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Keldysh theory general: A. Kamenev, Field theory or non-equilibrium systems,
Cambridge University Press

OUt“ne Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven Open
Quantum Systems, Reports on Progress in Physics (2016);

L. Sieberer, M. Buchhold, J. Marino, SD, Universality in Driven Open Quantum
Matter, arxiv (2023)

1. From the Lindblad equation to the Lindblad-Keldysh functional integral

e Lindblad equation for driven open quantum matter Op = —i|H, p| + L|p]
e construction of Lindblad-Keldysh functional integral

2. KPZ equation in exciton-polariton condensates
eil[®] _ /Dé@eisM [®+6P]

* background: semiclassical limit, classifying eq. vs. non-eq. states
e from XP to KPZ: absence of algebraic order out of equilibrium
e compact KPZ and non-equilibrium phase transition A

3. Macroscopic non-equilibrium phenomena from weak non-equilibrium drive
e non-equilibrium O(N) models: phase structure, limit cycles
* novel non-equilibrium criticality at onset of a limit cycle
* route towards KPZ via breaking of time translation symmetry

4. Principles of universality in driven open quantum matter

* the principles: eq. vs. non-eq.; pure vs. mixed states; weak vs. strong
symmetries

e application: 1D KPZ in open vs. closed systems

5. Quantum aspects: Topology in driven open quantum matter

* topological dark states in Lindblad evolution
* universality of topological response: pure states, mixed states




1. From the Lindblad equation to the Lindblad-Keldysh
functional integral

e Lindblad equation for driven open quantum matter
e construction of Lindblad-Keldysh functional integral
e structural properties
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Lindblad quantum master equation:
From few to many degrees of freedom
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Owp = —i[H,p| + £y _ LipL! — H{LIL;, p}



What is a driven open quantum system?

e quantum optics:

-

external fields, e.g. laser
(“driven”)

dissipative environment (“open”)  exchange between system and bath
(e.g. energy, entropy, particle number)
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What is a driven open quantum system?

e quantum optics:

-

external fields, e.g. laser
(“driven”)

dissipative environment (“open”)  exchange between system and bath
(e.g. energy, entropy, particle number)

e example: laser driven atom coupled to the radiation field (two-level system)

_ R ‘ e> excited state e simple fact: drive essential to access
detuning A}, ___________ upper level
‘ A
laser intensity —— (") f, coupling to radiation field: e implications:
spontaneous emission
_ * no minimisation of energy

laser drive v ® no guarantee for detailed balance
frequency

| ! ‘ g> ground state * no obedience of the second law of
thermodynamics (state purification)




Driven open gquantum systems: microscopic description

e guantum master equation
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Driven open gquantum systems: microscopic description

e guantum master equation Lindblad operators

e . N
Orp = _i[FL ,5} T Z%’ [Qﬁzﬁi;{ — ﬁzﬁi,@ — ﬁﬁjﬁi] jd”ve
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coherent evolution driven-dissipative evolution /

= [,[,5] Lindbladian; also: Liouvillian lattice site, spin ...

e derivation from system-bath setting: second order time dependent perturbation theory

o gstarting point: system-bath setting o
Hy, = eublb,
)
ffs_b — Zgue_wt i}I;L + h. c.
M .
* bath: infinitely many mode modes than system  (forsingleL)

H, = H + H, + H,,,



Driven open gquantum systems: microscopic description

e guantum master equation
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Lindbladian; also: Liouvillian

e derivation from system-bath setting: second order time dependent perturbation theory

* example: two-level system e starting point: system-bath setting

bath modes——

H, = H + H, + H,,,

o)

detuning A
* bath: infinitely many mode modes than system
laser intensity ——T— ()
o

laser drive 7

frequency l
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Driven open gquantum systems: microscopic description

e guantum master equation Lindblad operators

e . N
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A\ J *
Y [ —— £ | environment
coherent evolution driven-dissipative evolution /

= [,[,5] Lindbladian; also: Liouvillian lattice site, spin ...

e derivation from system-bath setting: second order time dependent perturbation theory

* example: two-level system e starting point: system-bath setting

bath mod Hy, = e.blb,
st A1 e) Ho=H+ 0+ B 5
detuning /A t S H. .y, = Zgueﬂ”t LbL + h. c.
A A === IJI |
* bath: infinitely many mode modes than system  (forsingle L)

laser intensity —+— Q . :
e 3 approximations:

laser drive 7/ * Born: weak system-bath coupling -> bath state unaffected by
frequency system (2nd order pert. th.)
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* Markov: system evolution slow wrt bath -> time-local evolution

* rotating wave: drive I/ selects relevant energy regimes



Driven open gquantum systems: microscopic description

e guantum master equation Lindblad operators

e . N
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= L|p] Lindbladian; also: Liouvilian

e derivation from ‘symmetry’ (i.e. implementing key physical requirements)
* Lindbladian defines a dynamical map H(t+ At) = p(t) + At - L[]
* with properties
 Hermiticity:  p(t)" = p(t) = pl(t + At) = p(t + At) since L[p|! = L[]
e complete positivity:  p(t) >0 = p(t + At) >0
e trace preservation / probability conservation Oitrp(t) =0 since trl[p] =0

= up to a unitary transformation (above: diagonal form in index i), L[ plis the most general time-local
™ N o generator with these properties G. Lindblad, Commun. Math. Phys. (1976)
Goran Lindblad Nielsen & Chuang, Chap. 8




Driven open gquantum systems: microscopic description

e guantum master equation Lindblad operators
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L|p|]  Lindbladian; also: Liouvillian

* interpretation:

Orp = H—zZ%LT )p + h.c. —I—QZ% ,OLJf

energy decay (dissipation) ensures probability conservatlon
(fluctuation)

“B — il Oetrp(t) = 0



Driven open gquantum systems: microscopic description

e quantum master equation Lindblad operators

e ’ \
op = —ilH.p] + Y wl2LipL] — LiLip—pLIL] | G

A\ J q
Y 1 S— e — | environment
coherent evolution driven-dissipative evolution

= L|p] Lindbladian; also: Liouvilian

e So far: few degrees of freedom in the “system”

* Question: What if we replace few by many degrees of freedom?

= The interface of quantum optics and many-body physics

= Quantum Optics: = Many-Body Physics: = Statistical Mechanics:
coherent and driven-dissipative continuum of spatial physics at the largest
dynamics on equal footing degrees of freedom distances

G
microphysics »  macrophysics




The interface of quantum optics and many-body physics

= Quantum Optics = Many-Body Physics

= Statistical Mechanics

microphysics

»  macrophysics

e The experimental platforms: light-matter systems realize driven open quantum matter

Atoms Light
-
= o ‘\{
luz':@!'lul - '_f i‘&\\,\};mx 1
Bose-Einstein Microcavity arrays
condensate in a cavity
Baumann et al., Nature (2010) Houck, Tareci, Koch, Nat. Phys. (2012)

driven-dissipative
Rydberg gases
S. Helmrich, A. Arias, G. Lochhead, M. Buchhold,

SD, S. Whitlock, Nature (2020); T. Wintermantel,
.. SD, S. Whitlock, Nat. Comm. (2021)

Solids and more:

e polar
molecules

L, ® nano-
IS mechanics

e photon BECs

e driven
quantum dots
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Exciton-polariton
condensates
Kasprzak et al., Nature (2006)



The interface of quantum optics and many-body physics

= Quantum Optics

= Many-Body Physics = Statistical Mechanics

microphysics

»  macrophysics

e The experimental platforms: light-matter systems realize driven open quantum matter

Atoms
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e

Bose-Einstein
condensate in a cavity
Baumann et al., Nature (2010)

driven-dissipative
Rydberg gases

S. Helmrich, A. Arias, G. Lochhead, M. Buchhold,
SD, S. Whitlock, Nature (2020); T. Wintermantel,

.. SD, S. Whitlock, Nat. Comm. (2021)

Light Solids and more:
w e polar
\ " g“} \‘%:\/\ L molecules
e \ﬂ\ .”' A g . ke ® Nano-
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= AT N S @
\ e photon BECs
_ _ Exci lari e driven
Microcavity arrays xciton-polariton quantum dots
condensates
Houck, Tureci, Koch, Nat. Phys. (2012) Kasprzak et al., Nature (2006)

Quantum devices / NISQ Platforms
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superconducting circuits Rydberg tweezers trapped ions
K. Satzinger et al. . : C. Noel et al. Nat.

G. Semeghini et al. Science (2021)

Science (2021) Phys. (2022)



The interface of quantum optics and many-body physics

= Quantum Optics = Many-Body Physics = Statistical Mechanics
|

microphysics

»  macrophysics

e The experimental platforms: light-matter systems realize driven open quantum matter

Atoms

Light Solids and more:

o
0
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l challenges to theory: molecules
|

= novel out-of-equilibrium phenomena?

Bo: = efficient theoretical tools?

conden
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e photon BECs

e driven
quantum dots

driven-dissipative
Rydberg gases

S. Helmrich, A. Arias, G. Lochhead, M. Buchhold,
SD, S. Whitlock, Nature (2020); T. Wintermantel,
.. SD, S. Whitlock, Nat. Comm. (2021)
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A workhorse model: Lindbladian formulation

4
e generic microscopic many-body model: ‘Lindblad ¢ theory’

Oip = —i|H, p| + Dlp| = L|p] C:CZtgf?‘D

A

H= | ¢} (537 — 1) ox + 5 (9L %)




A workhorse model: Lindbladian formulation

( single particle pump )

2
8ip = —ilH.pl + Dlpl = LIyl (manboy

A

H= [ &k (sag — 1) 0x + 5 (dlox)?

