

<latexit sha1_base64="2dw22FSFEj5+TTmHAoxnb74D5W4=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQsuMKLoRim66rGAfMDMMmTTThmaSIckIZejOjb/ixoUibv0Fd/6NmbYLrR4InHvOvdzcE6WMKu04X1ZpYXFpeaW8Wllb39jcsrd32kpkEpMWFkzIboQUYZSTlqaakW4qCUoiRjrR8KbwO/dEKir4nR6lJEhQn9OYYqSNFNr7foqkpoiFGvpyIOAVPIEUeo3jogpCu+rUnAngX+LOSBXM0AztT78ncJYQrjFDSnmuk+ogL3ZgRsYVP1MkRXiI+sQzlKOEqCCf3DGGh0bpwVhI87iGE/XnRI4SpUZJZDoTpAdq3ivE/zwv0/FlkFOeZppwPF0UZwxqAYtQYI9KgjUbGYKwpOavEA+QRFib6ComBHf+5L+kfVpzz2vO7Vm1fj2Lowz2wAE4Ai64AHXQAE3QAhg8gCfwAl6tR+vZerPep60lazazC37B+vgGpiSX4A==</latexit>

@t⇢ = �i[H, ⇢]
<latexit sha1_base64="pmrwUUp4m2e4hy/foOeFR5Oh0og="></latexit>

@t⇢ = (a⇢a† � 1
2{a

†a, ⇢})evolution 

stationary state
<latexit sha1_base64="zeZWNYwit15WLa4FnvCIjxW/MSU=">AAACH3icbVDLSgMxFM34rPU16tJNsAhuLBnxtRGKbrqsYB/QqSWT3rahmcyQZIQy7Z+48VfcuFBE3PVvTB8LbT0QcnLOvdzcE8SCa0PIyFlaXlldW89sZDe3tnd23b39io4SxaDMIhGpWkA1CC6hbLgRUIsV0DAQUA16d2O/+gRK80g+mH4MjZB2JG9zRo2Vmu6lL3jYTP0ADPVNhMkQw2N6Onnj4hDf4AHxFZUdAdgX05sMcNPNkTyZAC8Sb0ZyaIZS0/32WxFLQpCGCap13SOxaaRUGc4EDLN+oiGmrEc7ULdU0hB0I53sN8THVmnhdqTskQZP1N8dKQ217oeBrQyp6ep5byz+59UT075upFzGiQHJpoPaicA2iHFYuMUVMCP6llCmuP0rZl2qKDM20qwNwZtfeZFUzvLeRZ7cn+cKt7M4MugQHaET5KErVEBFVEJlxNAzekXv6MN5cd6cT+drWrrkzHoO0B84ox/GiqGI</latexit>

lim
�!0

e��H = |0ih0|

dynamical 
response to

<latexit sha1_base64="IspIhHOoGDl0BjyW2EFTUYuEZxk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiCEJJRNFl0Y3LCvYCbSwnk0k77WQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5vcTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7B00Vp5LQBol5LNs+KMqZoA3NNKftRFKIfE5b/uhmUm89UqlYLO51llAvgr5gISOgjdWzy8OHbgB9DPgUwwyHPbviVJ2p8DK4c6igueo9+6sbxCSNqNCEg1Id10m0l4PUjHA6LnVTRRMgI+jTjkEBEVVePj1+jI+NE+AwluYJjafu74kcIqWyyDedEeiBWqxNzP9qnVSHV17ORJJqKshsUZhyrGM8SQIHTFKieWYAiGTmVkwGIIFok1fJhOAufnkZmmdV96Lq3J1XatfzOIroEB2hE+SiS1RDt6iOGoigDD2jV/RmPVkv1rv1MWstWPOZMvoj6/MHpwuTeg==</latexit>

j†a+ a†j

<latexit sha1_base64="Jas52xAgg62pmSXrGYPNE/RGLHc=">AAACCHicbVDJSgNBEO1xjXGLevRgYxC8GGZE0YsQ9JJjBLNAJoaeTiVp0rPYXSOGYY5e/BUvHhTx6id482/sLAdNfFDweK+KqnpeJIVG2/625uYXFpeWMyvZ1bX1jc3c1nZVh7HiUOGhDFXdYxqkCKCCAiXUIwXM9yTUvP7V0K/dg9IiDG5wEEHTZ91AdARnaKRWbs9VvbCVuAgPmMBdmtILCrfJkesBMlpKW7m8XbBHoLPEmZA8maDcyn257ZDHPgTIJdO64dgRNhOmUHAJadaNNUSM91kXGoYGzAfdTEaPpPTAKG3aCZWpAOlI/T2RMF/rge+ZTp9hT097Q/E/rxFj57yZiCCKEQI+XtSJJcWQDlOhbaGAoxwYwrgS5lbKe0wxjia7rAnBmX55llSPC85pwb4+yRcvJ3FkyC7ZJ4fEIWekSEqkTCqEk0fyTF7Jm/VkvVjv1se4dc6azOyQP7A+fwBx05mV</latexit>

⇢eq = e��H
<latexit sha1_base64="oN7BvVrgcpL0q3e1FqhCt1VM0NM=">AAAB+3icbVDLTgJBEJzFF+IL8ehlIjHxRHaNRo9ELx4xkUcChMwODUyYnV1neg1ks7/ixYPGePVHvPk3DrAHBSvppFLVne4uP5LCoOt+O7m19Y3Nrfx2YWd3b/+geFhqmDDWHOo8lKFu+cyAFArqKFBCK9LAAl9C0x/fzvzmE2gjQvWA0wi6ARsqMRCcoZV6xVJHj8Je0kGYYKLgMU1pr1h2K+4cdJV4GSmTDLVe8avTD3kcgEIumTFtz42wmzCNgktIC53YQMT4mA2hbaliAZhuMr89padW6dNBqG0ppHP190TCAmOmgW87A4Yjs+zNxP+8doyD624iVBQjKL5YNIglxZDOgqB9oYGjnFrCuBb2VspHTDOONq6CDcFbfnmVNM4r3mXFvb8oV2+yOPLkmJyQM+KRK1Ild6RG6oSTCXkmr+TNSZ0X5935WLTmnGzmiPyB8/kDsn+U3A==</latexit>⇢neq

<latexit sha1_base64="OEDhHjxc4MfJ5tb8k+2M0kk4Cj4=">AAACEXicbVA9SwNBEN3z2/gVtbRZDIJVuBNFGyFoY6lgEiEXjr3NXLK4t3fuzonhkr9g41+xsVDE1s7Of+MmucKvB8M83pthd16YSmHQdT+dqemZ2bn5hcXS0vLK6lp5faNhkkxzqPNEJvoqZAakUFBHgRKuUg0sDiU0w+vTkd+8BW1Eoi6xn0I7Zl0lIsEZWiko7/q6lwS5j3CHuYKb4ZAe04Hra6a6EqgvJ90dBOWKW3XHoH+JV5AKKXAelD/8TsKzGBRyyYxpeW6K7ZxpFFzCsORnBlLGr1kXWpYqFoNp5+OLhnTHKh0aJdqWQjpWv2/kLDamH4d2MmbYM7+9kfif18owOmrnQqUZguKTh6JMUkzoKB7aERo4yr4ljGth/0p5j2nG0YZYsiF4v0/+Sxp7Ve+g6l7sV2onRRwLZItsk13ikUNSI2fknNQJJ/fkkTyTF+fBeXJenbfJ6JRT7GySH3DevwBcxJ1R</latexit>

⇢neq = |0ih0|coincide!

very different!

ground state dark state
<latexit sha1_base64="0x1tj7inZHeE6QADT51737uS7LA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclJKIohuhqAsXLirYBzQhTKa37dDJJMxMhBK7c+OvuHGhiFt/wZ1/4/Sx0NYDFw7n3Mu994QJZ0o7zrc1N7+wuLScW8mvrq1vbNpb2zUVp5JClcY8lo2QKOBMQFUzzaGRSCBRyKEe9i6Hfv0epGKxuNP9BPyIdARrM0q0kQJ77yZg+OHKk0R0OOBzB3tFrx1LwrlXxCywC07JGQHPEndCCmiCSmB/ea2YphEITTlRquk6ifYzIjWjHAZ5L1WQENojHWgaKkgEys9GfwzwgVFa2Gw3JTQeqb8nMhIp1Y9C0xkR3VXT3lD8z2umun3mZ0wkqQZBx4vaKcc6xsNQcItJoJr3DSFUMnMrpl0iCdUmurwJwZ1+eZbUjkruScm5PS6ULyZx5NAu2keHyEWnqIyuUQVVEUWP6Bm9ojfryXqx3q2PceucNZnZQX9gff4Ad1CXxg==</latexit>

Li|Di = 08 i

<latexit sha1_base64="lRxndnn4i3Ee3sHFFQndGzxVHOw=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhHgwzougx6MVjBLNAZgw9nUrSpGehu0YIQ8CLv+LFgyJe/Qlv/o2d5aDRBwWP96qoqhckUmh0nC8rt7C4tLySXy2srW9sbtnbO3Udp4pDjccyVs2AaZAighoKlNBMFLAwkNAIBldjv3EPSos4usVhAn7IepHoCs7QSG17z8M+ICvhEYW77Fh4cQg91nYojtp20Sk7E9C/xJ2RIpmh2rY/vU7M0xAi5JJp3XKdBP2MKRRcwqjgpRoSxgesBy1DIxaC9rPJDyN6aJQO7cbKVIR0ov6cyFio9TAMTGfIsK/nvbH4n9dKsXvhZyJKUoSITxd1U0kxpuNAaEco4CiHhjCuhLmV8j5TjKOJrWBCcOdf/kvqJ2X3rOzcnBYrl7M48mSfHJAScck5qZBrUiU1wskDeSIv5NV6tJ6tN+t92pqzZjO75Besj2+omJbj</latexit>

✓(t)e�i!0t
<latexit sha1_base64="b22Vn76TyGXb05wfwWXbJIKNSvU=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDEAvDnShaBm0sFYwKSQxzm0myuHt37M4J4UjjX7GxUMTWn2Hnv3ETU2jig4HHezPMzAsTJS35/peXm5mdm1/ILxaWlldW14rrG9c2To3AmohVbG5DsKhkhDWSpPA2MQg6VHgT3p8N/ZsHNFbG0RX1E2xq6EayIwWQk1rFrQb1kKBMexzvsv1GF7QGToNWseRX/BH4NAnGpMTGuGgVPxvtWKQaIxIKrK0HfkLNDAxJoXBQaKQWExD30MW6oxFotM1s9MCA7zqlzTuxcRURH6m/JzLQ1vZ16Do1UM9OekPxP6+eUuekmckoSQkj8bOokypOMR+mwdvSoCDVdwSEke5WLnpgQJDLrOBCCCZfnibXB5XgqOJfHpaqp+M48myb7bAyC9gxq7JzdsFqTLABe2Iv7NV79J69N+/9pzXnjWc22R94H9+eEJXH</latexit>

✓(t)e��t

reversible, equilibrium irreversible, non-equilibrium

• Is this bridge bound to Hamiltonian systems? 

• What are the fundamental ingredients for topologically quantized responses?