4
e generic microscopic many-body model: ‘Lindblad ¢ theory’

Dlp] = vp/[éﬁlpéx — Moxol,p}] +

single particle pump



A workhorse model: Lindbladian formulation

( single particle pump )
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A workhorse model: Lindbladian formulation

( single particle pump )
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A workhorse model: Lindbladian formulation

( single particle pump )

:

Sip = —ilH. p| +Dlp] = LI (manyooy
S

4
e generic microscopic many-body model: ‘Lindblad ¢ theory’

H = / gg;f( (% —_ M) ggx + %(&L&X)Q ( single-, two-, ... body loss )
Dol = [ B pde— Hndlopl + % [ 6o~ 3oldunll +
* single particle pump single particle loss
o [ 620017 - 3(612% 0
e basic physics: mean field theory two particle loss

e study evolutionof  (x,t) = <gg(x)>(t) = tr[qg(x)ﬁ(t)] p= Hﬁ(x), p(x) = |d(x)) (%)

* coherent state



A workhorse model: Lindbladian formulation

( single particle pump )

:

9ip = —i[H.pl + Dl = L[y (manyooy
S

4
e generic microscopic many-body model: ‘Lindblad ¢ theory’

o — / gg;r( (% _ M) ng 4+ %(&L&X)Q ( single-, two-, ... body loss )
Dol = [ B pde— Hndlopl + % [ 6o~ 3oldunll +
* single particle pump single particle loss
o [ 620017 - (61280
e basic physics: mean field theory two particle loss

(Gx))(t) = trfo(x)p(t)]  p=]]px), sx)
o(1)
10,9(t) = [~ — i(vi — vp) + (A — ir)|(t)]?]o(¢)

= overdamped motion in potential landscape

e study evolutonof  ¢(x,1)

e homogenous limit ¢( )

= condensation / spontaneous U(1) symmetry breaking for “Yi — “Vp < 0



Keldysh functional integral
for stationary states of
driven open quantum systems

Leonid W. Keldysh

Many-Body Master 1-1 Keldysh functional
Equation mapping integral

Oip = —i(H =Y wLIL)p+hc +2) vLpL] 7 = /D((I)+, O_)e!(Sm[®+. 2]



Keldysh functional integrals: Why?

Feynman'’s formulation of quantum mechanics

REVIEWS OF
MODERN PHYSICS

Vorume 20, Numser 2

AprrirL, 1948

Space-Time Approach to Non-Relativistic
Quantum Mechanics

R. P. FEYNMAN

Cornell University, Ithaca, New York

Non-relativistic quantum mechanics is formulated here in a different way. It is, however,
mathematically equivalent to the familiar formulation. In quantum mechanics the probability
of an event which can happen in several different ways is the absolute square of a sum of
complex contributions, one from each alternative way. The probability that a particle will be
found to have a path x(¢) lying somewhere within a region of space time is the square of a sum
of contributions, one from each path in the region. The contribution from a single path is
postulated to be an exponential whose (imaginary) phase is the classical action (in units of %)
for the path in question. The total contribution from all paths reaching x, ¢ from the past is the
wave function ¥(x, £). This is shown to satisfy Schroedinger’s equation. The relation to matrix
and operator algebra is discussed. Applications are indicated, in particular to eliminate the
coordinates of the field oscillators from the equations of quantum electrodynamics.

1. INTRODUCTION

T is a curious historical fact that modern
quantum mechanics began with two quite
different mathematical formulations: the differ-
ential equation of Schroedinger, and the matrix
algebra of Heisenberg. The two, apparently dis-
similar approaches, were proved to be mathe-

" matically equivalent. These two points of view

were. destined to complement one another and
to be ultimately synthesized in Dirac’s trans-
formation theory.

This paper will describe what is essentiallv a

classical action® to quantum mechanics. A proba-
bility amplitude is associated with an entire
motion of a particle as a function of time, rather
than simply with a position of the particle at a
particular time.

The formulation is mathematically equivalent
to the more usual formulations. There are,
therefore, no fundamentally new results. How-
ever, there is a pleasure in recognizing old things
from a new point of view. Also, there are prob-
lems for which the new point of view offers a
distinct advantage. For example, if two systems

4 T T

Useful language for systems with many

degrees of freedom

general: powerful techniques

diagrammatic perturbation theory;

collective variables;
renormalization group
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e diagrammatic perturbation theory;
e collective variables;
e renormalization group

e non-equilibrium Keldysh

e closer to the real-time formulations of
quantum mechanics

e gives unified view on and principles (e.g.
symmetries) for equilibrium and non-
equilibrium systems

e indispensable for many systems:

e disorder infinite harmonic

o dissipation baths!

e open the powerful toolbox of quantum
field theory for many-body non-
equilibrium situations



more details: L. Sieberer, M. Buchhold, SD,

Ke|dysh functional integ ral Keldysh Field Theory for Driven Open Quantum Systems,
Reports on Progress in Physics (2016)

e The basic idea in three steps: h=1

Ul(t,ty) = e *H(t=to)
1. Schrbédinger equation: evolving a state vector

10 1)(t) = H[Y)(t) = [¥)(t) = U(t,t0)[1)(to)



more details: L. Sieberer, M. Buchhold, SD,

Ke|dysh functional integ ral Keldysh Field Theory for Driven Open Quantum Systems,
Reports on Progress in Physics (2016)

e The basic idea in three steps: h=1

Ul(t,ty) = e *H(t=to)
1. Schrodinger equation: evolving a state vector

10 1)(t) = H[Y)(t) = [¥)(t) = U(t,t0)[1)(to)

2. Heisenberg-von Neumann equation: evolving a state (density) matrix

Oip(t) = —i[H, p(t)] = p(t) = U(t, to)p(to)UT (¢, to)

e identical for pure (separable) states p = |¢><¢ |



more details: L. Sieberer, M. Buchhold, SD,

Ke|dysh functional integ ral Keldysh Field Theory for Driven Open Quantum Systems,
Reports on Progress in Physics (2016)

e The basic idea in three steps: h=1

Ul(t,ty) = e *H(t=to)
1. Schrodinger equation: evolving a state vector

10 1)(t) = H[Y)(t) = [¥)(t) = U(t,t0)[1)(to)

2. Heisenberg-von Neumann equation: evolving a state (density) matrix

Oip(t) = —i[H, p(t)] = p(t) = U(t, to)p(to)UT (¢, to)

e identical for pure (separable) states p = |¢><¢ |

3. The same is true for the Lindblad equation:

Oip = —ilH,pl + & Y  LipL] — 1{LIL;, p} = L[]

= p(t) — eﬁ(t_tc’)p(to) linear superoperator (acts from both
sides on density matrix)



Keldysh functional integra| (bOSOﬂS) fermions: L. Sieberer, M. Buchhold, J. Marino, SD, Universality

in Driven Open Quantum Matter, arxiv (Dec 2023)

1. Functional integral idea:

= “Trotterization” of time interval and insertion of coherent states: ?H(t=t0) — i (1+46:H )N
N — o0
) — ) (to)
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in Driven Open Quantum Matter, arxiv (Dec 2023)

1. Functional integral idea:

= “Trotterization” of time interval and insertion of coherent states: ?H(t=t0) — i (1+46:H )N
N — o0
> == ¥) (to)

5, — Lo to

N
e one time step
RSl [N (AR L)
e_gbngn <gbn_|_1‘€_i6tH[a’T’a] ‘¢n> e_i(gtH

~ e PO (p, 1|1 —i8 Hal, a]|éy,)

H normally coherent states (bosons):
ordered * * . *
= e PnOneTPni1On (1 — 5, H[k . 1, dn)) alg) = ¢|¢)
T O H B 6l (@']¢) = "¢

P} (9]

- / A" dS _ s

T




KeldySh functional integra| (bOSOﬂS) fermions: L. Sieberer, M. Buchhold, J. Marino, SD, Universality

in Driven Open Quantum Matter, arxiv (Dec 2023)

1. Functional integral idea:

= “Trotterization” of time interval and insertion of coherent states: ¢! (t—t0) — 1jmp (1+46:H )N
N — o0
: = ) (to)

5, — L=t to

N
e one time step
RSl [N (AR L)
6_¢:’¢n <gbn_|_1‘€_i6tH[a’T’a] ‘¢n> e_i(gtH

~ e PO (p, 1|1 —i8 Hal, a]|éy,)

H normally coherent states (bosons):
TEe Pt et Oniadn (1 — iS, H ¥, |, b)) alg) = ¢|¢)
0 w”*ét_(b”) bn—H[D}, 1 1,n]] (@']¢) = e
continuum do™d «
I 1= [y
dt —id;*(t) - ¢(t)  Ho™(t), 6(t)]




1. Functional integral idea (Feynman)

e “Trotterization” of the time interval and insertion of full sets of coherent states

e1t=t) — lim (1+i6,H)"

N — o0
1= / WonOn —3.0m 16} (6]

e continuum time limit N = o0

/ [T 4o e, fuf dt=i0u6” (£)-6(t)—H[6" (£),6(2)]]
< t

7

—. / D(Qb*, ¢) functional integral measure

= operator H -> complex, time dependent functional H



2. Schrodinger vs. Heisenberg-von Neumann

e Schrédinger equation: evolving a state vector Ul(t,ty) = e *H(t=to)
10:0)(t) = H|Y)(t) = |¥)(t) = U(E, o)) (to)

e Heisenberg-von Neumann equation: evolving a state (density) matrix

Oip(t) = —i[H, p(t)] = p(t) = U(t,to)p(to)U" (¢, o)

e Second case: “Trotterization” on both sides:

YV VY e VY e VY

U gt Tt

e1t=t) — Iim (1+i6,H)"  s=10
N — 00

= two sets of degrees of freedom for matrix evolution



3. Schrodinger vs. Lindblad

e Schrédinger equation: evolving a state vector Ul(t,ty) = e *H(t=to)
10:0)(t) = H|Y)(t) = |¥)(t) = U(E, o)) (to)

e Lindblad equation: evolving a state (density) matrix

Op = —ilH,p] +Dlp) = L[p] = p(t) =~ p(to)

e |dentical program for Liouville generator of dynamics (left and right action on density matrix)

NV VY VY e VY

p(t) = 1)L 50— Tim (14 6,L)" po o =

N — 00

= two sets of degrees of freedom for matrix evolution



Keldysh partition function

e Schrdédinger equation: evolving a state vector

10)(t) = H 1) (1)

U(t, tg) = e =10

= [¥)(t) = U(t, o)1) (to)

e Lindblad equation: evolving a state (density) matrix

e final step: Keldysh “partition function”

Z =trp(t) = trp(ty) =1

Orp = —i|H, p| + Dlp| = L]p]

V'V

+ contour

VYV

= p(t) = ") p(t)

o = —0o0,tf — +00

p(tr)4

information on all stages;
P (t() ) stationarity reached
(boundary conditions

Ly =+

AN

- contour

AN

irrelevant
t() = —0OC )



Detailed calculation: damped harmonic oscillator 4

e Kkey steps present for single degree of freedom, e.qg.

Llp] = —ilwoa'a, p| + k(2apa’ — {a'a, p}) p(t) = et=t)L 5o — Jim (1+6:£)" po
* one time step 0p = t;\fto
\7/\\/ V/\V coherent states (bosons):
< p(to) > B
P4 n) (P— n t alg) = ¢|9)
e many time steps in temporal continuum limit <¢"¢> — @qy*ﬁb

- / A9 d$ 4

s

P)(9]




Detailed calculation: damped harmonic oscillator 4

e Kkey steps present for single degree of freedom, e.qg.

Llp] = —ilwoa'a, p| + k(2apa’ — {a'a, p}) p(t) = et=t)L 5o — Jim (1+6:£)" po
t—1t
® one time step 0 = N .
\7/\\/ V/\ Y coherent states (bosons):
< p(to) >

¢ 64 ) () / alg) = ¢|o)

e many time steps in temporal continuum limit <gb"gb> — ? ¢
do*do _ .«
e from a single free to many interacting degrees of freedom 1= / - e ?? ¢><¢‘
o==
e single d.o.f. o (1) /dt (0+1) dimensional field theory

 many d.o.f.s, lattice bo.i(t), /dtz

e many d.o.f.s, continuum ¢, (¢, %), /dtddaf (d+1) dimensional field theory

e works analogously for interactions (subtlety: operator ordering for non-linear L)

L. Sieberer, M. Buchhold, J. Marino, SD,

e |eft out: fermions (additional sign in odd-parity Lindblad operators) Unive(rsa/iu; in Driven Open Quantum Matter,
arxiv (2023



Keldysh functional integral for interacting many-body system

e Lindblad equation: Op = —i|H, p] + D|p]
= —i(Hp— pH) + r Y (LipL{ — §LILip — 3pL]L;)

e equivalent Keldysh functional integral:

| (¢
7 — /D(CI>+, O_)elSm[Pr, -] e = ( I )

Sm [(I)—I—a (I)—] — /dt(¢ilat¢—l- o ¢izat¢— o ZL[(I)-H (I)—])

. 1 1
Ly, &)= —i(Hy —H-)—rY (Li,+L;f’_ Y AR A §LI,_LZ-7_)
7
= recognize Lindblad structure Hy = H(®y) ete.
= simple translation table (for contour normal ordered Lindbladian)
. . . + contour
e operator right of density matrix -> - contour { }
e operator left of density matrix -> + contour o

= can be operated on lattice or in continuum limit

= caveat: contour diagonal Lindblad terms need temporal regularisation to track operator ordering




Keldysh functional integral:
structural properties

VY

. \/ \/ + contour
7 = /D(CI>+,<I>_)61(S‘ (24,2 (1§
ty = +0o0 /\ /\ - contour

intuition for additional &= contour index of Keldysh field theory

AN

1. Probability conservation (zero order)
2. Deterministic limit (first order)
3.Fluctuations (all orders)

©+ 09 _



1. Probability conservation / causality”

e trace / probability conservation:

C Undoadt  Otup = tx(— i(Hp— pH) + 1Y (LipLl — 3L Lip— BoLIL)) =
¢ cyclicity
o Keldysh: 7 = trp(t) = 1 g _ /D(q)+’q)_)ei(5 @y ]

e will argue: reflected on the action as

S[(I)—H(I)— — (I)—I-] =0




1. Probability conservation / causality”

e trace / probability conservation:

C Undoadt  Otup = tx(— i(Hp— pH) + 1Y (LipLl — 3L Lip— BoLIL)) =
¢ cyclicity
o Keldysh: 7 = trp(t) = 1 g _ /D(q)+’q)_)ei(5 @y ]

e will argue: reflected on the action as

S[(I)—H(I)— — (I)—I-] =0

e redundancy
(0)(t) = tr[0p(t)] = tr[p(t)O]



1. Probability conservation / causality”

e trace / probability conservation:

C Undoadt  Otup = tx(— i(Hp— pH) + 1Y (LipLl — 3L Lip— BoLIL)) =
¢ cyclicity
o Keldysh: 7 = trp(t) = 1 g _ /D(q)+’q)_)ei(5 @y ]

e will argue: reflected on the action as

S[(I)—H(I)— — (I)—I-] =0

e redundancy O — 0y
(0)(t) = tr[Op()] = tr[p(t)O] VVYV - VV
A t to — —00
(0)(t) = (O+(¢)) = (O-(1)) A AR

O = 0_



1. Probability conservation / causality”

e trace / probability conservation:

C Undoadt  Otup = tx(— i(Hp— pH) + 1Y (LipLl — 3L Lip— BoLIL)) =
¢ cyclicity
o Keldysh: 7 = trp(t) = 1 g _ /D(q)+’q)_)ei(5 @y ]

e will argue: reflected on the action as

S[(I)—H(I)— — (I)—I-] =0

e redundancy O — 0y
(0)(t) = tr[Op()] = tr[p(t)O] VVYV - VYV
A t to — —0o0
(0)(t) = (0+(1)) = (O-(1)) TR A
O—0_

— 0=0,7 = i(s(By(t),D_(1)) = i(s(Do(t), Do () VYt = /t:dt’s(qu(t’),@—(t’))



1. Probability conservation / causality”

e trace / probability conservation:

¢ cyclicity
e Keldysh: J/ = trp(t) — 1 7 — /D(CI)+,<I>_)ei(S (D4, D_]
e will argue: reflected on the action as
S[(I)—H(I)— — (I)—I-] =0
e redundancy O — 0y
(0)(t) = tr[0p(t)] = tr[p(t)O] VVYV - VV
A t to — —0o0
(O)(t) = (04(1)) = (O (1) S
O—O_

— 0=0,7 = i(s(By(t),D_(1)) = i(s(Do(t), Do () VYt = /t:dt’s(qu(t’),@—(t’))

e mnemonic: taking trace = ignoring contour order
e motivates Keldysh rotation



1. Probability conservation and Keldysh rotation

e trace / probability conservation:

e Lindblad: Optrp = tr( —i(Hp — pH) + RZ(LZ-pLI — %LILZ-,O — %pLILi)) =0
¢ cyclicity
o Keldysh: 7 = trp(t) = 1 g _ /D(q)+’q)_)ei(SM[<I>+,<I>_]

e make probability conservation more handy:

e starting point: contour basis: S+, D]  with S[®L,P_ =P ]=0

e Keldysh rotation (ch) _ i <§b+ + (b_) _ i (1 1 ) (gb+> center-of-mass
¢q \/5 Q5_|_ T ¢— \/5 I -1 Q5_ relative



1. Probability conservation and Keldysh rotation

e trace / probability conservation:

¢ cyclicity
o Keldysh: 7 = trp(t) = 1 g _ /D(q)+’q)_)ei(SM[<I>+,<I>_]
e make probability conservation more handy:
e starting point: contour basis: S+, D]  with S[®L,P_ =P ]=0
e Keldysh rotation P — i Py + - _ i 1 1 O+ center-of-mass
¢q \/5 b1 — P \/5 I -1 O_ relative
e action in Keldysh/RAK basis S|P, ]

e probability conservation S [cI)C7 ¢, = ()] — 0




1. Probability conservation and Keldysh rotation

e trace / probability conservation:

¢ cyclicity
o Keldysh: 7 = trp(t) = 1 g _ /D(q)+’q)_)ei(SM[<I>+,<I>_]
e make probability conservation more handy:
e starting point: contour basis: S+, D]  with S[®L,P_ =P ]=0
e Keldysh rotation Pe _ L (ot o _ Ao O+ center-of-mass
qbq \/5 q5+ — ¢_ \/5 1 —1 qb_ relative
e action in Keldysh/RAK basis S|P, D,
e probability conservation S [q)C, (I)q — O] — 0

A

* interpretation of the fields: use (¢) = (¢, ) = (Pp_)

e “classical” field can acquire expectation value R
(<—> condensation, spontaneous symmetry breaking) <¢> — <¢c>/\/§’ <¢q> — ()

e “quantum?” field cannot



2. Deterministic limit

 Keldysh functional integral P+ 09 _
classical path

Z — /D(q)+7 @_)el(SM [(I)_|_,(I)_] (minimizes S)

e probability conservation: zero order in the quantum field ~ S|[®., ®, = 0] =0 Z =trp(t) =1