• Questions

microphysics macrophysics

inessential diagonal 
matrix ai = i@qiUU�1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Berry connection

• enter topology: 

• topology is encoded in the state (wave function)

• observables are oftentimes dynamical responses (to gauge fields)

• example: Chern insulator (e.g. quantum Hall) 

<latexit sha1_base64="UbZbTwVgBp72qkaUumftc4nKMLA="></latexit>

@t⇢̂ = �i[Ĥ, ⇢̂] + 

X

↵

(L̂↵⇢̂L̂
†
↵ � 1

2{L̂
†
↵L̂↵, ⇢̂})

cf., for single particle problems: Albert, Bradlyn, Fraas, Jiang, PRX (2016)
following Avron, Fraas, Graf, J. Stat. Phys. (2012); Avron, Fraas, Graf, Kenneth, New J. Phys. (2010)



Lindblad operators

coherent evolution

• quite general quantum evolution:   eliminate environment 

Motivation: Quantum states vs. quantum dynamics

environment

drive 
system

• simple example: damped harmonic oscillator

driven-dissipative evolution

<latexit sha1_base64="F61VpVm7lfdflK+F3Bfz1Go/mo8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIopuhKKbLivYBzQx3Ewm6dDJg5mJUEI3/oobF4q49TPc+TdOHwttPXDhcM693HuPn3EmlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzQXhLZIylPR9UFSzhLaUkxx2s0EhdjntOMPbsd+55EKydLkXg0z6sYQJSxkBJSWPPOgga+xk8Y0As/Czik8OAFEGDyzatWsCfAisWekimZoeuaXE6Qkj2miCAcpe7aVKbcAoRjhdFRxckkzIAOIaE/TBGIq3WLywAgfayXAYSp0JQpP1N8TBcRSDmNfd8ag+nLeG4v/eb1chVduwZIsVzQh00VhzrFK8TgNHDBBieJDTYAIpm/FpA8CiNKZVXQI9vzLi6R9VrMvatbdebV+M4ujjA7RETpBNrpEddRATdRCBI3QM3pFb8aT8WK8Gx/T1pIxm9lHf2B8/gD+cZS+</latexit>

H = !0 a
†
a

<latexit sha1_base64="D6rcDYNRamv4NksQfK6IY7+uPC0=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0UYI2lhYRPCSQHKEvc0kWbK3d+zuCeHIb7CxUMTWH2Tnv3GTXKGJDwYe780wMy9MBNfGdb+dwsrq2vpGcbO0tb2zu1feP2joOFUMfRaLWLVCqlFwib7hRmArUUijUGAzHN1O/eYTKs1j+WjGCQYRHUje54waK/n35JrQbrniVt0ZyDLxclKBHPVu+avTi1kaoTRMUK3bnpuYIKPKcCZwUuqkGhPKRnSAbUsljVAH2ezYCTmxSo/0Y2VLGjJTf09kNNJ6HIW2M6JmqBe9qfif105N/yrIuExSg5LNF/VTQUxMpp+THlfIjBhbQpni9lbChlRRZmw+JRuCt/jyMmmcVb2LqvtwXqnd5HEU4QiO4RQ8uIQa3EEdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gCLN43a</latexit>

L = a
<latexit sha1_base64="7vaSfujEOyfnVcrgL90v7Yumhfs=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoheh6MVjBfsh7VJm02wbmmRDkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmRYozY33/2yusrK6tbxQ3S1vbO7t75f2DpklSTWiDJDzR7QgM5UzShmWW07bSFETEaSsa3U791hPVhiXywY4VDQUMJIsZAeukx+4IlAJ87ffKFb/qz4CXSZCTCspR75W/uv2EpIJKSzgY0wl8ZcMMtGWE00mpmxqqgIxgQDuOShDUhNns4Ak+cUofx4l2JS2eqb8nMhDGjEXkOgXYoVn0puJ/Xie18VWYMalSSyWZL4pTjm2Cp9/jPtOUWD52BIhm7lZMhqCBWJdRyYUQLL68TJpn1eCi6t+fV2o3eRxFdISO0SkK0CWqoTtURw1EkEDP6BW9edp78d69j3lrwctnDtEfeJ8/48mPzg==</latexit>

 = 0
<latexit sha1_base64="H+ZoQ1MmohsnTaFZsbkiHfmkd1U=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoheh6MVjBWsL26Vk02wbmmyWJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LBjcX42yutrK6tb5Q3K1vbO7t71f2DR6MyTVmLKqF0JyKGCZ6wluVWsE6qGZGRYO1odDv1209MG66SBztOWSjJIOExp8Q6KegqyQakh9E17lVruI5nQMvEL0gNCjR71a9uX9FMssRSQYwJfJzaMCfacirYpNLNDEsJHZEBCxxNiGQmzGcnT9CJU/ooVtpVYtFM/T2RE2nMWEauUxI7NIveVPzPCzIbX4U5T9LMsoTOF8WZQFah6f+ozzWjVowdIVRzdyuiQ6IJtS6ligvBX3x5mTye1f2LOr4/rzVuijjKcATHcAo+XEID7qAJLaCg4Ble4c2z3ov37n3MW0teMXMIf+B9/gAHXJBt</latexit>

!0 = 0

<latexit sha1_base64="2dw22FSFEj5+TTmHAoxnb74D5W4=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQsuMKLoRim66rGAfMDMMmTTThmaSIckIZejOjb/ixoUibv0Fd/6NmbYLrR4InHvOvdzcE6WMKu04X1ZpYXFpeaW8Wllb39jcsrd32kpkEpMWFkzIboQUYZSTlqaakW4qCUoiRjrR8KbwO/dEKir4nR6lJEhQn9OYYqSNFNr7foqkpoiFGvpyIOAVPIEUeo3jogpCu+rUnAngX+LOSBXM0AztT78ncJYQrjFDSnmuk+ogL3ZgRsYVP1MkRXiI+sQzlKOEqCCf3DGGh0bpwVhI87iGE/XnRI4SpUZJZDoTpAdq3ivE/zwv0/FlkFOeZppwPF0UZwxqAYtQYI9KgjUbGYKwpOavEA+QRFib6ComBHf+5L+kfVpzz2vO7Vm1fj2Lowz2wAE4Ai64AHXQAE3QAhg8gCfwAl6tR+vZerPep60lazazC37B+vgGpiSX4A==</latexit>

@t⇢ = �i[H, ⇢]
<latexit sha1_base64="pmrwUUp4m2e4hy/foOeFR5Oh0og="></latexit>

@t⇢ = (a⇢a† � 1
2{a

†a, ⇢})evolution 

stationary state
<latexit sha1_base64="zeZWNYwit15WLa4FnvCIjxW/MSU=">AAACH3icbVDLSgMxFM34rPU16tJNsAhuLBnxtRGKbrqsYB/QqSWT3rahmcyQZIQy7Z+48VfcuFBE3PVvTB8LbT0QcnLOvdzcE8SCa0PIyFlaXlldW89sZDe3tnd23b39io4SxaDMIhGpWkA1CC6hbLgRUIsV0DAQUA16d2O/+gRK80g+mH4MjZB2JG9zRo2Vmu6lL3jYTP0ADPVNhMkQw2N6Onnj4hDf4AHxFZUdAdgX05sMcNPNkTyZAC8Sb0ZyaIZS0/32WxFLQpCGCap13SOxaaRUGc4EDLN+oiGmrEc7ULdU0hB0I53sN8THVmnhdqTskQZP1N8dKQ217oeBrQyp6ep5byz+59UT075upFzGiQHJpoPaicA2iHFYuMUVMCP6llCmuP0rZl2qKDM20qwNwZtfeZFUzvLeRZ7cn+cKt7M4MugQHaET5KErVEBFVEJlxNAzekXv6MN5cd6cT+drWrrkzHoO0B84ox/GiqGI</latexit>

lim
�!0

e��H = |0ih0|

dynamical 
response to

<latexit sha1_base64="IspIhHOoGDl0BjyW2EFTUYuEZxk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiCEJJRNFl0Y3LCvYCbSwnk0k77WQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5vcTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7B00Vp5LQBol5LNs+KMqZoA3NNKftRFKIfE5b/uhmUm89UqlYLO51llAvgr5gISOgjdWzy8OHbgB9DPgUwwyHPbviVJ2p8DK4c6igueo9+6sbxCSNqNCEg1Id10m0l4PUjHA6LnVTRRMgI+jTjkEBEVVePj1+jI+NE+AwluYJjafu74kcIqWyyDedEeiBWqxNzP9qnVSHV17ORJJqKshsUZhyrGM8SQIHTFKieWYAiGTmVkwGIIFok1fJhOAufnkZmmdV96Lq3J1XatfzOIroEB2hE+SiS1RDt6iOGoigDD2jV/RmPVkv1rv1MWstWPOZMvoj6/MHpwuTeg==</latexit>

j†a+ a†j

<latexit sha1_base64="Jas52xAgg62pmSXrGYPNE/RGLHc=">AAACCHicbVDJSgNBEO1xjXGLevRgYxC8GGZE0YsQ9JJjBLNAJoaeTiVp0rPYXSOGYY5e/BUvHhTx6id482/sLAdNfFDweK+KqnpeJIVG2/625uYXFpeWMyvZ1bX1jc3c1nZVh7HiUOGhDFXdYxqkCKCCAiXUIwXM9yTUvP7V0K/dg9IiDG5wEEHTZ91AdARnaKRWbs9VvbCVuAgPmMBdmtILCrfJkesBMlpKW7m8XbBHoLPEmZA8maDcyn257ZDHPgTIJdO64dgRNhOmUHAJadaNNUSM91kXGoYGzAfdTEaPpPTAKG3aCZWpAOlI/T2RMF/rge+ZTp9hT097Q/E/rxFj57yZiCCKEQI+XtSJJcWQDlOhbaGAoxwYwrgS5lbKe0wxjia7rAnBmX55llSPC85pwb4+yRcvJ3FkyC7ZJ4fEIWekSEqkTCqEk0fyTF7Jm/VkvVjv1se4dc6azOyQP7A+fwBx05mV</latexit>

⇢eq = e��H
<latexit sha1_base64="oN7BvVrgcpL0q3e1FqhCt1VM0NM=">AAAB+3icbVDLTgJBEJzFF+IL8ehlIjHxRHaNRo9ELx4xkUcChMwODUyYnV1neg1ks7/ixYPGePVHvPk3DrAHBSvppFLVne4uP5LCoOt+O7m19Y3Nrfx2YWd3b/+geFhqmDDWHOo8lKFu+cyAFArqKFBCK9LAAl9C0x/fzvzmE2gjQvWA0wi6ARsqMRCcoZV6xVJHj8Je0kGYYKLgMU1pr1h2K+4cdJV4GSmTDLVe8avTD3kcgEIumTFtz42wmzCNgktIC53YQMT4mA2hbaliAZhuMr89padW6dNBqG0ppHP190TCAmOmgW87A4Yjs+zNxP+8doyD624iVBQjKL5YNIglxZDOgqB9oYGjnFrCuBb2VspHTDOONq6CDcFbfnmVNM4r3mXFvb8oV2+yOPLkmJyQM+KRK1Ild6RG6oSTCXkmr+TNSZ0X5935WLTmnGzmiPyB8/kDsn+U3A==</latexit>⇢neq
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reversible, equilibrium irreversible, non-equilibrium

• Is this bridge bound to Hamiltonian systems? 

• What are the fundamental ingredients for topologically quantized responses?

• Questions

microphysics macrophysics
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Berry connection

• enter topology: 

• topology is encoded in the state (wave function)

• observables are oftentimes dynamical responses (to gauge fields)

• example: Chern insulator (e.g. quantum Hall) 

Questions:
Is there a topological response in irreversible out of 

equilibrium dynamics?
Are there chiral edge modes (reversible) on top of a 

dissipative bulk (irreversible)? 
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cf., for single particle problems: Albert, Bradlyn, Fraas, Jiang, PRX (2016)
following Avron, Fraas, Graf, J. Stat. Phys. (2012); Avron, Fraas, Graf, Kenneth, New J. Phys. (2010)



Hamiltonian scenario

Different dynamics
Lindblad scenario

dissipative topological superconductors: SD, Rico, Baranov, Zoller, Nat. Phys. (2011),
dissipative TIs: Goldstein, SciPost (2019); Shavit, Goldstein, PRB (2020)

• unique ground state • unique dark state

H|Di = 0
<latexit sha1_base64="DMTaxVyWFtf5/C+hhf+2aMH6unQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9ehgRBEMJuPOhFCOohxwjmAdklzE5mkyGzs+vMbCCs+QvBiwdFvPox3vI3Th4HTSxoKKq66e7yY86Utu2JlVlb39jcym7ndnb39g/yh0cNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfqD26nfHFKpWCQe9CimXoh7ggWMYG0kr/p050osepyia7uTL9olewa0SpwFKVYK7vnzpDKqdfLfbjciSUiFJhwr1XbsWHsplpoRTsc5N1E0xmSAe7RtqMAhVV46O3qMTo3SRUEkTQmNZurviRSHSo1C33SGWPfVsjcV//PaiQ6uvJSJONFUkPmiIOFIR2iaAOoySYnmI0MwkczcikgfS0y0ySlnQnCWX14ljXLJuSiV700aNzBHFk6gAGfgwCVUoAo1qAOBR3iBN3i3htar9WF9zlsz1mLmGP7A+voB1WaUdQ==</latexit>

L↵|Di = 0 8↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

St
at

e



Hamiltonian scenario

Different dynamics
Lindblad scenario

dissipative topological superconductors: SD, Rico, Baranov, Zoller, Nat. Phys. (2011),
dissipative TIs: Goldstein, SciPost (2019); Shavit, Goldstein, PRB (2020)