2. Deterministic limit

 Keldysh functional integral P+ 09 _
classical path
Z — /D(q)_l_ q) )el(SM [(I)_|_,(I)_] (minimizes S)
LD
4 Im[V]

e probability conservation: zero order in the quantum field ~ S|[®., ®, = 0] =0

e first order in quantum field: ordering principle due to condensation

e classical / occupation field: macroscopic occupation N — oo (more precisely: only g=0 mode scales) %o

Be(q) ~ N2 5 ()~ DT 0 be(z) = VU2 Y e, (g)
q

T VL2
e quantum field:

1 _
Pq(q) ~ N’ = Pq() ~ viz "~ N~1/2




2. Deterministic limit

Keldysh functional integral P+ 09 _
© classical path
— /D(q)_l_ q) )el(SM [(I)_|_,(I)_] (minimizes S)
LD
4 Im[V]

probability conservation: zero order in the quantum field ~ S|®., &, = 0] =0

first order in quantum field: ordering principle due to condensation

e classical / occupation field: macroscopic occupation N — oo (more precisely: only g=0 mode scales) %o

/ .
be(q) ~ N2 = ¢e(x) ~ ]‘fi /2 ~ N be(x) = V2N eT%¢(q)

e quantum field:

1 _
Po(0) ~ N® = 9y(w) ~ 5 ~ N7V

05
Q6¢*]

expand the action to leading order  S[®, = (&, + ®,)/V2,d_ = (. — ®,)/V2] ~ / [qbq

can do integral over quantum field /D Py Pelo [5¢ ] [55(;] <

(5gbc +é




2. Deterministic limit

Keldysh functional integral P+ 09 _
classical path
Z — /D(q)_l_ q) )el(SM [(I)_|_,(I)_] (minimizes S)
LD
4 Im[V]

probability conservation: zero order in the quantum field ~ S|®., &, = 0] =0

first order in quantum field: ordering principle due to condensation

e classical / occupation field: macroscopic occupation N — oo (more precisely: only g=0 mode scales) %o

/ .
be(q) ~ N2 = ¢e(x) ~ ]‘fi /2 ~ N be(x) = V2N eT%¢(q)
q

e quantum field:

1
Pq(q) ~ N’ = Gq(x) ~ viz2 N2
. . 6S L 08
expand the action to leading order  S[®, = (&, + ®,)/V2,d_ = (. — ®,)/V2] ~ / [ 50 + @, 5¢*]
X,t c C
05 05

can do integral over quantum field Z = | D|oc, dc|0 0 <

R / Gertd [&zﬁc] [&bZ]

N . . . . 0S 0.5
only deterministic configuration contributes with 56 =0= S

exercise: make connection to
operator mean field theory

= deterministic limit Lindblad phi?4: dissipative Gross-Pitaevskii mean field theory (find factor \/5 1)



2. Deterministic limit

 Keldysh functional integral P+ 09 _
classical path
Z — /D(q)_l_ q) )el(SM [(I)_|_,(I)_] (minimizes S)
LD
4 Im[V]

e probability conservation: zero order in the quantum field ~ S|[®., ®, = 0] =0

e Summary:

e deterministic limit of Keldysh functional integral dominated by single field configuration
minimizing bare Keldysh action

5S _,_ 35
0pe Ok

e applications: systems in the presence of condensation/ collective degrees of freedom
and low noise level, e.g.

e Bose condensation: dynamics of zero temperature weakly interacting Bose gases (cold atoms)
e light condensation: classical optics, waveguides, ... (non-Hermitian physics)
® non-linear dynamics Cross, Hohenberg, RMP (1993)

e higher orders in quantum field describe fluctuations




3. Fluctuations

e C(Classical field theories: single configuration has it all, the one minimising S[qﬁ] ie. 05 —0

0

e Quantum /statistical field theories: Summation over all possible field configurations

/ DoeiSo

(" probabilistic)

S

©+ 0P _

@ classical path
(minimizes S)



3. Fluctuations

e Classical field theories: single configuration has it all, the one minimising S|[¢] i.e.

e Quantum /statistical field theories: Summation over all possible field configurations

/ DoeiSle]

o el

probabilistiC\
O+ 0¢ _ ~—————
* Keldysh functional integral
@ classical path
/D(CI>+, (I)_)eis[cb+>q’—] (minimizes S)

e probability conservation: zero order in the quantum field S|P, o, = 0]=0

e deterministic limit: first order in quantum field

e how to quantify deviations from the deterministic limit?



e Classical field theories: single configuration has it all, the one minimising S|[¢] i.e.

3. Fluctuations

e Quantum /statistical field theories: Summation over all possible field configurations

/ DoeiSle]

Keldysh functional integral

/D((I)+, (I)_)eiS[CI)_|_,CI>_]

©+ 0P _

o el

- -
S=- - - e

@ classical path

e probability conservation: zero order in the quantum field S|P, o, = 0]=0

deterministic limit: first order in quantum field

how to quantify deviations from the deterministic limit?

(minimizes S)

= correlation functions: fluctuations around deterministic configuration

= response functions: impact of an external perturbation

det.:

~ (e




exercise: verify relation to
operator formalism!

3. Fluctuations: Correlation vs. response functions

more details: L. Sieberer, M. Buchhold, SD,
e introduce complex contour dependent sources (cf. StatMech) Reports on Progress in Physics (2016)

Z[j] = (el Urdi—i-dFec)y — (o1 JUetgtiabetec)y  Z[j=01=2Z=1
normalization

e order parameter / occupation field:
0Z|J]

06200 = =175

3=0



exercise: verify relation to
operator formalism!

3. Fluctuations: Correlation vs. response functions

more details: L. Sieberer, M. Buchhold, SD,
e introduce complex contour dependent sources (cf. StatMech) Reports on Progress in Physics (2016)

Z[j] = <eif(j+¢i—j—¢i+c.0-)> <€if(jc¢2+jq¢z+c.c.)> Zlj=0=2=1

normalization

e order parameter / occupation field:
0Z|J]

06200 = =175

e single particle response: how does the field react
to external perturbations?

3=0

relation to operator formalism

(once and for all) t=t, x=X

i

1

R / / - 0° - * (4! ! - N\ /T IS
G (t_t X — X ) — Z5j;(t,x)@,X’) j::O _Z<¢C(tax)¢q(t ; X )> — _Ze(t —1 )<[¢(tax)a¢T(t y X )]>



exercise: verify relation to
operator formalism!

3. Fluctuations: Correlation vs. response functions

more details: L. Sieberer, M. Buchhold, SD,
e introduce complex contour dependent sources (cf. StatMech) Reports on Progress in Physics (2016)

<eif(j+<bi—j—¢>"_+c.c-)> _ <eif(jc¢;+jq¢:+c.c.)> Zlj=01=2Z=1

normalization

Z1j] =

e order parameter / occupation field:

. 0Z|7]
<¢c(t7x)> — _7’@ :
Ja(f,x) lj=0
e single particle response: how does the field react relatio?ofcgp:rrgt%rfgﬁ;nalism fot oy
to external perturbations? ST
0°Z . (¢ "N L _0(t — ' 7 IS l—l
S Z<¢C(tax)¢q(t 7X)> o l (t t)<[¢(tax)v¢ (t 7X)]> T

j=0

GRt—t,x—x') =i— =
( ) 5J;(t,x)@,x’)

e single particle correlations: how strong are fluctuations?

6027 . .
= —i{0e(t )01 X)) = —il{B(tx), 81 (¢, X)) = 2(a(x)) + 1

07 (t,x)07q(t',x") 15
extra: how are states occupied?

t=1t, x=x’

GEit—t,x—x)=

time and space translation
invariance assumed



exercise: verify relation to
operator formalism!

3. Fluctuations: Correlation vs. response functions

more details: L. Sieberer, M. Buchhold, SD,
e introduce complex contour dependent sources (cf. StatMech) Reports on Progress in Physics (2016)

<eif(j+<bi—j—¢>"_+c.c-)> _ <€if(jc¢;+jq¢:+c.c.)> Zlj=01=2Z=1

normalization

Z1j] =

e order parameter / occupation field:

VAL
<¢c(t7x)> — _7’@ :
Ja(f,x) lj=0
e single particle response: how does the field react reIatio?ofcgp:rrgt%rfgﬁ;nalism F=t x =¥
to external perturbations? ST
0°Z . (¢ "N L _0(t — ' 0 IS l—l
= —i{gc(t,x)9, (', X)) = —if(t — U')([o(¢,x), 0" (t',x')]) =

j:

GRt—t,x—x') =i— =
( ) 5J;(t,x)@,x’)

e single particle correlations: how strong are fluctuations?

6027 . .
= —i{0e(t )01 X)) = —il{B(tx), 81 (¢, X)) = 2(a(x)) + 1

07 (t,x)07q(t',x") 15
extra: how are states occupied?

t=1t, x=x’

GEit—t,x—x)=

time and space translation

invariance assumed
K R
e total Green’s function G = (gA % ) G4 = (GR)T, (GK)Jr = -Gk

Hermitian conjugates anti-Hermitian

N prob. conservation



exercise: prove formulas
on this page!