• unique ground state • unique dark state

H|Di = 0
<latexit sha1_base64="DMTaxVyWFtf5/C+hhf+2aMH6unQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9ehgRBEMJuPOhFCOohxwjmAdklzE5mkyGzs+vMbCCs+QvBiwdFvPox3vI3Th4HTSxoKKq66e7yY86Utu2JlVlb39jcym7ndnb39g/yh0cNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfqD26nfHFKpWCQe9CimXoh7ggWMYG0kr/p050osepyia7uTL9olewa0SpwFKVYK7vnzpDKqdfLfbjciSUiFJhwr1XbsWHsplpoRTsc5N1E0xmSAe7RtqMAhVV46O3qMTo3SRUEkTQmNZurviRSHSo1C33SGWPfVsjcV//PaiQ6uvJSJONFUkPmiIOFIR2iaAOoySYnmI0MwkczcikgfS0y0ySlnQnCWX14ljXLJuSiV700aNzBHFk6gAGfgwCVUoAo1qAOBR3iBN3i3htar9WF9zlsz1mLmGP7A+voB1WaUdQ==</latexit>

L↵|Di = 0 8↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

St
at

e
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• (micro) reversible / unitary • irreversible / dissipative

• thermal equilibrium (detailed balance) • far from equilibrium: detailed 
balance violated

Sieberer, Chiocchetta, Taeuber, Gambassi, SD, PRB (2015)
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Analysis of dark state Lindbladian

• strongly interacting problem, but dark state exactly known: self-consistent Born mean field approximation

with
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†
↵il1 = nl†1l1

<latexit sha1_base64="9jHyvW8tlsooxKsC6cY3gF6CLhg="></latexit>

L†
↵,1L↵,1 = l†1 ↵ 

†
↵l1

<latexit sha1_base64="YiiW+hiD0Zlqx6HQ5PR44LMjkv0="></latexit>

Many-Body Master 
Equation

Keldysh functional 
integral



Analysis of dark state Lindbladian

• strongly interacting problem, but dark state exactly known: self-consistent Born mean field approximation

with
! l†1h ↵ 

†
↵il1 = nl†1l1

<latexit sha1_base64="9jHyvW8tlsooxKsC6cY3gF6CLhg="></latexit>

L†
↵,1L↵,1 = l†1 ↵ 

†
↵l1

<latexit sha1_base64="YiiW+hiD0Zlqx6HQ5PR44LMjkv0="></latexit>

• effective action in single particle sector:

L1,2 ! l1, L3,4 ! l†2
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• robustness: emergent dissipative single-particle dissipative gap:

• after mean field approximation: particle number conservation masked / quantum symmetry spont. broken 
(cf. Halperin-Hohenberg models with conserved charge: no quantum symmetry)

➡ Interpretation: system acts as its own bath
➡ Quantization of the response? How does the system remember its number conserving origin?

�q=0 = �̄m2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Analysis of dark state Lindbladian

• strongly interacting problem, but dark state exactly known: self-consistent Born mean field approximation

with
! l†1h ↵ 

†
↵il1 = nl†1l1

<latexit sha1_base64="9jHyvW8tlsooxKsC6cY3gF6CLhg="></latexit>

L†
↵,1L↵,1 = l†1 ↵ 

†
↵l1

<latexit sha1_base64="YiiW+hiD0Zlqx6HQ5PR44LMjkv0="></latexit>

• effective action in single particle sector:

L1,2 ! l1, L3,4 ! l†2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

� ! n� ⌘ �̄
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�q = �̄|dq|
<latexit sha1_base64="ygb2BU54moGDi+QwegzC6KjSBOQ=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwVWZ8YDdC0Y3LCvYBnVLupJk2NJkZk4xQpv0VN/6KGxeKdCf+jOlDqK0HAodzziX3Hj/mTGnH+bIyK6tr6xvZzdzW9s7unr1/UFVRIgmtkIhHsu6DopyFtKKZ5rQeSwrC57Tm927Hfu2JSsWi8EH3Y9oU0AlZwAhoI7XsotcBIaDlCdBdP0gfh/gaez5IPDUwHvxa7eFcatCy807BmQAvE3dG8miGcsseee2IJIKGmnBQquE6sW6mIDUjnA5zXqJoDKQHHdowNARBVTOdXDjEJ0Zp4yCS5oUaT9T5iRSEUn3hm+R4RbXojcX/vEaig2IzZWGcaBqS6UdBwrGO8Lgu3GaSEs37hgCRzOyKSRckEG1KzZkS3MWTl0n1rOCeFy7vL/Klm1kdWXSEjtEpctEVKqE7VEYVRNAzekXv6MN6sd6sT2s0jWas2cwh+gPr+wd24qRc</latexit>

• problem equivalent to linear Lindblad equation
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• then, covariant derivative (minimal coupling) 

@µ ± ! (@µ � iAµ
±) ±
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• resulting theory: 

self-consistent Born Gaussian integration
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•  Electromagnetic response: all possible contributions in 1-loop approximation

➡                quantised 
➡ subleading Maxwell-like terms

BI = ✏ij@iAj,I
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•                         ‘strong’ invariance (number conservation)

• large gauge invariance (number quantization)

Complementary symmetry analysis
microphysics macrophysics

Key ingredients: Laughlin argument

• adiabaticity

• no particles lost on the way

• pure states (but see outlook)
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physically: technically:

• many-body damping gap (replaces Hamiltonian gap)

➡ universally in- and out of equilibrium

Laughlin, PRB (1981)
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•                         ‘strong’ invariance (number conservation)

• large gauge invariance (number quantization)

Complementary symmetry analysis
microphysics macrophysics

Key ingredients: Laughlin argument

• adiabaticity

• no particles lost on the way

• pure states (but see outlook)

• standard Chern-Simons action emerges (dissipative corrections subleading in derivative expansion)

➡ contour decoupled Hamiltonian structure w/ quantized coefficient on top of purely dissipative bulk 

SCS[A] =
✓

4⇡

Z
A+ dA+ �A� dA�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• bulk-boundary correspondence: sharp chiral edge models (subleading width) 

! = vq + iDq2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Implications:

v determined by Lindblad parameters

Uc(1)⇥ Uq(1)
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Topological field theory for mixed quantum states

Z. Huang, X. Sun, SD, PRB (2022)
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Prerequisite: spectral and purity gaps

• setting: quadratic (lattice) fermion action (e.g. after mean field decoupling)
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purely 
Hamiltonian

purely 
dissipative

poles of retarded Green’s function
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• robustness of classification scheme: 2 gaps 

• spectral gap: no zero modes of spectral matrix  

• purity gap (fermions):  no zero modes of Hermitian covariance matrix  

<latexit sha1_base64="+LzDELRPtiKUlaRla2okAg2Y8t8=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4seyqqBehqIeClwr2A9ulZNNsG5pklyQrlKX/wosHRbz6b7z5b0zbPWjrg4HHezPMzAtizrRx3W9nYXFpeWU1t5Zf39jc2i7s7NZ1lChCayTikWoGWFPOJK0ZZjhtxopiEXDaCAY3Y7/xRJVmkXwww5j6AvckCxnBxkqPd+gKVdAxYredQtEtuROgeeJlpAgZqp3CV7sbkURQaQjHWrc8NzZ+ipVhhNNRvp1oGmMywD3aslRiQbWfTi4eoUOrdFEYKVvSoIn6eyLFQuuhCGynwKavZ72x+J/XSkx46adMxomhkkwXhQlHJkLj91GXKUoMH1qCiWL2VkT6WGFibEh5G4I3+/I8qZ+UvPPS6f1ZsXydxZGDfTiAI/DgAspQgSrUgICEZ3iFN0c7L8678zFtXXCymT34A+fzB9BLjxA=</latexit>

K = H � iD

static single-particle correlations

• intuition of purity gap: two-band chiral model in 1D (SSH) 
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<latexit sha1_base64="kxdPvNf1j9t/BnmwxMgi1zNkvWI=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KomKeix68VjBfkATwmY7aZduNnF3Uyhp/4kXD4p49Z9489+4bXPQ1gcDj/dmmJkXppwp7Tjf1srq2vrGZmmrvL2zu7dvHxw2VZJJCg2a8ES2Q6KAMwENzTSHdiqBxCGHVji4m/qtIUjFEvGoRyn4MekJFjFKtJEC2x57Q6BYBIOxx+EJu4FdcarODHiZuAWpoAL1wP7yugnNYhCacqJUx3VS7edEakY5TMpepiAldEB60DFUkBiUn88un+BTo3RxlEhTQuOZ+nsiJ7FSozg0nTHRfbXoTcX/vE6moxs/ZyLNNAg6XxRlHOsET2PAXSaBaj4yhFDJzK2Y9okkVJuwyiYEd/HlZdI8r7pX1YuHy0rttoijhI7RCTpDLrpGNXSP6qiBKBqiZ/SK3qzcerHerY9564pVzByhP7A+fwDhX5Ms</latexit>

|~nk|  1
<latexit sha1_base64="FkoewKianGvvZcQ79sLz8Q10q2E=">AAACFnicbVDLSgMxFM34rPVVdekmWAQXtcyoqBuh6EKXFewDOsNwJ03b0CQzJJlCKf0KN/6KGxeKuBV3/o3pY6GtBy6cnHMvufdECWfauO63s7C4tLyymlnLrm9sbm3ndnarOk4VoRUS81jVI9CUM0krhhlO64miICJOa1H3ZuTXelRpFssH009oIKAtWYsRMFYKc8f+LQgBYRfjK+wX/ALGfo8SLK3ik2ZsJk9fs7YAHObybtEdA88Tb0ryaIpymPvymzFJBZWGcNC64bmJCQagDCOcDrN+qmkCpAtt2rBUgqA6GIzPGuJDqzRxK1a2pMFj9ffEAITWfRHZTgGmo2e9kfif10hN6zIYMJmkhkoy+aiVcmxiPMoIN5mixPC+JUAUs7ti0gEFxNgkszYEb/bkeVI9KXrnxdP7s3zpehpHBu2jA3SEPHSBSugOlVEFEfSIntErenOenBfn3fmYtC4405k99AfO5w8r0Jzq</latexit>

�k = ~nk · ~�

➡ chiral winding ceases to be well defined once there is a purity gap closing
➡ concept well defined in- and out of equilibrium

|~nk| = 1
<latexit sha1_base64="lXPMeO/ppFfopvfo3fzqwULZ4xE=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKez6QC9C0IvHCOYByRJmJ51kyOzsOjMbCEm+w4sHRbz6Md78GyfJHjSxoKGo6qa7K4gF18Z1v53Myura+kZ2M7e1vbO7l98/qOooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzf1awNUmkfy0Qxj9EPalbzDGTVW8sfNATIiW/3xDfFa+YJbdGcgy8RLSQFSlFv5r2Y7YkmI0jBBtW54bmz8EVWGM4GTXDPRGFPWp11sWCppiNofzY6ekBOrtEknUrakITP198SIhloPw8B2htT09KI3Ff/zGonpXPsjLuPEoGTzRZ1EEBORaQKkzRUyI4aWUKa4vZWwHlWUGZtTzobgLb68TKpnRe+8ePlwUSjdpnFk4QiO4RQ8uIIS3EMZKsDgCZ7hFd6cgfPivDsf89aMk84cwh84nz/SN5F7</latexit>

pure state 

|~nk⇤ | = 0
<latexit sha1_base64="SrX57BUSk957rwHPeenxHxGGXn8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgLkriA90IRTcuK9gHtCFMprft0MkkzEwqJe2nuHGhiFu/xJ1/47TNQlsPXDiccy/33hPEnCntON9WbmV1bX0jv1nY2t7Z3bOL+3UVJZJCjUY8ks2AKOBMQE0zzaEZSyBhwKERDO6mfmMIUrFIPOpRDF5IeoJ1GSXaSL5dHLeHQLHw04F/OhnfYMe3S07ZmQEvEzcjJZSh6ttf7U5EkxCEppwo1XKdWHspkZpRDpNCO1EQEzogPWgZKkgIyktnp0/wsVE6uBtJU0Ljmfp7IiWhUqMwMJ0h0X216E3F/7xWorvXXspEnGgQdL6om3CsIzzNAXeYBKr5yBBCJTO3YtonklBt0iqYENzFl5dJ/azsnpcvHy5Kldssjjw6REfoBLnoClXQPaqiGqLoCT2jV/Rmja0X6936mLfmrGzmAP2B9fkDOoeTVA==</latexit>

purity gap closing
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�ab = h[ ̂a,  ̂
†
b ]i = �2i

Z
d!

2⇡

⇣ 1

! �K
P

1

! �K†

⌘

ab
<latexit sha1_base64="HDzuXnF6nRuaeyR8C0Jh/CEnf6E="></latexit>



Prerequisite: spectral and purity gaps

• setting: quadratic (lattice) fermion action (e.g. after mean field decoupling)

<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!

purely 
Hamiltonian

purely 
dissipative

poles of retarded Green’s function
<latexit sha1_base64="DY6jKRS1KNr4FmJ0Rxhu0VzBpb4=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicQED5BdNeqR6MXECybySGAls8MAE+axmZnVkJVP8eJBY7z6Jd78GwfYg4KVdFKp6k53Vxgxqo3nfTuZpeWV1bXsem5jc2t7x83v1rWMFSY1LJlUzRBpwqggNUMNI81IEcRDRhrh8GriNx6I0lSKOzOKSMBRX9AexchYqePmi23JSR/BErw5uk9K/rjjFryyNwVcJH5KCiBFteN+tbsSx5wIgxnSuuV7kQkSpAzFjIxz7ViTCOEh6pOWpQJxooNkevoYHlqlC3tS2RIGTtXfEwniWo94aDs5MgM9703E/7xWbHoXQUJFFBsi8GxRL2bQSDjJAXapItiwkSUIK2pvhXiAFMLGppWzIfjzLy+S+nHZPyuf3J4WKpdpHFmwDw5AEfjgHFTANaiCGsDgETyDV/DmPDkvzrvzMWvNOOnMHvgD5/MH7BOSfw==</latexit>

(! �K)�1
• robustness of classification scheme: 2 gaps 

• spectral gap: no zero modes of spectral matrix  

• purity gap (fermions):  no zero modes of Hermitian covariance matrix  

<latexit sha1_base64="+LzDELRPtiKUlaRla2okAg2Y8t8=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4seyqqBehqIeClwr2A9ulZNNsG5pklyQrlKX/wosHRbz6b7z5b0zbPWjrg4HHezPMzAtizrRx3W9nYXFpeWU1t5Zf39jc2i7s7NZ1lChCayTikWoGWFPOJK0ZZjhtxopiEXDaCAY3Y7/xRJVmkXwww5j6AvckCxnBxkqPd+gKVdAxYredQtEtuROgeeJlpAgZqp3CV7sbkURQaQjHWrc8NzZ+ipVhhNNRvp1oGmMywD3aslRiQbWfTi4eoUOrdFEYKVvSoIn6eyLFQuuhCGynwKavZ72x+J/XSkx46adMxomhkkwXhQlHJkLj91GXKUoMH1qCiWL2VkT6WGFibEh5G4I3+/I8qZ+UvPPS6f1ZsXydxZGDfTiAI/DgAspQgSrUgICEZ3iFN0c7L8678zFtXXCymT34A+fzB9BLjxA=</latexit>

K = H � iD

static single-particle correlations

• intuition of purity gap: two-band chiral model in 1D (SSH) 
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<latexit sha1_base64="kxdPvNf1j9t/BnmwxMgi1zNkvWI=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KomKeix68VjBfkATwmY7aZduNnF3Uyhp/4kXD4p49Z9489+4bXPQ1gcDj/dmmJkXppwp7Tjf1srq2vrGZmmrvL2zu7dvHxw2VZJJCg2a8ES2Q6KAMwENzTSHdiqBxCGHVji4m/qtIUjFEvGoRyn4MekJFjFKtJEC2x57Q6BYBIOxx+EJu4FdcarODHiZuAWpoAL1wP7yugnNYhCacqJUx3VS7edEakY5TMpepiAldEB60DFUkBiUn88un+BTo3RxlEhTQuOZ+nsiJ7FSozg0nTHRfbXoTcX/vE6moxs/ZyLNNAg6XxRlHOsET2PAXSaBaj4yhFDJzK2Y9okkVJuwyiYEd/HlZdI8r7pX1YuHy0rttoijhI7RCTpDLrpGNXSP6qiBKBqiZ/SK3qzcerHerY9564pVzByhP7A+fwDhX5Ms</latexit>

|~nk|  1
<latexit sha1_base64="FkoewKianGvvZcQ79sLz8Q10q2E=">AAACFnicbVDLSgMxFM34rPVVdekmWAQXtcyoqBuh6EKXFewDOsNwJ03b0CQzJJlCKf0KN/6KGxeKuBV3/o3pY6GtBy6cnHMvufdECWfauO63s7C4tLyymlnLrm9sbm3ndnarOk4VoRUS81jVI9CUM0krhhlO64miICJOa1H3ZuTXelRpFssH009oIKAtWYsRMFYKc8f+LQgBYRfjK+wX/ALGfo8SLK3ik2ZsJk9fs7YAHObybtEdA88Tb0ryaIpymPvymzFJBZWGcNC64bmJCQagDCOcDrN+qmkCpAtt2rBUgqA6GIzPGuJDqzRxK1a2pMFj9ffEAITWfRHZTgGmo2e9kfif10hN6zIYMJmkhkoy+aiVcmxiPMoIN5mixPC+JUAUs7ti0gEFxNgkszYEb/bkeVI9KXrnxdP7s3zpehpHBu2jA3SEPHSBSugOlVEFEfSIntErenOenBfn3fmYtC4405k99AfO5w8r0Jzq</latexit>

�k = ~nk · ~�

➡ chiral winding ceases to be well defined once there is a purity gap closing
➡ concept well defined in- and out of equilibrium

|~nk| = 1
<latexit sha1_base64="lXPMeO/ppFfopvfo3fzqwULZ4xE=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKez6QC9C0IvHCOYByRJmJ51kyOzsOjMbCEm+w4sHRbz6Md78GyfJHjSxoKGo6qa7K4gF18Z1v53Myura+kZ2M7e1vbO7l98/qOooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzf1awNUmkfy0Qxj9EPalbzDGTVW8sfNATIiW/3xDfFa+YJbdGcgy8RLSQFSlFv5r2Y7YkmI0jBBtW54bmz8EVWGM4GTXDPRGFPWp11sWCppiNofzY6ekBOrtEknUrakITP198SIhloPw8B2htT09KI3Ff/zGonpXPsjLuPEoGTzRZ1EEBORaQKkzRUyI4aWUKa4vZWwHlWUGZtTzobgLb68TKpnRe+8ePlwUSjdpnFk4QiO4RQ8uIIS3EMZKsDgCZ7hFd6cgfPivDsf89aMk84cwh84nz/SN5F7</latexit>

pure state 

|~nk⇤ | = 0
<latexit sha1_base64="SrX57BUSk957rwHPeenxHxGGXn8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgLkriA90IRTcuK9gHtCFMprft0MkkzEwqJe2nuHGhiFu/xJ1/47TNQlsPXDiccy/33hPEnCntON9WbmV1bX0jv1nY2t7Z3bOL+3UVJZJCjUY8ks2AKOBMQE0zzaEZSyBhwKERDO6mfmMIUrFIPOpRDF5IeoJ1GSXaSL5dHLeHQLHw04F/OhnfYMe3S07ZmQEvEzcjJZSh6ttf7U5EkxCEppwo1XKdWHspkZpRDpNCO1EQEzogPWgZKkgIyktnp0/wsVE6uBtJU0Ljmfp7IiWhUqMwMJ0h0X216E3F/7xWorvXXspEnGgQdL6om3CsIzzNAXeYBKr5yBBCJTO3YtonklBt0iqYENzFl5dJ/azsnpcvHy5Kldssjjw6REfoBLnoClXQPaqiGqLoCT2jV/Rmja0X6936mLfmrGzmAP2B9fkDOoeTVA==</latexit>

purity gap closing
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<latexit sha1_base64="HDzuXnF6nRuaeyR8C0Jh/CEnf6E="></latexit>



<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t
<latexit sha1_base64="Cr9F3UUWIVS4ATr4/BRNa4iMtrY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3d7jLo=</latexit>�

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="tM+qpH3dONM3hfwovhHgQysG4O8=">AAAB9XicbVDLTgIxFO3gC/GFunTTSExckRlD1CXqxiUm8khgIJ1OgYZOO7Z3NGTCf7hxoTFu/Rd3/o0FZqHgSZqcnHNv7ukJYsENuO63k1tZXVvfyG8WtrZ3dveK+wcNoxJNWZ0qoXQrIIYJLlkdOAjWijUjUSBYMxjdTP3mI9OGK3kP45j5ERlI3ueUgJW6HcUl4BDwVfeh5/aKJbfszoCXiZeREspQ6xW/OqGiScQkUEGMaXtuDH5KNHAq2KTQSQyLCR2RAWtbKknEjJ/OUk/wiVVC3FfaPhtipv7eSElkzDgK7GREYGgWvan4n9dOoH/pp1zGCTBJ54f6icCg8LQCHHLNKIixJYRqbrNiOiSaULBFFWwJ3uKXl0njrOydlyt3lVL1Oqsjj47QMTpFHrpAVXSLaqiOKNLoGb2iN+fJeXHenY/5aM7Jdg7RHzifP3vokdw=</latexit>I
dtAq

0

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L

<latexit sha1_base64="zGgWK8ESyqiba6Sf2s/yV9LOSRo=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxRWYMUZeoG5eYyCOBgXQ6BRo67aTtqGTCf7hxoTFu/Rd3/o0FZqHgSZqcnHNv7ukJYs60cd1vJ7eyura+kd8sbG3v7O4V9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HoZuo3H6jSTIp7M46pH+GBYH1GsLFStyOZMCh8Qldd0vN6xZJbdmdAy8TLSAky1HrFr04oSRJRYQjHWrc9NzZ+ipVhhNNJoZNoGmMywgPatlTgiGo/naWeoBOrhKgvlX02xEz9vZHiSOtxFNjJCJuhXvSm4n9eOzH9Sz9lIk4MFWR+qJ9wZCSaVoBCpigxfGwJJorZrIgMscLE2KIKtgRv8cvLpHFW9s7LlbtKqXqd1ZGHIziGU/DgAqpwCzWoAwEFz/AKb86j8+K8Ox/z0ZyT7RzCHzifP25AkdM=</latexit>I
dxAc

1<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T

Topological field theory for mixed states: approach

• assume spectral and dissipative gap => restrict attention to density matrix

• approximate density matrix by Dirac stationary state (‘modular Hamiltonian’: H not necessarily generator of 
dynamics; equilibrium: )G = βH

Z. Huang, X. Sun, SD, PRB (2022)

{↵i,↵j} = 2�ij
<latexit sha1_base64="mdagT/0dOdH88KZy6m6Y0uPFWBQ=">AAACD3icbZC7SgNBFIZn4y3GW9TSZjAoFhJ2o6KNELSxjGAukF2Xs5NJMsnshZlZISz7Bja+io2FIra2dr6Nk2QLTfxh4OM/53Dm/F7EmVSm+W3kFhaXllfyq4W19Y3NreL2TkOGsSC0TkIeipYHknIW0LpiitNWJCj4HqdNb3g9rjcfqJAsDO7UKKKOD72AdRkBpS23eGgnNvCoD/cMH2c0sFN8iSvY7lCuwE3YIHWLJbNsToTnwcqghDLV3OKX3QlJ7NNAEQ5Sti0zUk4CQjHCaVqwY0kjIEPo0bbGAHwqnWRyT4oPtNPB3VDoFyg8cX9PJOBLOfI93emD6svZ2tj8r9aOVffCSVgQxYoGZLqoG3OsQjwOB3eYoETxkQYggum/YtIHAUTpCAs6BGv25HloVMrWSfns9rRUvcriyKM9tI+OkIXOURXdoBqqI4Ie0TN6RW/Gk/FivBsf09ackc3soj8yPn8AwOSb3A==</latexit>

• spatial gauge fields by minimal coupling of spatial derivatives:

• temporal gauge fields by minimal coupling of time derivative:

@t⇢̂ = �i(Â+
0 ⇢̂� ⇢̂Â�

0 ) + L̂[⇢̂]
<latexit sha1_base64="RuNdx0/seprZQAt45CPbfPuN3xY="></latexit>

➡ thread flux in spatial directions 

➡ thread flux in temporal directions 

Â±
0 =

Z

x
 ̂†(x)A±

0 (t,x) ̂(x)
<latexit sha1_base64="lXSJLJpeSS3nVrn+aoxpXluJwCk="></latexit>

⇢̂ = e�Ĝ
<latexit sha1_base64="OfvJnFeSb4Z6npV0Jx1FW6mcF2Y=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEN5bEB7oRii50WcE+oIllMp20QyczYWYilFDc+CtuXCji1q9w5984TbPQ1gMXDufcy733BDGjSjvOt1WYm19YXCoul1ZW19Y37M2thhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwuBr7zQciFRX8Tg9j4keox2lIMdJG6tg7Xh9p6Mm+gBeQ3KeHMBOu4ahjl52KkwHOEjcnZZCj1rG/vK7ASUS4xgwp1XadWPspkppiRkYlL1EkRniAeqRtKEcRUX6avTCC+0bpwlBIU1zDTP09kaJIqWEUmM4I6b6a9sbif1470eG5n1IeJ5pwPFkUJgxqAcd5wC6VBGs2NARhSc2tEPeRRFib1EomBHf65VnSOKq4x5XT25Ny9TKPowh2wR44AC44A1VwA2qgDjB4BM/gFbxZT9aL9W59TFoLVj6zDf7A+vwBrESVrw==</latexit>