3. Fluctuations: Correlation vs. response functions & Keldysh action

more details: L. Sieberer, M. Buchhold, SD,

e by example: Lindblad equation for decaying cavity Reports on Progress in Physics (2016)

atp — _i[deTda p] + K’<2&p&T o {dT&, IO})

o % % 0 10y — wWn — 1K €bc time domain
S_/dt(qbc,%) ( 9, — wo i t 2@,2 ) ( o, ) ¢, (1)

e action:

= PA(w)
o % 0 W — Wy — 1K ch frequency domain
Joeo (o Sw TEONE) T
“ = PR(CL)) = PK .

~

claim: G 'w)



exercise: prove formulas
on this page!

3. Fluctuations: Correlation vs. response functions & Keldysh action

more details: L. Sieberer, M. Buchhold, SD,

e by example: master equation for decaying cavity Reports on Progress in Physics (2016)

atp — _i[deTda p] + K’<2&p&T o {dT&, IO})

o % % 0 10y — wWn — 1K €bc time domain
S_/dt(qbc,%)( 9, — wo i t 22,2 ) ( o, ) ¢, (1)

= p4 (w)

B o x 0 W — wn — 1K 0P frequency domain
= /dt(¢c,¢q) ( w — wo + ik 2@0/4; ) ( dq ) b (W)

= PR(w) = p~&

Efl (w) — 4

e action:

e partition function: Gaussian integration

: W[k . i [ Qw (5% 5% W q
Z[jqu] — <€Zf g_ﬂ(]c¢q+3q¢c+h.c-)> — e f 27 (jqu?c)G( )( ;c )



exercise: prove formulas
on this page!

3. Fluctuations: Correlation vs. response functions & Keldysh action

more details: L. Sieberer, M. Buchhold, SD,

e by example: master equation for decaying cavity Reports on Progress in Physics (2016)

atp — _i[MOdTéa p] + K<2&p&T o {CALT(A],, IO})

o % % 0 10y — wWn — 1K ch time domain
S_/dt(qbc,%)( 9, — wo i t %Z ) ( o, ) ¢, (1)

e action:

= PA(w)
_ % * O W — Wy — 1K ch frequency domain
— /dt(¢ca¢q) ( W — wo + Ik 21K ) ( bq ) ¢V(w)
— = PR(“) = PK

e partition function: Gaussian integration

Gl — -

: W[k . i [ Qw (5% 5% W Jq
Z[jqu] — <€Zf g_ﬂ(]c¢q+3q¢c+h.c-)> — e f 27 (jqn?c)G( )( je )

e single particle Green’s function \ \
x(, ./ %/ ./ 5%z 527
( (Pe(w)ps(w'))  (Pe(w)gy(w)) ) < ( 573 (@)8ja(@) 575 (w)dje(w) ) -

(Pg(w)pi(w')) <¢q(w)§b2<w/)> A A

0j&(w)djq(w’) 6% (w)dje(w’)




exercise: prove formulas
on this page!

3. Fluctuations: Correlation vs. response functions & Keldysh action

more details: L. Sieberer, M. Buchhold, SD,

e by example: master equation for decaying cavity Reports on Progress in Physics (2016)

atp — _i[MOdTéa p] + K<2&p&T o {&Ta’a IO})

e action:

o % 0 10 — wp — Ik D time domain

S = /dt(¢ca¢q) ( Zﬁt — wo + ik ViK ) ( ¢q ) ¢V(t)
= P4 (w)
_ * % O W — Wy — 7:/4{, ch frequency domain
— /dt(¢ca¢q) ( W — wo + 1K 21K ) ( bq ) ¢V(w)
= PR — K
— W =P

e partition function: Gaussian integration G (w) .

Zje, jo] = ('] 85U batigoethe)y - 1) o7 (532)G ) ( 92 )
e single particle Green’s function

((fﬁc(w)dﬁ(w/» (Pc(w)py(w')) ):_ 5j;(c§)26?q(w’) 5j;(f)25§c(w/)
(Pg(w)pi(w')) <¢q(w)§b2<w/)> A A

0j&(w)djq(w’) 6% (w)dje(w’)

= 1G(w)d(w — ')

i=0

e summary in matrix components (generally valid — beyond Gaussian single mode example):

0

A K (R
G = ( POR gK ) = G = (gA ¢ > GH/A = [pR/A=L K = _gRpKgA

action matrix kernel single particle Green’s function



exercise: prove formulas
on this page!

3. Fluctuations: Correlation vs. response functions & Keldysh action

] . . . more details: L. Sieberer, M. Buchhold, SD,
e by example: master equation for decaying cavity Reports on Progress in Physics (2016)

atp — _i[deTda p] + K’<2&p&T o {dT&, IO})

o % % 0 10y — wWn — 1K €bc time domain
S_/dt(qbc,%)( 9, — wo i t 22,2 ) ( o, ) ¢, (1)

B o x 0 W — wn — 1K 0P frequency domain
= /dt(¢c,¢q) ( w — wo + ik 2@0/4; ) ( dq ) b (W)

o bservables from the Green’s functions:

decay of single-particle response: GE (t—t) = / piw(t—t") ~R (w) = 6(t — t’)e%(t—t')e—ff(t—t')
w

e action:

2K
(w—wp)? + K?

Lorentzian spectral density: A(w) = ImGH(w) =



exercise: prove formulas
on this page!

3. Fluctuations: Correlation vs. response functions & Keldysh action

more details: L. Sieberer, M. Buchhold, SD,

e by example: master equation for decaying cavity Reports on Progress in Physics (2016)

Op = —ilwod'a, p| + k(2apa’ — {a'a, p})
o % % 0 10y — wWo — 1K €bc time domain
S = /dt(¢ca ¢q) ( Zﬁt — wo + ik ViK ) ( ¢q ) ¢V(t)

_ * ok 0 W — Wy — 1K ch frequency domain
B /dt(¢cv¢q) ( W — wo + 1K Q’ioli ) ( Oq ) ¢1/(w)

o bservables from the Green’s functions:

e action:

) £ _ decay of single-particle response: GE(t—t) = / eiw(t—t')GR(w) = 0(t — t’)eicﬁ(t—t')e—ﬁ(t—t')

w

2K
(w—wp)? + K2

e Lorentzian spectral density: A(w) = ImGH(w) =

cavity mode occupation  2(i(1)) + 1 = {al(t)a(t) + a(t)al (£)) = iG¥ (t — 1) = i / DGR (w) = 1
/ in stationary state w

= correlation / statistical properties: G K

= response / spectral properties: G R




2. KPZ in exciton-polariton systems

* background: semiclassical limit of Lindblad-Keldysh action

® background: classifying equilibrium vs. non-equilibrium

e from XP to KPZ: absence of algebraic order out of equilibrium
e compact KPZ and non-equilibrium, phase transition

%k
4 (¢7(r)9(0))
4 —
/'\3 ..“. -
o % 10" 10
_ _ : 2 2 Atk
algebraic quasi-long range order : —7r ~ 0.37| 2
(Kosterlitz-Thouless phase) » X . ) N
; —7" :
— '\ v J ol , , , . .
L* 0 10 20/ 30 0 50 100
—_ : . : : A3 (ps?? A
equilibrium fixed point relevant KPZ fixed point relevant s z (i)




Back to many-body model: ¢*-Lindbladian

* generic microscopic many-body model: ( single particle pump )

2
8ip = —ilH.pl + Dlpl = LIyl (manboy

H= [ 3L ) beot 30 a

( single-, two-, ... body loss )
kinetic energy two-particle interaction

Dlpl = v [ Bhpdx— 3(Bedlont] + 1 [ [9pdl— 3oldmnll +
single ;(article pump single particle loss
K:/[éipéy — {01202, p}]

two-particle loss

@any-Body Master Equatioa mag;ing [ Ke|dyi8nf:ef;rnacltlonal j




Many-body model: ¢4-Lindblad-KeIdysh action
o after Keldysh rotation: ¢. = (¢4 + 0_)/V2, ¢g=(dr —d_)/V2

s= [ {eop) (pn pr) (5)+ o [0+ ) (622606, + 6;%6000) + e |

Y

Y (Pq\ e (Pq\ ,‘l)zik
after Fourier: G~ (w, q) < >< _ AN
s A+ ix }"\)\Jr iK
e (Gaussian sector: inverse Green'’s function ¢q P be pe b1 P
e retarded/advanced PR(W7 q) = w _(92 — ,u)+ 1 (@) /2

2M difference: distance from a

e Keldysh component pPE — () phase transition (see above)

sum: noise of loss and pumping add up

(substantiated below)
= now: simplifications in the semiclassical limit:

e sharp argument close to a critical point

* provides intuition for a frequency regime w << v = v + 7,

= now: “what is non-equilibrium about it?”



Semi-classical limit and
Langevin equations

exciton-polariton two-body quantum
models master equation




Intermezzo: Exciton-polariton systems

Kasprzak et al., Nature 2006 Imamoglu et al., PRA 1996
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Intermezzo: Exciton-polariton systems

Kasprzak et al., Nature 2006 Imamoglu et al., PRA 1996
© Ea ! photons

1
' f
i 1
g fl

| |

relaxation

[ )
\& > T excitons

Bragg mirror
Bragg mirror

lower polaritons

> K
loss

e phenomenological description: stochastic driven-dissipative Gross-Pitaevskii-Eq

\V£: Szymanska, Keeling, Littlewood PRL
010 = |~ — kil — )+ A= i) 6P| 0+¢ o Bhon TR G

2m / / \ \ Wouters, Carusotto PRL (07,10)

pump & loss rates two-body loss (C*(t,x)C(t',x")) = v6(t —t)d(x — x)

propagation elastic collisions



Intermezzo: Exciton-polariton systems

Kasprzak et al., Nature 2006 Imamoglu et al., PRA 1996

1

E A !'photons

|}
' [ |
' [ |
""""""""""" | ,
\ ¥
) .
I g
.'.---r r"1_ ’
i s ' '._: \ )
" 1 -1.1. .I '
| i : G{\ |

relaxation

excitons

Bragg mirror
Eragé mirror

lower polaritons

> K

loss

e phenomenological description: stochastic driven-dissipative Gross-Pitaevskii-Eq

\V£: Szymanska, Keeling, Littlewood PRL

, _ v o _ 2 04,06); PRB (07
Z@ﬂb [ 2 pt }%9 /%) + ()\ Zl{\)hb’ ] qb T C Wouter(s CarLsotto F(’RL) (07,10)
- \

pump & loss rates two-body loss (C*(t,x)C(t',x")) = v6(t —t)d(x — x)

propagation elastic collisions
OH. 57-ld
e structure: ’lat¢ — + 1 + C Hoz — /ddiL‘[’I“a|¢c|2 + Koz|v¢c|2 T ga|¢6|4]
00" / 50+ N
coherent dissipative noISe <> & — C, d

(reversible)  (irreversible) andom force allowing to explore
various configurations



Intermezzo: Exciton-polariton systems

* Bose condensation seen despite non-equilibrium conditions

Kasprzak et al., Nature 2006

e stochastic driven-dissipative Gross-Pitaevskii-Eq

2
V Szymanska, Keeling, Littlewood PRL (04, 06);

Z@t¢ = —% — U+ i(’Yp — ’Yl) + (>\ — 75/4/) |¢|2 ¢ T C PRB (07)); Wouters, Carusotto PRL (07,10)



Intermezzo: Exciton-polariton systems

* Bose condensation seen despite non-equilibrium conditions

Kasprzak et al., Nature 2006

e stochastic driven-dissipative Gross-Pitaevskii-Eq

/ Szymanska, Keeling, Littlewood PRL (04, 06);
\ PRB (07)); Wouters, Carusotto PRL (07,10)

¢0 A

* mean field —‘
* neglect noise
* homogeneous solution ¢(x,t) = ¢g critical point/% K

naively, just as Bose condensation in equilibrium!

Q1: How does this model relate to the Lindbladian and Lindblad-Keldysh field theory?
e Q2: What is “non-equilibrium” about it?



Semiclassical limit of Lindblad-Keldysh action: power counting

" ,.
S = /tx{(cbi,aﬁi;) ( OR 5}() (i{j) +

e Gaussian sector close to a critical point:

*/',
Pq

e retarded/advanced P (w,q) =w — q2 —u+i(y — fyp) /2 @

e Keldysh component PE — (vt + 7p)



Semiclassical limit of Lindblad-Keldysh action: power counting

PAN (6N | o N L e ./
S = /tx{(qbi,cbi;) ( OR PK) (iq) + —5 (A + i) (952 pey

$q_ P Pq_ ¢:
\\ \\\
N S .
e Gaussian sector close to a critical point: }Q A+ ik
’
>|<// *
4)q ¢C (PC CPC
— 0

—P

e retarded/advanced P (w,q) =w — q2 —u+i(y — fyp) /2 @

e Keldysh component PK — (’Yl 4+ Wp)

d-2 d+ 2

e canonical field dimensions: (D] = 5 < [¢pg] = :

e action is dimensionless: phase e"” in the functional integral
e d> 2:couplings with more than two quantum fields irrelevant in the RG sense



Semiclassical limit of Lindblad-Keldysh action: power counting

PAN (6N | o N L e ./
S = /tx{(qbi,cbi;) ( OR PK) (iq) + —5 (A + i) (952 pey

$q_ P Pq_ ¢:
\\ \\\
N S .
e Gaussian sector close to a critical point: }Q A+ ik
’
>|</, *
4)q ¢C ¢C CPC
— U

e retarded/advanced P (w,q) =w — q2 —u+i(y — fyp) /2 @

e Keldysh component PE — (vt + 7p)

d— 2 d+ 2

e canonical field dimensions: [Cbc] — 9 < [qu] — 9

e action is dimensionless: phase e"” in the functional integral
e d> 2:couplings with more than two quantum fields irrelevant in the RG sense

e massive simplification: semi-classical Martin-Siggia-Rose-Janssen-de Dominicis action

S = / {qb* O519] + c.c. + z‘27¢;¢q} S = {0510 — He +iHyg )}
t,xX

q 5¢Z t,x H " iH .
linear quadratic ermitian anti-Hermitian



Relation to driven-dissipative Gross-Pitaevskii-equation

e Equivalence of semiclassical theory and Langevin equations



Relation to driven-dissipative Gross-Pitaevskii-equation

e Equivalence of semiclassical theory and Langevin equations

e structure of action in semiclassical limit (Martin-Siggia-Rose-Janssen-de Dominicis functional integral)

Z= [ Dloe, 6,00 5] 5100 0000

S = t {qﬁz 5?520] + c.c. + iZWQSZgbq} S = {qﬁ:i@t¢c — H. + i?‘[d}
s X c t,x



Relation to driven-dissipative Gross-Pitaevskii-equation

e Equivalence of semiclassical theory and Langevin equations

e structure of action in semiclassical limit (Martin-Siggia-Rose-Janssen-de Dominicis functional integral)

Z= [ Dloe, 6,00 5] 5100 0000

S = {qb; 5?&20] + c.c. + i27q5;qbq} S = {0510:pc — He + 1Hat
t,x C t7x
e Decouple the quantum field (undoing Gaussian integration) <
10t e — 6HC*—|— Hd —& )+4c.c.
/fo e 27ftx§£/p¢c,¢c,¢qj¢] [ ( t 5; CJ ) ]
)

03



Relation to driven-dissipative Gross-Pitaevskii-equation

e Equivalence of semiclassical theory and Langevin equations

e structure of action in semiclassical limit (Martin-Siggia-Rose-Janssen-de Dominicis functional integral)

Z= [ Dloe, 6,00 5] 5100 0000

S = t {qb; 5§g[ﬁc] + c.c. + i27q5;qbq} S = {¢:i8t¢c — H. + in}
X c t,x

e Decouple the quantum field (undoing Gaussian integration)

/Df f 27 ftxs ’S/D ¢C,¢67¢q7¢ ] [ (z@tqbc 57720 'L(;S;_;Ci )—l—C.C.]

Y

05
Jox

e Recognize Fourier representation of delta-constraint: Langevin equation
1 . . OH. 57—[d

— D * 27ft,X£€/D c * c — .C.

[ Pleele 60021 (10 50 i s)5<cc>

= noise averaging = at each instant = driven-dissipative Gross-Pitaevski equation
of time: -

cf. deterministic limit: noise added, system
explores many configurations

= interpretation: 2y is the noise level



Semiclassical limit and exciton-polariton model

e example of “weak” universality (loss of memory of microscopic physics)

exciton-polariton

Microscopic Lindblad microphysics Lindblad phi4 theory
Action \
power counting
(@)
£
S
© . . . .
E/Iesoscopic Dissipative Actioa S) driven-dissipative
2 Gross-Pitaevski
§ k —1 equation
RG flow
\/

E_ong Wavelength Effectiv

e
Action j N coarse araining  Universality class
f — OO coarse graining length momgntum 9 at a critical point
k—0

= many microscopic models collapse to an effective low frequency model
= form dictated by microscopic symmetries
= longer wavelength behavior to be determined by calculation



Overview: Langevin equations, Lindblad equation, Keldysh integral

stochastic Schrédinger equation
(measurements, Sec. 10)

f \ S e T Ea,

: i Heisenberg- Lindblad . Lindblad-Keldysh
g vnoeblnd Langevin equation il il functional integral
semi- * Langevin equation Fokker—EIanck MSR\.JD functional
classical equation integral
- 1\ /
) 7 b S ga®
e okl g
stochastic evolution deterministic evolution of probabilistic objects
(noise) (density matrix/ probability distribution)
o — I N— ~ —
differential formulation integral formulation
(one time step) (exponentiated evolution
operator)

* effects of phase coherence still
present (cf. BEC as classical wave)



Equilibrium vs. non-equilibrium states




Equilibrium vs. non-equilibrium stationary states

e different notions of ‘non-equilibrium’
Time evolution

= time translation invariance broken (e.g. thermalization, Floquet..)



Equilibrium vs. non-equilibrium stationary states

e different notions of ‘non-equilibrium’
Time evolution

= time translation invariance broken (e.g. thermalization, Floquet..)

Stationary states (considered here)

= flux equilibria: equilibrium vs. non-equilibrium conditions
e not visible in static observables:

p=e PH /tre=FH

= any positive semidefinite Hermitian operator can be written like this



Equilibrium vs. non-equilibrium stationary states

e different notions of ‘non-equilibrium’
Time evolution

= time translation invariance broken (e.g. thermalization, Floquet..)

Stationary states (considered here)

= flux equilibria: equilibrium vs. non-equilibrium conditions
e not visible in static observables:

p=e PH /tre=FH

= any positive semidefinite Hermitian operator can be written like this

e visible dynamical observables, e.g.:

W) B = e

= non-equilibrium conditions are encoded in the generator of dynamics
= thermal equilibrium realized if generator of dynamics coincides with the one in statistical weight
= otherwise must expect non-equilibrium conditions (Lindbladian)




Equilibrium vs. non-equilibrium stationary states

e non-equilibrium stationary states:

e open system: is it the coupling to a bath —> irreversibility?