Ĝ =

Z

x
 ̂†(x)G ̂(x)

<latexit sha1_base64="2WcQ6V1WnRGMNdo3Vfi6KzNWkjE="></latexit>

G =
nX

i=1

@i↵
i +m↵2n+1

<latexit sha1_base64="DD3uUvWZh94aM5jRjNd7xdewnxw=">AAACHnicbVDLSgMxFM34tr6qLt0EiyAUyky16KZQdKFLBVuFTjvcSdM2NMkMSUYoQ7/Ejb/ixoUigiv9G9OHoK0HAueecy8394QxZ9q47pczN7+wuLS8sppZW9/Y3Mpu79R0lChCqyTikboLQVPOJK0aZji9ixUFEXJ6G/bOh/7tPVWaRfLG9GPaENCRrM0IGCsF2dJFGfs6EUHKyt6gKbEfgzIMeMCwDzzuQpPhPBY/RVqUeW8QZHNuwR0BzxJvQnJogqsg++G3IpIIKg3hoHXdc2PTSIerCKeDjJ9oGgPpQYfWLZUgqG6ko/MG+MAqLdyOlH3S4JH6eyIFoXVfhLZTgOnqaW8o/ufVE9M+baRMxomhkowXtROOTYSHWeEWU5QY3rcEiGL2r5h0QQExNtGMDcGbPnmW1IoF76hQuj7OVc4mcaygPbSPDpGHTlAFXaIrVEUEPaAn9IJenUfn2Xlz3setc85kZhf9gfP5DReZoTk=</latexit>

@i ! @i + iAc
i (t,x)

<latexit sha1_base64="xxwlbmp1KtsuC6Yr0V7/CV5o2Rw=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoKCXxvay6cVnBPqCJYTKdtEMnkzAzEUvon7jxV9y4UETc9W+ctF3U1gMDZ865l3vv8WNGpbKsoZFbWFxaXsmvFtbWNza3zO2duowSgUkNRywSTR9JwignNUUVI81YEBT6jDT83m3mN56IkDTiD6ofEzdEHU4DipHSkmdeQCdGQlHEPAodFU1/4RGk1x59xLCk4DF0QqS6fpA+D+ChZx atsjUCnCf2hBTBBFXP/HHaEU5CwhVmSMqWbcXKTbNZmJFBwUkkiRHuoQ5pacpRSKSbju4bwAOttGEQCf24giN1uiNFoZT90NeV2Y5y1svE/7xWooIrN6U8ThTheDwoSBjUOWRhwTYVBCvW1wRhQfWuEHeRQFjpSAs6BHv25HlSPynbp+Xz+7Ni5WYSRx7sgX1QAja4BBVwB6qgBjB4AW/gA3war8a78WV8j0tzxqRnF/yBMfwF2yKg/A==</latexit>

Z[A] =
tr[ei

R T
0 dtÂ+

0 e�Ĝ[Ac
i ]e�i

R T
0 dtÂ�

0 ]

tr[e�Ĝ[Ac
i ]]

=
tr[ei

H
dtÂq

0e�Ĝ[Ac
i ]]

tr[e�Ĝ[Ac
i ]]

⌘ eiS[A]

<latexit sha1_base64="1Cv4xEdIa5g91Z9Ud1bmYn4kzmw="></latexit>

• object of interest: effective gauge response action S[A]
I

dtÂq
0 ⌘

Z T

0
dt(Â+

0 (t)� Â�
0 (t))

<latexit sha1_base64="sWlpBD0mKm4Tq9e094p/tBujbwQ="></latexit>



<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t
<latexit sha1_base64="Cr9F3UUWIVS4ATr4/BRNa4iMtrY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3d7jLo=</latexit>�

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="tM+qpH3dONM3hfwovhHgQysG4O8=">AAAB9XicbVDLTgIxFO3gC/GFunTTSExckRlD1CXqxiUm8khgIJ1OgYZOO7Z3NGTCf7hxoTFu/Rd3/o0FZqHgSZqcnHNv7ukJYsENuO63k1tZXVvfyG8WtrZ3dveK+wcNoxJNWZ0qoXQrIIYJLlkdOAjWijUjUSBYMxjdTP3mI9OGK3kP45j5ERlI3ueUgJW6HcUl4BDwVfeh5/aKJbfszoCXiZeREspQ6xW/OqGiScQkUEGMaXtuDH5KNHAq2KTQSQyLCR2RAWtbKknEjJ/OUk/wiVVC3FfaPhtipv7eSElkzDgK7GREYGgWvan4n9dOoH/pp1zGCTBJ54f6icCg8LQCHHLNKIixJYRqbrNiOiSaULBFFWwJ3uKXl0njrOydlyt3lVL1Oqsjj47QMTpFHrpAVXSLaqiOKNLoGb2iN+fJeXHenY/5aM7Jdg7RHzifP3vokdw=</latexit>I
dtAq

0

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L

<latexit sha1_base64="zGgWK8ESyqiba6Sf2s/yV9LOSRo=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxRWYMUZeoG5eYyCOBgXQ6BRo67aTtqGTCf7hxoTFu/Rd3/o0FZqHgSZqcnHNv7ukJYs60cd1vJ7eyura+kd8sbG3v7O4V9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HoZuo3H6jSTIp7M46pH+GBYH1GsLFStyOZMCh8Qldd0vN6xZJbdmdAy8TLSAky1HrFr04oSRJRYQjHWrc9NzZ+ipVhhNNJoZNoGmMywgPatlTgiGo/naWeoBOrhKgvlX02xEz9vZHiSOtxFNjJCJuhXvSm4n9eOzH9Sz9lIk4MFWR+qJ9wZCSaVoBCpigxfGwJJorZrIgMscLE2KIKtgRv8cvLpHFW9s7LlbtKqXqd1ZGHIziGU/DgAqpwCzWoAwEFz/AKb86j8+K8Ox/z0ZyT7RzCHzifP25AkdM=</latexit>I
dxAc

1<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T

Topological field theory for mixed states: approach

• assume spectral and dissipative gap => restrict attention to density matrix

• approximate density matrix by Dirac stationary state (‘modular Hamiltonian’: H not necessarily generator of 
dynamics; equilibrium: )G = βH

Z. Huang, X. Sun, SD, PRB (2022)

{↵i,↵j} = 2�ij
<latexit sha1_base64="mdagT/0dOdH88KZy6m6Y0uPFWBQ=">AAACD3icbZC7SgNBFIZn4y3GW9TSZjAoFhJ2o6KNELSxjGAukF2Xs5NJMsnshZlZISz7Bja+io2FIra2dr6Nk2QLTfxh4OM/53Dm/F7EmVSm+W3kFhaXllfyq4W19Y3NreL2TkOGsSC0TkIeipYHknIW0LpiitNWJCj4HqdNb3g9rjcfqJAsDO7UKKKOD72AdRkBpS23eGgnNvCoD/cMH2c0sFN8iSvY7lCuwE3YIHWLJbNsToTnwcqghDLV3OKX3QlJ7NNAEQ5Sti0zUk4CQjHCaVqwY0kjIEPo0bbGAHwqnWRyT4oPtNPB3VDoFyg8cX9PJOBLOfI93emD6svZ2tj8r9aOVffCSVgQxYoGZLqoG3OsQjwOB3eYoETxkQYggum/YtIHAUTpCAs6BGv25HloVMrWSfns9rRUvcriyKM9tI+OkIXOURXdoBqqI4Ie0TN6RW/Gk/FivBsf09ackc3soj8yPn8AwOSb3A==</latexit>

• spatial gauge fields by minimal coupling of spatial derivatives:

• temporal gauge fields by minimal coupling of time derivative:

@t⇢̂ = �i(Â+
0 ⇢̂� ⇢̂Â�

0 ) + L̂[⇢̂]
<latexit sha1_base64="RuNdx0/seprZQAt45CPbfPuN3xY="></latexit>

➡ thread flux in spatial directions 

➡ thread flux in temporal directions 

Â±
0 =

Z

x
 ̂†(x)A±

0 (t,x) ̂(x)
<latexit sha1_base64="lXSJLJpeSS3nVrn+aoxpXluJwCk="></latexit>

⇢̂ = e�Ĝ
<latexit sha1_base64="OfvJnFeSb4Z6npV0Jx1FW6mcF2Y=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEN5bEB7oRii50WcE+oIllMp20QyczYWYilFDc+CtuXCji1q9w5984TbPQ1gMXDufcy733BDGjSjvOt1WYm19YXCoul1ZW19Y37M2thhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwuBr7zQciFRX8Tg9j4keox2lIMdJG6tg7Xh9p6Mm+gBeQ3KeHMBOu4ahjl52KkwHOEjcnZZCj1rG/vK7ASUS4xgwp1XadWPspkppiRkYlL1EkRniAeqRtKEcRUX6avTCC+0bpwlBIU1zDTP09kaJIqWEUmM4I6b6a9sbif1470eG5n1IeJ5pwPFkUJgxqAcd5wC6VBGs2NARhSc2tEPeRRFib1EomBHf65VnSOKq4x5XT25Ny9TKPowh2wR44AC44A1VwA2qgDjB4BM/gFbxZT9aL9W59TFoLVj6zDf7A+vwBrESVrw==</latexit>

Ĝ =

Z

x
 ̂†(x)G ̂(x)

<latexit sha1_base64="2WcQ6V1WnRGMNdo3Vfi6KzNWkjE="></latexit>

G =
nX

i=1

@i↵
i +m↵2n+1

<latexit sha1_base64="DD3uUvWZh94aM5jRjNd7xdewnxw=">AAACHnicbVDLSgMxFM34tr6qLt0EiyAUyky16KZQdKFLBVuFTjvcSdM2NMkMSUYoQ7/Ejb/ixoUigiv9G9OHoK0HAueecy8394QxZ9q47pczN7+wuLS8sppZW9/Y3Mpu79R0lChCqyTikboLQVPOJK0aZji9ixUFEXJ6G/bOh/7tPVWaRfLG9GPaENCRrM0IGCsF2dJFGfs6EUHKyt6gKbEfgzIMeMCwDzzuQpPhPBY/RVqUeW8QZHNuwR0BzxJvQnJogqsg++G3IpIIKg3hoHXdc2PTSIerCKeDjJ9oGgPpQYfWLZUgqG6ko/MG+MAqLdyOlH3S4JH6eyIFoXVfhLZTgOnqaW8o/ufVE9M+baRMxomhkowXtROOTYSHWeEWU5QY3rcEiGL2r5h0QQExNtGMDcGbPnmW1IoF76hQuj7OVc4mcaygPbSPDpGHTlAFXaIrVEUEPaAn9IJenUfn2Xlz3setc85kZhf9gfP5DReZoTk=</latexit>

@i ! @i + iAc
i (t,x)

<latexit sha1_base64="xxwlbmp1KtsuC6Yr0V7/CV5o2Rw=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoKCXxvay6cVnBPqCJYTKdtEMnkzAzEUvon7jxV9y4UETc9W+ctF3U1gMDZ865l3vv8WNGpbKsoZFbWFxaXsmvFtbWNza3zO2duowSgUkNRywSTR9JwignNUUVI81YEBT6jDT83m3mN56IkDTiD6ofEzdEHU4DipHSkmdeQCdGQlHEPAodFU1/4RGk1x59xLCk4DF0QqS6fpA+D+ChZx atsjUCnCf2hBTBBFXP/HHaEU5CwhVmSMqWbcXKTbNZmJFBwUkkiRHuoQ5pacpRSKSbju4bwAOttGEQCf24giN1uiNFoZT90NeV2Y5y1svE/7xWooIrN6U8ThTheDwoSBjUOWRhwTYVBCvW1wRhQfWuEHeRQFjpSAs6BHv25HlSPynbp+Xz+7Ni5WYSRx7sgX1QAja4BBVwB6qgBjB4AW/gA3war8a78WV8j0tzxqRnF/yBMfwF2yKg/A==</latexit>

Z[A] =
tr[ei

R T
0 dtÂ+

0 e�Ĝ[Ac
i ]e�i

R T
0 dtÂ�

0 ]

tr[e�Ĝ[Ac
i ]]

=
tr[ei

H
dtÂq

0e�Ĝ[Ac
i ]]

tr[e�Ĝ[Ac
i ]]

⌘ eiS[A]

<latexit sha1_base64="1Cv4xEdIa5g91Z9Ud1bmYn4kzmw="></latexit>

• object of interest: effective gauge response action S[A]
I

dtÂq
0 ⌘

Z T

0
dt(Â+

0 (t)� Â�
0 (t))

<latexit sha1_base64="sWlpBD0mKm4Tq9e094p/tBujbwQ="></latexit>



<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t
<latexit sha1_base64="Cr9F3UUWIVS4ATr4/BRNa4iMtrY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3d7jLo=</latexit>�

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="tM+qpH3dONM3hfwovhHgQysG4O8=">AAAB9XicbVDLTgIxFO3gC/GFunTTSExckRlD1CXqxiUm8khgIJ1OgYZOO7Z3NGTCf7hxoTFu/Rd3/o0FZqHgSZqcnHNv7ukJYsENuO63k1tZXVvfyG8WtrZ3dveK+wcNoxJNWZ0qoXQrIIYJLlkdOAjWijUjUSBYMxjdTP3mI9OGK3kP45j5ERlI3ueUgJW6HcUl4BDwVfeh5/aKJbfszoCXiZeREspQ6xW/OqGiScQkUEGMaXtuDH5KNHAq2KTQSQyLCR2RAWtbKknEjJ/OUk/wiVVC3FfaPhtipv7eSElkzDgK7GREYGgWvan4n9dOoH/pp1zGCTBJ54f6icCg8LQCHHLNKIixJYRqbrNiOiSaULBFFWwJ3uKXl0njrOydlyt3lVL1Oqsjj47QMTpFHrpAVXSLaqiOKNLoGb2iN+fJeXHenY/5aM7Jdg7RHzifP3vokdw=</latexit>I
dtAq

0

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L

<latexit sha1_base64="zGgWK8ESyqiba6Sf2s/yV9LOSRo=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxRWYMUZeoG5eYyCOBgXQ6BRo67aTtqGTCf7hxoTFu/Rd3/o0FZqHgSZqcnHNv7ukJYs60cd1vJ7eyura+kd8sbG3v7O4V9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HoZuo3H6jSTIp7M46pH+GBYH1GsLFStyOZMCh8Qldd0vN6xZJbdmdAy8TLSAky1HrFr04oSRJRYQjHWrc9NzZ+ipVhhNNJoZNoGmMywgPatlTgiGo/naWeoBOrhKgvlX02xEz9vZHiSOtxFNjJCJuhXvSm4n9eOzH9Sz9lIk4MFWR+qJ9wZCSaVoBCpigxfGwJJorZrIgMscLE2KIKtgRv8cvLpHFW9s7LlbtKqXqd1ZGHIziGU/DgAqpwCzWoAwEFz/AKb86j8+K8Ox/z0ZyT7RzCHzifP25AkdM=</latexit>I
dxAc

1<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T

Topological field theory for mixed states: approach

• assume spectral and dissipative gap => restrict attention to density matrix

• approximate density matrix by Dirac stationary state (‘modular Hamiltonian’: H not necessarily generator of 
dynamics; equilibrium: )G = βH

Z. Huang, X. Sun, SD, PRB (2022)

{↵i,↵j} = 2�ij
<latexit sha1_base64="mdagT/0dOdH88KZy6m6Y0uPFWBQ=">AAACD3icbZC7SgNBFIZn4y3GW9TSZjAoFhJ2o6KNELSxjGAukF2Xs5NJMsnshZlZISz7Bja+io2FIra2dr6Nk2QLTfxh4OM/53Dm/F7EmVSm+W3kFhaXllfyq4W19Y3NreL2TkOGsSC0TkIeipYHknIW0LpiitNWJCj4HqdNb3g9rjcfqJAsDO7UKKKOD72AdRkBpS23eGgnNvCoD/cMH2c0sFN8iSvY7lCuwE3YIHWLJbNsToTnwcqghDLV3OKX3QlJ7NNAEQ5Sti0zUk4CQjHCaVqwY0kjIEPo0bbGAHwqnWRyT4oPtNPB3VDoFyg8cX9PJOBLOfI93emD6svZ2tj8r9aOVffCSVgQxYoGZLqoG3OsQjwOB3eYoETxkQYggum/YtIHAUTpCAs6BGv25HloVMrWSfns9rRUvcriyKM9tI+OkIXOURXdoBqqI4Ie0TN6RW/Gk/FivBsf09ackc3soj8yPn8AwOSb3A==</latexit>

• spatial gauge fields by minimal coupling of spatial derivatives:

• temporal gauge fields by minimal coupling of time derivative:

@t⇢̂ = �i(Â+
0 ⇢̂� ⇢̂Â�

0 ) + L̂[⇢̂]
<latexit sha1_base64="RuNdx0/seprZQAt45CPbfPuN3xY="></latexit>

➡ thread flux in spatial directions 

➡ thread flux in temporal directions 

Â±
0 =

Z

x
 ̂†(x)A±

0 (t,x) ̂(x)
<latexit sha1_base64="lXSJLJpeSS3nVrn+aoxpXluJwCk="></latexit>

⇢̂ = e�Ĝ
<latexit sha1_base64="OfvJnFeSb4Z6npV0Jx1FW6mcF2Y=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEN5bEB7oRii50WcE+oIllMp20QyczYWYilFDc+CtuXCji1q9w5984TbPQ1gMXDufcy733BDGjSjvOt1WYm19YXCoul1ZW19Y37M2thhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwuBr7zQciFRX8Tg9j4keox2lIMdJG6tg7Xh9p6Mm+gBeQ3KeHMBOu4ahjl52KkwHOEjcnZZCj1rG/vK7ASUS4xgwp1XadWPspkppiRkYlL1EkRniAeqRtKEcRUX6avTCC+0bpwlBIU1zDTP09kaJIqWEUmM4I6b6a9sbif1470eG5n1IeJ5pwPFkUJgxqAcd5wC6VBGs2NARhSc2tEPeRRFib1EomBHf65VnSOKq4x5XT25Ny9TKPowh2wR44AC44A1VwA2qgDjB4BM/gFbxZT9aL9W59TFoLVj6zDf7A+vwBrESVrw==</latexit>

Ĝ =

Z

x
 ̂†(x)G ̂(x)

<latexit sha1_base64="2WcQ6V1WnRGMNdo3Vfi6KzNWkjE="></latexit>

G =
nX

i=1

@i↵
i +m↵2n+1

<latexit sha1_base64="DD3uUvWZh94aM5jRjNd7xdewnxw=">AAACHnicbVDLSgMxFM34tr6qLt0EiyAUyky16KZQdKFLBVuFTjvcSdM2NMkMSUYoQ7/Ejb/ixoUigiv9G9OHoK0HAueecy8394QxZ9q47pczN7+wuLS8sppZW9/Y3Mpu79R0lChCqyTikboLQVPOJK0aZji9ixUFEXJ6G/bOh/7tPVWaRfLG9GPaENCRrM0IGCsF2dJFGfs6EUHKyt6gKbEfgzIMeMCwDzzuQpPhPBY/RVqUeW8QZHNuwR0BzxJvQnJogqsg++G3IpIIKg3hoHXdc2PTSIerCKeDjJ9oGgPpQYfWLZUgqG6ko/MG+MAqLdyOlH3S4JH6eyIFoXVfhLZTgOnqaW8o/ufVE9M+baRMxomhkowXtROOTYSHWeEWU5QY3rcEiGL2r5h0QQExNtGMDcGbPnmW1IoF76hQuj7OVc4mcaygPbSPDpGHTlAFXaIrVEUEPaAn9IJenUfn2Xlz3setc85kZhf9gfP5DReZoTk=</latexit>

@i ! @i + iAc
i (t,x)

<latexit sha1_base64="xxwlbmp1KtsuC6Yr0V7/CV5o2Rw=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoKCXxvay6cVnBPqCJYTKdtEMnkzAzEUvon7jxV9y4UETc9W+ctF3U1gMDZ865l3vv8WNGpbKsoZFbWFxaXsmvFtbWNza3zO2duowSgUkNRywSTR9JwignNUUVI81YEBT6jDT83m3mN56IkDTiD6ofEzdEHU4DipHSkmdeQCdGQlHEPAodFU1/4RGk1x59xLCk4DF0QqS6fpA+D+ChZx atsjUCnCf2hBTBBFXP/HHaEU5CwhVmSMqWbcXKTbNZmJFBwUkkiRHuoQ5pacpRSKSbju4bwAOttGEQCf24giN1uiNFoZT90NeV2Y5y1svE/7xWooIrN6U8ThTheDwoSBjUOWRhwTYVBCvW1wRhQfWuEHeRQFjpSAs6BHv25HlSPynbp+Xz+7Ni5WYSRx7sgX1QAja4BBVwB6qgBjB4AW/gA3war8a78WV8j0tzxqRnF/yBMfwF2yKg/A==</latexit>
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⌘ eiS[A]

<latexit sha1_base64="1Cv4xEdIa5g91Z9Ud1bmYn4kzmw="></latexit>

• object of interest: effective gauge response action S[A]
I

dtÂq
0 ⌘

Z T

0
dt(Â+

0 (t)� Â�
0 (t))

<latexit sha1_base64="sWlpBD0mKm4Tq9e094p/tBujbwQ="></latexit>



Topological field theory for mixed states: toy example

• topological field theory in 0+1 dimensions: single fermion mode

Z. Huang, X. Sun, SD, PRB (2022)

➡ reduces to (0+1) Chern-Simons term at T =0:  

Ĥ = m ̂
†
 ̂

<latexit sha1_base64="G3xVcpxj8yjBplGciYAqcZ7iCVY=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjM+0I1QdNNlBVsLnbHcyaRtaCYzJBmhDP0AN/6KGxeKuPUD3Pk3ptMBtfVA4OScc0nu8WPOlLbtL6uwsLi0vFJcLa2tb2xulbd3WipKJKFNEvFItn1QlDNBm5ppTtuxpBD6nN76w6uJf3tPpWKRuNGjmHoh9AXrMQLaSN1yxR2AxnV8gUOcUTdW7M4NoP9zNSm7amfA88TJSQXlaHTLn24QkSSkQhMOSnUcO9ZeClIzwum45CaKxkCG0KcdQwWEVHlptswYHxglwL1ImiM0ztTfEymESo1C3yRD0AM1603E/7xOonvnXspEnGgqyPShXsKxjvCkGRwwSYnmI0OASGb+iskAJBBt+iuZEpzZledJ66jqHFdPr08qtcu8jiLaQ/voEDnoDNVQHTVQExH0gJ7QC3q1Hq1n6816n0YLVj6zi/7A+vgGQ/aZ4w==</latexit>

⇢̂ = e��Ĥ

<latexit sha1_base64="Mq6msm0T4kflOGVRsMdc0cpZcVs=">AAACB3icbVDJSgNBEO2JW4xb1KMgjUHwYphxQS9C0EuOEcwCmRh6OpWkSc9Cd40Qhty8+CtePCji1V/w5t/YmeSgiQ8KHu9VUVXPi6TQaNvfVmZhcWl5JbuaW1vf2NzKb+/UdBgrDlUeylA1PKZBigCqKFBCI1LAfE9C3RvcjP36AygtwuAOhxG0fNYLRFdwhkZq5/fdPkPqqn5IryjcJ8euB8hoqpbpqJ0v2EU7BZ0nzpQUyBSVdv7L7YQ89iFALpnWTceOsJUwhYJLGOXcWEPE+ID1oGlowHzQrST9Y0QPjdKh3VCZCpCm6u+JhPlaD33PdPoM+3rWG4v/ec0Yu5etRARRjBDwyaJuLCmGdBwK7QgFHOXQEMaVMLdS3meKcTTR5UwIzuzL86R2UnROi+e3Z4XS9TSOLNkjB+SIOOSClEiZVEiVcPJInskrebOerBfr3fqYtGas6cwu+QPr8weT45fa</latexit>

stationary state

• gauge field: minimal coupling, only 0-component

S[Aq
0] = � 1

2a0 +
sign(m)

2 Re{�2i ln[cos(a0
2 ) + i tanh(�|m|

2 ) sin(a0
2 )]}

<latexit sha1_base64="vmg0WoOEYwrvCCDbYv8oaeWCmvw="></latexit>

a0 =

I
dtAq

0
<latexit sha1_base64="kejHJlt48qNDs+xmALvTyNhuBko=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzLjA90IVTcuK9gHtOOQyWTa0EwyJhmhDsVfceNCEbf+hzv/xrSdhbYeCBzOuZd7coKEUaUd59sqzM0vLC4Vl0srq2vrG/bmVkOJVGJSx4IJ2QqQIoxyUtdUM9JKJEFxwEgz6F+N/OYDkYoKfqsHCfFi1OU0ohhpI/n2DvIdeA47gnINQw0v7u59x7fLTsUZA84SNydlkKPm21+dUOA0JlxjhpRqu06ivQxJTTEjw1InVSRBuI+6pG0oRzFRXjZOP4T7RglhJKR5JsRY/b2RoVipQRyYyRjpnpr2RuJ/XjvV0ZmXUZ6kmnA8ORSlDGoBR1XAkEqCNRsYgrCkJivEPSQR1qawkinBnf7yLGkcVtyjysnNcbl6mddRBLtgDxwAF5yCKrgGNVAHGDyCZ/AK3qwn68V6tz4mowUr39kGf2B9/gATdJO0</latexit>