= no, can be compatible with thermal equilibrium (Caldeira-Leggett Models)



Equilibrium vs. non-equilibrium stationary states

e non-equilibrium stationary states:

e open system: is it the coupling to a bath —> irreversibility?
= no, can be compatible with thermal equilibrium (Caldeira-Leggett Models)

e driven & open system: coupling to multiple incompatible baths (e.g.
different temperatures, chemical potential, driving strength...)

( single particle pump )

2
(manyoody ™
S

( single-, two-, ... body loss )

e result from independent microscopic processes
e system is ‘confused’ which bath to thermalise to
e some fluxes through the system

= driven open nature incompatible with thermal equilibrium
= how to sharply quantify?



Equilibrium vs. non-equilibrium stationary states: symmetry

e more formally: quantum master  J;p = —i[H, p] + D|[p]
equation

|\ A N J
Y Y

:>SH :>Sp

e equivalent Keldysh functional integral: Z = /D¢iei(SH[¢i]+SD[¢i])

e equilibrium dynamics microscopically generated by a time-independent (undriven) Hamiltonian alone

Sp =0



Equilibrium vs. non-equilibrium stationary states: symmetry

e more formally: quantum master

equation

e equivalent Keldysh functional integral: Z = /D¢iei(SH[¢i]+SD[¢i])

\ S/ \

Orp = —i[H, p] + Dlp|

J

Y

Y

:>SH :>Sp

e equilibrium dynamics microscopically generated by a time-independent (undriven) Hamiltonian alone

Sp =0

= symmetry of Keldysh action under discrete transformation

L. Sieberer, A Chiocchetta, U. Tauber, A. Gambassi, SD PRB
(2015); F. Haehl, R. Loganayagam, M. Rangamani, JHEP
(2016); M. Crossley, P. Glorioso, H. Liu, JHEP (2016)

Ts :

b (t,x) — ¢4 (—t+1i8/2,x%),

71— —1

T52:1 B=1/T



Equilibrium symmetry: implications
e symmetry of Schwinger-Keldysh action of undriven Hamiltonian under discrete transformation
Ts:  ¢dr(t,X) = do(—t+if/2,x), 10— —i T3 =1 B=1/T

e implications:

e for correlation functions, * basis:

(Olo+]) = (T(Olo+])) (Op]) = /DqsiO[gbi]eiS[%]

e physical consequence (Keldysh basis): fluctuation-dissipation relations, any order, e.g. single particle sector:

GK (w’ q) — (ZnB (w/T) i 1)[GR(CU, q) . GA (w’ Q)] any order <=> detailed t.).alalnce
<=> global thermal equilibrium

correlations Bose distribution responses

e connection to operator formalism: compact functional formulation of Kubo-Martin-Schwinger
boundary condition: for any two operators A,B,

(A(t)B(t')) = (B(t' — iB)A(t)), (0) = tr(Op)
o reason:  A(t) = ¢t Aem i = ¢=BH [pe—BH

, & cyclic invariance
= A(t)p = pA(t —ip)



Equilibrium symmetry: Semiclassical limit

e Full symmetry:
Ta: ou(t,x) = dr(—t+116/2,x), ©— —i B=1/T
. 3
= "2 %y (—t,x)
e semiclassical limit: T large => eiigat ~ 1+ ig(?t

e action on the fields:
irrelevant by power counting

Tooe(t %) = GL(~1.%) + 5 O

57 VP =, X), reproduces classical result
Y H. K. Janssen (1976); C. Aron

Tadq(t,x) = qb:;(—t, X) + %@gbz(—t, X ) et al, J Stat. Mech (2011)

= obtain geometric interpretation of the equilibrium symmetry



Geometric interpretation: equilibrium vs. non-equilibrium dynamics

® in semi-classical Martin-Siggia-Rose-Janssen-de Dominicis action

S = /tx {gb; 5?56] + c.c. + i2fy¢f]¢q} S = /tx {0%i0;pe — He + iHa)

Mo — / B2fraléel’ + Ka|Voe + galdel] o =c.d

Im ,

incoherent/ irrev. Te 4174
dynamics

Hq

‘)

Re

coherent/ reversible
dynamics C




Geometric interpretation: equilibrium vs. non-equilibrium dynamics

equilibrium dynamics non-equilibrium dynamics

Im 4 Im
/ > Re
e coherent and dissipative dynamics may e coherent and dissipative dynamics do occur
occur simultaneously simultaneously
° butthey are not independent e they result from different dynamical resources

= what are the physical consequences of the spread in the complex plane?




Application:
Fate of BKT physics in
driven open quantum systems

A
\ non-equilibrium
. disordered (rough)
: phase
algebraic quasi-long range order \
(Kosterlitz-Thouless phase) :
— _J :\ r J
—~ L Y
sk

E. Altman, L. Sieberer, L. Chen, SD, J. Toner, PRX (2015)
G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)
L. Sieberer, G. Wachtel, E. Altman, SD, PRB (2016)

L. He, L. Sieberer, E. Altman, SD, PRB (2015)
L. He, L. Sieberer, SD, PRL (2017)

Microscopic “Thermodynamic” Long wavelength
Quantum Optics Many-body physics Statistical mechanics



Phase transitions in two dimensions

e continuous symmetry U(1): no spontaneous symmetry breaking, but a phase transition

low temperature high temperature

e correlations

1

<¢* (X)¢(O)> ~ I 2K ~ e_r/g
e responses: superfluidity
Ps 7& 0 Ps = 0

e BKT (Berezhinskii-Kosterlitz-Thouless) transition: unbinding of vortex-antivortex pairs

J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973)

]
o % e .
. ‘ @ e ® 9
) 0 *
o e
o ) :
matter wave interferometry: ... fate in driven open condensates?

Z. Hadzibabic et al. Nature (2006)



Short reminder: Algebraic correlations

low temperature high temperature

e correlations

e physical reason: gapless spin wave fluctuations

(¢*(r)9(0)) 1

1 algebraic quasi-long

&range order

>




Short reminder: Algebraic correlations

low temperature high temperature

e correlations

(¢*(x)$(0)) ~ 1~ =w ~ e /8
e physical reason: gapless spin wave fluctuations

e phase-amplitude decomposition ¢(x) = p(x)/2e0) ~ | /nget?™)
(6" (X)$(0)) & ng (e @CI=0O)y — =2 ((0(x)=6(0))%)

2
e spin wave action S = %/d%(VH)Q = %/ (;(;2 ¢’ 0(—a)f(a)

1/a d2 iqr
» phase correlator  (0(x) — 0(0))’) = / ( 2752 (e o b _ S log(r/a)
: 4
(#"(r)¢(0)) 1 algebraic quasi-long

wrange order

>




microphysics

Description: Effective model

quantum master
equation

e mesoscopic starting point: driven-dissipative stochastic Gross-Pitaevski equation

V2 stochastic GPE
. . . 2
10 = |—5— —pu+i(yp—n)+(g—ix)|o["| ¢+ ¢

2m
o(t,x) = /p(t, x)e?">)

macrophysics



microphysics

Description: Effective model

quantum master
equation

e mesoscopic starting point: driven-dissipative stochastic Gross-Pitaevski equation

stochastic GPE

. V> . . 2
¢ = | =5~ —p+ilyp —m) + (g —ik) [$7| §+¢
| p gapped/fast
o(t,x) = \/p(t,x)ew(t’x)
KPZ equation ¥
e effective low frequency dynamics see also: G. Grinstein et al., PRL (1993)

phase diffusion phase nonlinearity Markov noise

_ - macrophysics
form of the KPZ equation Kardar, Parisi, Zhang, PRL (1986)



Description: Effective model

e mesoscopic starting point: driven-dissipative stochastic Gross-Pitaevski equation

. V> . .
’Lath: —% _M—FZ(’YP_’YZ)_F(Q_Z/{)‘QMQ ¢+C
o(t,x) = +/p(t,x)ed("X)
e effective low frequency dynamics see also: G. Grinstein et al., PRL (1993)

phase diffusion phase nonlinearity Markov noise
form of the KPZ equation Kardar, Parisi, Zhang, PRL (1986)
Im
e meaning: non-linear spin wave mode
e nonlinearity: single-parameter measure of non-equilibrium strength (ruled Im

out in equilibrium by symmetry)

microphysics

quantum master
equation

stochastic GPE

p gapped/fast

KPZ equaton ¥

macrophysics

| A7 =0

> Re

equilibrium

A0

g = ) Re
non-equilibrium



E. Altman, L. Sieberer, L. Chen, SD, J. Toner, PRX (2015) microphysics

Physical implication I: Smooth KPZ fluctuations

quantum master

equation
e How important are non-equilibrium conditions at large distance?
: _— Im -
e behavior of non-equilibrium strength under stochastic GPE
coarse graining (RG flow) A# 0
Re
KPZ equation
RG flow

\ 4
macrophysics “




E. Altman, L. Sieberer, L. Chen, SD, J. Toner, PRX (2015) microphysics

Physical implication I: Smooth KPZ fluctuations

quantum master

equation
e How important are non-equilibrium conditions at large distance?
: _— Im -
e behavior of non-equilibrium strength under stochastic GPE
coarse graining (RG flow) A# 0
Re

A1 : .