� = 1/T
<latexit sha1_base64="PkrymCChitJaTs6qLIZRIuSMZdY=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKe76QC9C0IvHCHnBZgmzk9lkyOzMMtMrhCWf4cWDIl79Gm/+jZNkD5pY0FBUddPdFSaCG3Ddb6ewsrq2vlHcLG1t7+zulfcPWkalmrImVULpTkgME1yyJnAQrJNoRuJQsHY4up/67SemDVeyAeOEBTEZSB5xSsBKfjdkQPAt9s4avXLFrboz4GXi5aSCctR75a9uX9E0ZhKoIMb4nptAkBENnAo2KXVTwxJCR2TAfEsliZkJstnJE3xilT6OlLYlAc/U3xMZiY0Zx6HtjAkMzaI3Ff/z/BSimyDjMkmBSTpfFKUCg8LT/3Gfa0ZBjC0hVHN7K6ZDogkFm1LJhuAtvrxMWudV76J69XhZqd3lcRTRETpGp8hD16iGHlAdNRFFCj2jV/TmgPPivDsf89aCk88coj9wPn8AgIaQGA==</latexit>

➡ but preserves topology for any T: large U(1) gauge transformation produces quantized coefficient

S[Aq
0] =

1
2 [�1 + sign(m)]

I
Aq

0(t).
<latexit sha1_base64="qb5SJvQU6b1k0YEGuBrNzQjgrug="></latexit>

• generalisation to 2n+1 dimensions: Dirac Hamiltonian

➡ topological contribution to effective action computed exactly based on the Atiyah-Singer index theorem 

• partition function and effective action can be computed exactly

Z[Aq
0] = eiS[Aq

0]
<latexit sha1_base64="QyZ0gtkBUaTsasiyHKKy5MH4+jA=">AAACA3icbVC7SgNBFL3rM8bXqp02g0GwCrs+0EaI2lhGNA/cbJbZySQZMvtwZlYIS8DGX7GxUMTWn7Dzb5wkW2jigQtnzrmXuff4MWdSWda3MTM7N7+wmFvKL6+srq2bG5tVGSWC0AqJeCTqPpaUs5BWFFOc1mNBceBzWvN7l0O/9kCFZFF4q/oxdQPcCVmbEay05Jnbd865ZzXvXXSGaDNl6CZ7D5BnFqyiNQKaJnZGCpCh7JlfjVZEkoCGinAspWNbsXJTLBQjnA7yjUTSGJMe7lBH0xAHVLrp6IYB2tNKC7UjoStUaKT+nkhxIGU/8HVngFVXTnpD8T/PSVT71E1ZGCeKhmT8UTvhSEVoGAhqMUGJ4n1NMBFM74pIFwtMlI4tr0OwJ0+eJtWDon1YPL4+KpQusjhysAO7sA82nEAJrqAMFSDwCM/wCm/Gk/FivBsf49YZI5vZgj8wPn8AKhOV8g==</latexit>

H =
nX

i=1

@i↵
i +m↵

2n+1

<latexit sha1_base64="/EBwsvLbdjQTxJhMG3vUMM1yyOA=">AAACHnicbVDLSgMxFM34tr5GXboJFkEQyky16KZQdONSwT6g0w530tSGJpkhyQhl6Je48VfcuFBEcKV/Y1pH8HUgcO4593JzT5Rwpo3nvTszs3PzC4tLy4WV1bX1DXdzq6HjVBFaJzGPVSsCTTmTtG6Y4bSVKAoi4rQZDc8mfvOGKs1ieWVGCe0IuJaszwgYK4Vu5byKA52KMGNVf9yVOEhAGQY8ZDgAngygy/ABFl9FVpYH/jh0i17JmwL/JX5OiijHRei+Br2YpIJKQzho3fa9xHSyySrC6bgQpJomQIZwTduWShBUd7LpeWO8Z5Ue7sfKPmnwVP0+kYHQeiQi2ynADPRvbyL+57VT0z/pZEwmqaGSfC7qpxybGE+ywj2mKDF8ZAkQxexfMRmAAmJsogUbgv/75L+kUS75h6XK5VGxdprHsYR20C7aRz46RjV0ji5QHRF0i+7RI3py7pwH59l5+WydcfKZbfQDztsHGVGhOg==</latexit>

{↵i,↵j} = 2�ij
<latexit sha1_base64="mdagT/0dOdH88KZy6m6Y0uPFWBQ=">AAACD3icbZC7SgNBFIZn4y3GW9TSZjAoFhJ2o6KNELSxjGAukF2Xs5NJMsnshZlZISz7Bja+io2FIra2dr6Nk2QLTfxh4OM/53Dm/F7EmVSm+W3kFhaXllfyq4W19Y3NreL2TkOGsSC0TkIeipYHknIW0LpiitNWJCj4HqdNb3g9rjcfqJAsDO7UKKKOD72AdRkBpS23eGgnNvCoD/cMH2c0sFN8iSvY7lCuwE3YIHWLJbNsToTnwcqghDLV3OKX3QlJ7NNAEQ5Sti0zUk4CQjHCaVqwY0kjIEPo0bbGAHwqnWRyT4oPtNPB3VDoFyg8cX9PJOBLOfI93emD6svZ2tj8r9aOVffCSVgQxYoGZLqoG3OsQjwOB3eYoETxkQYggum/YtIHAUTpCAs6BGv25HloVMrWSfns9rRUvcriyKM9tI+OkIXOURXdoBqqI4Ie0TN6RW/Gk/FivBsf09ackc3soj8yPn8AwOSb3A==</latexit>

Ĥ =

Z
d
2n
x ̂

†(x)H ̂(x)
<latexit sha1_base64="gPHL0z/Eog13lwqdVv9c7i93gHE="></latexit>

⇢̂ = e��Ĥ

<latexit sha1_base64="Mq6msm0T4kflOGVRsMdc0cpZcVs=">AAACB3icbVDJSgNBEO2JW4xb1KMgjUHwYphxQS9C0EuOEcwCmRh6OpWkSc9Cd40Qhty8+CtePCji1V/w5t/YmeSgiQ8KHu9VUVXPi6TQaNvfVmZhcWl5JbuaW1vf2NzKb+/UdBgrDlUeylA1PKZBigCqKFBCI1LAfE9C3RvcjP36AygtwuAOhxG0fNYLRFdwhkZq5/fdPkPqqn5IryjcJ8euB8hoqpbpqJ0v2EU7BZ0nzpQUyBSVdv7L7YQ89iFALpnWTceOsJUwhYJLGOXcWEPE+ID1oGlowHzQrST9Y0QPjdKh3VCZCpCm6u+JhPlaD33PdPoM+3rWG4v/ec0Yu5etRARRjBDwyaJuLCmGdBwK7QgFHOXQEMaVMLdS3meKcTTR5UwIzuzL86R2UnROi+e3Z4XS9TSOLNkjB+SIOOSClEiZVEiVcPJInskrebOerBfr3fqYtGas6cwu+QPr8weT45fa</latexit>

a0 ! a0 + 2⇡ =) S|a0+2⇡
a0

= 2⇡ 1
2 [�1 + sign(m))] 2 2⇡Z

<latexit sha1_base64="t+xj4Vw6GLAvmDJpmdB4uhlFnQE="></latexit>



Topological field theory for mixed states: toy example

• topological field theory in 0+1 dimensions: single fermion mode

Z. Huang, X. Sun, SD, PRB (2022)

➡ reduces to (0+1) Chern-Simons term at T =0:  

Ĥ = m ̂
†
 ̂

<latexit sha1_base64="G3xVcpxj8yjBplGciYAqcZ7iCVY=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjM+0I1QdNNlBVsLnbHcyaRtaCYzJBmhDP0AN/6KGxeKuPUD3Pk3ptMBtfVA4OScc0nu8WPOlLbtL6uwsLi0vFJcLa2tb2xulbd3WipKJKFNEvFItn1QlDNBm5ppTtuxpBD6nN76w6uJf3tPpWKRuNGjmHoh9AXrMQLaSN1yxR2AxnV8gUOcUTdW7M4NoP9zNSm7amfA88TJSQXlaHTLn24QkSSkQhMOSnUcO9ZeClIzwum45CaKxkCG0KcdQwWEVHlptswYHxglwL1ImiM0ztTfEymESo1C3yRD0AM1603E/7xOonvnXspEnGgqyPShXsKxjvCkGRwwSYnmI0OASGb+iskAJBBt+iuZEpzZledJ66jqHFdPr08qtcu8jiLaQ/voEDnoDNVQHTVQExH0gJ7QC3q1Hq1n6816n0YLVj6zi/7A+vgGQ/aZ4w==</latexit>

⇢̂ = e��Ĥ

<latexit sha1_base64="Mq6msm0T4kflOGVRsMdc0cpZcVs=">AAACB3icbVDJSgNBEO2JW4xb1KMgjUHwYphxQS9C0EuOEcwCmRh6OpWkSc9Cd40Qhty8+CtePCji1V/w5t/YmeSgiQ8KHu9VUVXPi6TQaNvfVmZhcWl5JbuaW1vf2NzKb+/UdBgrDlUeylA1PKZBigCqKFBCI1LAfE9C3RvcjP36AygtwuAOhxG0fNYLRFdwhkZq5/fdPkPqqn5IryjcJ8euB8hoqpbpqJ0v2EU7BZ0nzpQUyBSVdv7L7YQ89iFALpnWTceOsJUwhYJLGOXcWEPE+ID1oGlowHzQrST9Y0QPjdKh3VCZCpCm6u+JhPlaD33PdPoM+3rWG4v/ec0Yu5etRARRjBDwyaJuLCmGdBwK7QgFHOXQEMaVMLdS3meKcTTR5UwIzuzL86R2UnROi+e3Z4XS9TSOLNkjB+SIOOSClEiZVEiVcPJInskrebOerBfr3fqYtGas6cwu+QPr8weT45fa</latexit>

stationary state

• gauge field: minimal coupling, only 0-component

S[Aq
0] = � 1

2a0 +
sign(m)

2 Re{�2i ln[cos(a0
2 ) + i tanh(�|m|

2 ) sin(a0
2 )]}

<latexit sha1_base64="vmg0WoOEYwrvCCDbYv8oaeWCmvw="></latexit>

a0 =

I
dtAq

0
<latexit sha1_base64="kejHJlt48qNDs+xmALvTyNhuBko=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzLjA90IVTcuK9gHtOOQyWTa0EwyJhmhDsVfceNCEbf+hzv/xrSdhbYeCBzOuZd7coKEUaUd59sqzM0vLC4Vl0srq2vrG/bmVkOJVGJSx4IJ2QqQIoxyUtdUM9JKJEFxwEgz6F+N/OYDkYoKfqsHCfFi1OU0ohhpI/n2DvIdeA47gnINQw0v7u59x7fLTsUZA84SNydlkKPm21+dUOA0JlxjhpRqu06ivQxJTTEjw1InVSRBuI+6pG0oRzFRXjZOP4T7RglhJKR5JsRY/b2RoVipQRyYyRjpnpr2RuJ/XjvV0ZmXUZ6kmnA8ORSlDGoBR1XAkEqCNRsYgrCkJivEPSQR1qawkinBnf7yLGkcVtyjysnNcbl6mddRBLtgDxwAF5yCKrgGNVAHGDyCZ/AK3qwn68V6tz4mowUr39kGf2B9/gATdJO0</latexit>

� = 1/T
<latexit sha1_base64="PkrymCChitJaTs6qLIZRIuSMZdY=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKe76QC9C0IvHCHnBZgmzk9lkyOzMMtMrhCWf4cWDIl79Gm/+jZNkD5pY0FBUddPdFSaCG3Ddb6ewsrq2vlHcLG1t7+zulfcPWkalmrImVULpTkgME1yyJnAQrJNoRuJQsHY4up/67SemDVeyAeOEBTEZSB5xSsBKfjdkQPAt9s4avXLFrboz4GXi5aSCctR75a9uX9E0ZhKoIMb4nptAkBENnAo2KXVTwxJCR2TAfEsliZkJstnJE3xilT6OlLYlAc/U3xMZiY0Zx6HtjAkMzaI3Ff/z/BSimyDjMkmBSTpfFKUCg8LT/3Gfa0ZBjC0hVHN7K6ZDogkFm1LJhuAtvrxMWudV76J69XhZqd3lcRTRETpGp8hD16iGHlAdNRFFCj2jV/TmgPPivDsf89aCk88coj9wPn8AgIaQGA==</latexit>

➡ but preserves topology for any T: large U(1) gauge transformation produces quantized coefficient

S[Aq
0] =

1
2 [�1 + sign(m)]

I
Aq

0(t).
<latexit sha1_base64="qb5SJvQU6b1k0YEGuBrNzQjgrug="></latexit>

• generalisation to 2n+1 dimensions: Dirac Hamiltonian

➡ topological contribution to effective action computed exactly based on the Atiyah-Singer index theorem 

• partition function and effective action can be computed exactly

Z[Aq
0] = eiS[Aq

0]
<latexit sha1_base64="QyZ0gtkBUaTsasiyHKKy5MH4+jA=">AAACA3icbVC7SgNBFL3rM8bXqp02g0GwCrs+0EaI2lhGNA/cbJbZySQZMvtwZlYIS8DGX7GxUMTWn7Dzb5wkW2jigQtnzrmXuff4MWdSWda3MTM7N7+wmFvKL6+srq2bG5tVGSWC0AqJeCTqPpaUs5BWFFOc1mNBceBzWvN7l0O/9kCFZFF4q/oxdQPcCVmbEay05Jnbd865ZzXvXXSGaDNl6CZ7D5BnFqyiNQKaJnZGCpCh7JlfjVZEkoCGinAspWNbsXJTLBQjnA7yjUTSGJMe7lBH0xAHVLrp6IYB2tNKC7UjoStUaKT+nkhxIGU/8HVngFVXTnpD8T/PSVT71E1ZGCeKhmT8UTvhSEVoGAhqMUGJ4n1NMBFM74pIFwtMlI4tr0OwJ0+eJtWDon1YPL4+KpQusjhysAO7sA82nEAJrqAMFSDwCM/wCm/Gk/FivBsf49YZI5vZgj8wPn8AKhOV8g==</latexit>

H =
nX

i=1

@i↵
i +m↵

2n+1

<latexit sha1_base64="/EBwsvLbdjQTxJhMG3vUMM1yyOA=">AAACHnicbVDLSgMxFM34tr5GXboJFkEQyky16KZQdONSwT6g0w530tSGJpkhyQhl6Je48VfcuFBEcKV/Y1pH8HUgcO4593JzT5Rwpo3nvTszs3PzC4tLy4WV1bX1DXdzq6HjVBFaJzGPVSsCTTmTtG6Y4bSVKAoi4rQZDc8mfvOGKs1ieWVGCe0IuJaszwgYK4Vu5byKA52KMGNVf9yVOEhAGQY8ZDgAngygy/ABFl9FVpYH/jh0i17JmwL/JX5OiijHRei+Br2YpIJKQzho3fa9xHSyySrC6bgQpJomQIZwTduWShBUd7LpeWO8Z5Ue7sfKPmnwVP0+kYHQeiQi2ynADPRvbyL+57VT0z/pZEwmqaGSfC7qpxybGE+ywj2mKDF8ZAkQxexfMRmAAmJsogUbgv/75L+kUS75h6XK5VGxdprHsYR20C7aRz46RjV0ji5QHRF0i+7RI3py7pwH59l5+WydcfKZbfQDztsHGVGhOg==</latexit>

{↵i,↵j} = 2�ij
<latexit sha1_base64="mdagT/0dOdH88KZy6m6Y0uPFWBQ=">AAACD3icbZC7SgNBFIZn4y3GW9TSZjAoFhJ2o6KNELSxjGAukF2Xs5NJMsnshZlZISz7Bja+io2FIra2dr6Nk2QLTfxh4OM/53Dm/F7EmVSm+W3kFhaXllfyq4W19Y3NreL2TkOGsSC0TkIeipYHknIW0LpiitNWJCj4HqdNb3g9rjcfqJAsDO7UKKKOD72AdRkBpS23eGgnNvCoD/cMH2c0sFN8iSvY7lCuwE3YIHWLJbNsToTnwcqghDLV3OKX3QlJ7NNAEQ5Sti0zUk4CQjHCaVqwY0kjIEPo0bbGAHwqnWRyT4oPtNPB3VDoFyg8cX9PJOBLOfI93emD6svZ2tj8r9aOVffCSVgQxYoGZLqoG3OsQjwOB3eYoETxkQYggum/YtIHAUTpCAs6BGv25HloVMrWSfns9rRUvcriyKM9tI+OkIXOURXdoBqqI4Ie0TN6RW/Gk/FivBsf09ackc3soj8yPn8AwOSb3A==</latexit>

Ĥ =

Z
d
2n
x ̂

†(x)H ̂(x)
<latexit sha1_base64="gPHL0z/Eog13lwqdVv9c7i93gHE="></latexit>

⇢̂ = e��Ĥ

<latexit sha1_base64="Mq6msm0T4kflOGVRsMdc0cpZcVs=">AAACB3icbVDJSgNBEO2JW4xb1KMgjUHwYphxQS9C0EuOEcwCmRh6OpWkSc9Cd40Qhty8+CtePCji1V/w5t/YmeSgiQ8KHu9VUVXPi6TQaNvfVmZhcWl5JbuaW1vf2NzKb+/UdBgrDlUeylA1PKZBigCqKFBCI1LAfE9C3RvcjP36AygtwuAOhxG0fNYLRFdwhkZq5/fdPkPqqn5IryjcJ8euB8hoqpbpqJ0v2EU7BZ0nzpQUyBSVdv7L7YQ89iFALpnWTceOsJUwhYJLGOXcWEPE+ID1oGlowHzQrST9Y0QPjdKh3VCZCpCm6u+JhPlaD33PdPoM+3rWG4v/ec0Yu5etRARRjBDwyaJuLCmGdBwK7QgFHOXQEMaVMLdS3meKcTTR5UwIzuzL86R2UnROi+e3Z4XS9TSOLNkjB+SIOOSClEiZVEiVcPJInskrebOerBfr3fqYtGas6cwu+QPr8weT45fa</latexit>

a0 ! a0 + 2⇡ =) S|a0+2⇡
a0

= 2⇡ 1
2 [�1 + sign(m))] 2 2⇡Z

<latexit sha1_base64="t+xj4Vw6GLAvmDJpmdB4uhlFnQE="></latexit>



<-> external magnetic 
fields

Topological field theory for mixed states

• starting point Dirac stationary theory in arbitrary dimension (eq./neq.)

• compute the full topological contribution to the real time electromagnetic response (e.g. odd spacetime dim.)

Chern number 
(quantized)

only dim.less ratio: 
purity gap

➡ non-linear response observables can be quantized generalizes ‘ensemble geometric phase’ 
Bardyn, Wawer, Altland, Fleischauer, SD PRX (2017)

• non-linear in temporal gauge field

• reduction to standard result for pure states

C2n[Ai] =
1

(2⇡)nn!
✏0µ1µ2...@µ1Aµ2 ...@µ2n�1Aµ2n

<latexit sha1_base64="ebVJ+qMJwe3YV8yvSX/7cybykKk="></latexit>

S = ch 1
T

Z
dtd2nx I[a0,�|m|] C0

(2n)c[Ai]+
<latexit sha1_base64="oCOGBbBc73B3Oqok/Z0glxbOIlM="></latexit>

Chern character density

(terms from current conservation)

temporal gauge field dependence spatial gauge field dependence 

I(a0,�|m|) = �2i ln[cos(
a0
2
) + i tanh(

�|m|
2

) sin(
a0
2
)]

<latexit sha1_base64="fDEYgnSdgPaMuwViZGa7CyRi01U="></latexit>

lim
�!1

I[a0,�|m|] = a0
<latexit sha1_base64="V2jSGwjtrswfAT44oROvTlO7yMM=">AAACInicbVDLSsQwFE19O75GXboJDoILGVofqAtBdKM7BUeFaSm3mVSDSVqSW2Go8y1u/BU3LhR1JfgxZh4LXwcCh3POJfeeJJfCou9/eEPDI6Nj4xOTlanpmdm56vzCuc0Kw3iDZTIzlwlYLoXmDRQo+WVuOKhE8ovk5rDrX9xyY0Wmz7Cd80jBlRapYIBOiqu7oRQqLsOEI9AQMxoKnWK7Q0MFeM1A0mPahNindK2fuVN3Ed1zSlyt+XW/B/qXBANSIwOcxNW3sJWxQnGNTIK1zcDPMSrBoGCSdyphYXkO7AaueNNRDYrbqOyd2KErTmnRNDPuaaQ99ftECcratkpcsru4/e11xf+8ZoHpTlQKnRfINet/lBaSuiq6fdGWMJyhbDsCzAi3K2XXYICha7XiSgh+n/yXnK/Xg4361ulmbf9gUMcEWSLLZJUEZJvskyNyQhqEkXvySJ7Ji/fgPXmv3ns/OuQNZhbJD3ifX+jfops=</latexit>

➡ linear response observables non-quantized (for mixed states) 

➡ linear response observables quantized for pure states (ground or not) 

• number quantization: large U(1) invariance

<-> topology of state

<-> mixedness of 
state
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<-> external magnetic 
fields

Topological field theory for mixed states

• starting point Dirac stationary theory in arbitrary dimension (eq./neq.)

• compute the full topological contribution to the real time electromagnetic response (e.g. odd spacetime dim.)

Chern number 
(quantized)

only dim.less ratio: 
purity gap

➡ non-linear response observables can be quantized generalizes ‘ensemble geometric phase’ 
Bardyn, Wawer, Altland, Fleischauer, SD PRX (2017)

• non-linear in temporal gauge field

• reduction to standard result for pure states

C2n[Ai] =
1

(2⇡)nn!
✏0µ1µ2...@µ1Aµ2 ...@µ2n�1Aµ2n
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Chern character density

(terms from current conservation)

temporal gauge field dependence spatial gauge field dependence 

I(a0,�|m|) = �2i ln[cos(
a0
2
) + i tanh(

�|m|
2

) sin(
a0
2
)]
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Observable topology in mixed quantum states

• physical interpretation: ensemble geometric phase

Z. Huang, X. Sun, SD, PRB (2022)
Bardyn, Wawer, Altland, Fleischauer, SD PRX (2017)

Z. Huang, SD, arxiv (2024)

S[a0(x) =
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L x] = Im lnTr

⇣
⇢̂ei

2⇡
L X̂

⌘
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(1+1 dimensions)

• detection: Mach-Zehnder interferometer 

• alternative: full counting statistics of position operator

P (x) = Tr[⇢̂�(x� X̂)] =

Z
dqe�iqxtr[⇢̂eiqX̂ ]
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—> Fourier component

<latexit sha1_base64="h6tcSwJlpRTy+QskHe0OwN6cpSc=">AAACE3icbVDLSgMxFM34rPU16tJNsAjiosyIohuh6MZlBfuAzjhkMpk2NMkMSUYspf/gxl9x40IRt27c+Tdm2kG09cCFk3Pu5eaeMGVUacf5submFxaXlksr5dW19Y1Ne2u7qZJMYtLACUtkO0SKMCpIQ1PNSDuVBPGQkVbYv8z91h2RiibiRg9S4nPUFTSmGGkjBfah10MatuE59FTGAwrvTY01HNBbL0Ldn1dgV5yqMwacJW5BKqBAPbA/vSjBGSdCY4aU6rhOqv0hkppiRkZlL1MkRbiPuqRjqECcKH84vmkE940SwTiRpoTZn6u/J4aIKzXgoenkSPfUtJeL/3mdTMdn/pCKNNNE4MmiOGNQJzAPCEZUEqzZwBCEJTV/hbiHJMLaxFg2IbjTJ8+S5lHVPak618eV2kURRwnsgj1wAFxwCmrgCtRBA2DwAJ7AC3i1Hq1n6816n7TOWcXMDvgD6+Mbdk6cqA==</latexit>

X̂ =
X

i

xiĉ
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• mesoscopic setup for reasonable visibility (N ~ 40)

Sjoeqvist et al., PRL (2000)
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interferometer fermion system
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• signal e.g. in interferometer arm

Z. Huang, SD, arxiv (2024)
real space Fourier space
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ĉ

d̂

kout

kin

eiχ
(a) (b)

âi
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Summary & perspective: Topology out-of-equilibrium

• topology provides robust ordering principle

➡ ‘topology beats dynamics’: pure eq. vs. neq. states feature Chern-
Simons response

➡ ‘topology beats mixedness’: non-linear quantised observables exist 
for stationary state in- and out-of-equilibrium

A. Altland, M. Fleischhauer, SD, PRX (2021)

• topological states can be prepared by targeted non-equilibrium cooling 

• quantised topological order parameters for entire periodic table 

• connection to error thresholds in stabilizer codes? 

• novel entropy driven topological phase transitions in mixed quantum states?

Z. Huang, SD, arxiv (2024)
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