KPZ equation

non-perturbative characterisation of
strong coupling fixed point:
Canet et al, PRL (2010); PRE (2011)

strong non-equilibrium

RG fl
<> KPZ fixed point o

T~

\ 4
macrophysics “

weak non-equilibrium
<-> equilibrium fixed point

d

e general trend: non-equilibrium effects in systems with gapless mode are
e enhancedind=1,2

e softened in d = 3 (below a threshold)



microphysics

Physical implication I: Smooth KPZ fluctuations

quantum master

equation
e How important are non-equilibrium conditions at large distance?
: N I '
e behavior of non-equilibrium strength under m stochastic GPE
coarse graining (RG flow) A# 0
Re
_ O AAYZ
A= D3/2 : KPZ equation
v
E RG flow
Y
N A v
)‘(L*) =1 7 : macrophysics
;
1

e 2D: implication: a length scale is generated

167 D3
L* — aoe A2A

\

microscopic (healing)
length




E. Altman, L. Sieberer, L. Chen, SD, J. Toner, PRX (2015)

2D: Absence of algebraic order out of equilibrium

167 D3
e generated length scale distinguishes two regimes: L, = age »?a

4 (¢7(r)9(0)) .
sub-exponential non-
equilibrium disordered

(rough) phase

algebraic quasi-long range orderé
(Kosterlitz-Thouless phase)

Y Y
L,

equilibrium fixed point relevant KPZ fixed point relevant



E. Altman, L. Sieberer, L. Chen, SD, J. Toner, PRX (2015)

2D: Absence of algebraic order out of equilibrium

167 D3
e generated length scale distinguishes two regimes: L, = age »?a

4 (97 (r)¢(0)) .
sub-exponential non-
equilibrium disordered

(rough) phase

e ", x ~0.37 (d=2)
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= algebraic order absent in any two-dimensional driven open system at the largest distances
= but crossover scale exponentially large for small deviations from equilibrium

= observation in 1D systems (KPZ scaling exponents found)
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= algebraic order absent in any two-dimensional driven open system at the largest distances
= but crossover scale exponentially large for small deviations from equilibrium
= observation in 1D systems (KPZ scaling exponents found)

4 Az =0
3 ©ead 102 S il
= SEECE Q. Fontaine et al., Nature
s 10 10
ot At (2022)
o0
E
S g -
1} <D
—1/3 temporal e spatial Y = 1/2
6 — / scaling 0 - - : scaling
0 10 20 30

At2/3 (p52/3)




Physical implications Il: Non-equilibrium Kosterlitz-Thouless

e KPZ equation for phase variable

x1/

0,0 = DV?0 + \(V0)” + ¢ N
¢
e compact nature of phase allows for vortex defects in 2D! vortex
e key ingredient of Kosterlitz-Thouless transition
F=FE-TS
low T: high T:.
(binding) energy dominates entropy dominates
(]
o % o0 .
' ‘ o . ®9
% . o
o o® . o
()
@ > @

= how is this scenario modified in the driven system?

A

A

R

—> 0 <

N

v

4

anti-vortex



Mini-review: BKT transition

low temperature

e BKT transition: unbinding of vortex-antivortex pairs
J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973) * e

e Single vortex picture: balance of energy (deterministic) and entropy (statistic)

e Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
e Q: whenis it favorable (free energy minimum) to have unbound vortices?

®* more accurate approach via electrostatic duality: J. M. Kosterlitz, J. Phys. C (1974)

electric field <=> smooth phase fluct. (KPZ) E = —¢é, x V0 charges <=> vortices
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e Single vortex picture: balance of energy (deterministic) and entropy (statistic)

e Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
e Q: whenis it favorable (free energy minimum) to have unbound vortices?

e energy of single free vortex:

S =
QO
©-

vortex configuration: mapping (7, ©) = — Vi = %é¢5¢9(7“ ,p) =
— = — /d2 (VO)? = 7TK/ d'rr— = 1K log(L/a)
e entropy: sum all equally probable possibilities of placing vortices in 2D plane at minimal distance a:

S =—kgp ZP@ log p; = kplog(L/a)?

o freeenergy F=F —TS = (7K —2kgT)log(L/a)
TK energy at hand!

e vortex proliferation above KT critical temperature 1xT = 2
B

= but out of equilibrium: no free

®* more accurate approach via electrostatic duality: J. M. Kosterlitz, J. Phys. C (1974)

electric field <=> smooth phase fluct. (KPZ) E = —¢é, x V0 charges <=> vortices






Keldysh theory general: A. Kamenev, Field theory or non-equilibrium systems,
Cambridge University Press

OUt“ne Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven Open
Quantum Systems, Reports on Progress in Physics (2016);

L. Sieberer, M. Buchhold, J. Marino, SD, Universality in Driven Open Quantum
Matter, arxiv (2023)

1. From the Lindblad equation to the Lindblad-Keldysh functional integral

e Lindblad equation for driven open quantum matter Op = —i|H, p| + L|p]
e construction of Lindblad-Keldysh functional integral

2. KPZ equation in exciton-polariton condensates
eil[®] _ /Dé@eisM [®+6P]

* background: semiclassical limit, classifying eq. vs. non-eq. states
e from XP to KPZ: absence of algebraic order out of equilibrium
e compact KPZ and non-equilibrium phase transition A

3. Principles of universality in driven open quantum matter

* the principles: eq. vs. non-eq.; pure vs. mixed states; weak vs. strong
symmetries

e application: 1D KPZ in open vs. closed systems

4. Macroscopic non-equilibrium phenomena from weak non-equilibrium drive

¢ non-equilibrium O(N) models: phase structure, limit cycles
® novel non-equilibrium criticality at onset of a limit cycle
* route towards KPZ via breaking of time translation symmetry

5. Quantum aspects: topology in driven open quantum matter

e fermion topological dark states in Lindblad evolution
* universality of topological response: pure states, mixed states
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e BKT transition: unbinding of vortex-antivortex pairs
J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973) * e

e Single vortex picture: balance of energy (deterministic) and entropy (statistic)

e Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
e Q: whenis it favorable (free energy minimum) to have unbound vortices?

o freeenergy F =F —TS = (7K —2kgT)log(L/a)

TK
e vortex proliferation above KT critical temperature IxT = Y. = but out of equilibrium: no free energy at hand!
B
® more accurate approach via electrostatic duality: J. M. Kosterlitz, J. Phys. C (1974)
smooth phase fluct. <=> electricfield E = —¢é, x V6

vortices <=> charges
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e wait a second — we ignored a fundamental symmetry of polaritons so far: local discrete gauge invariance
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Compact KPZ G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)
e wait a second — we ignored a fundamental symmetry of polaritons so far: local discrete gauge invariance
o(t,x) = p(t,x)e %) Ot,x — Ot x + 27N x
e Teaching symmetry to KPZ equation:

e =i €8 02 15 - 3 [omees

E[O]t,x - Z [D Sin(et,x — et,x—l—é) +% (COS(Ht,x — Ht,x+5) — 1) {ﬁt,x}

stochastic difference discrete noise MSRJD
equation functional integral

Z x Z /D[¢7 &7 A) A] eiS[¢7$,A’A’nv’ﬁv’JU’jv]

{nUX LﬁvXa
J'UX ’J’UX}

non-equilibrium
electrodynamic theory
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Compact KP/Z G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)
e wait a second — we ignored a fundamental symmetry of polaritons so far: local discrete gauge invariance
o(t,x) = p(t,x)e %) Ot,x — Ot x + 27N x
e Teaching symmetry to KPZ equation:

e =i €8 02 15 - 3 [omees

Ll0]tx = — Z [D Sin(et,x — 9t,x—|—é) +% (cos(br.x — Ot x+a) — 1) {7e,x }

equation functional integral

[ stochastic difference J [ discrete noise MSRJD j

Non-equilibrium electrodynamic duality:
Magnetic field <=> density fluct. (gapped) B = —¢,dp

Electric field <=> smooth phase fluct. (KPZ) E = —¢, x V0| , Z /DM b, A, AleiS[0:0 8 Ay ity Ty T]

{nUX Z,/FLUX 9

Charges <=> vortices Tox,Jux}
Dynamical & non-equilibrium analog of non-equilibrium
: : electrodynamic theory
Kosterlitz-Thouless construction
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Compact KPZ G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)
e wait a second — we ignored a fundamental symmetry of polaritons so far: local discrete gauge invariance
o(t,x) = p(t,x)e %) Ot,x — Ot x + 27N x
e Teaching symmetry to KPZ equation:

Oricx =0« +€(L10r x +Mt.x) + 27104 i
trex = Ot x + € (L]0 x + 7e,x) t Z= Y /D[g]ezsw,n]

E[O]t,x - Z [D Sin(et,x — 9t,x—|—é) +% (COS(et,x — Ht,x+é) — 1) {ﬁt,x}

stochastic difference discrete noise MSRJD
equation functional integral

Non-equilibrium electrodynamic duality:
Magnetic field <=> density fluct. (gapped) B = —¢,dp

Electric field <=> smooth phase fluct. (KPZ) E = —¢, x V0| , Z /D[Qﬁ, b, A, AleiS[0:0 8 Ay ity Ty T]

{nUX Z,ﬁvX 9

Charges <=> vortices Tox,Jux}
Dynamical & non-equilibrium analog of non-equilibrium
: : electrodynamic theory
Kosterlitz-Thouless construction

= Q: What is the effective theory for vortices out of equilibrium?



Effective theory for a single vortex-antivortex pair

e equation of motion for a single vortex-antivortex pair
dr O
P —uVV(r)+§ r

equilibrium: Coulomb potential (2D)

Vir) = éln(r/a)

(diffusion cst. /
spin stiffness)
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= noise-activated unbinding for a single pair (at exp small rate)



Effective theory for a single vortex-antivortex pair

e equation of motion for a single vortex-antivortex pair
dr O
P —uVV(r)+§ r

equilibrium: Coulomb potential (2D)

Vir) = éln(r/a)

ce=K 1l=p-1

(diffusion cst. /

(sorry..) TUSIt
spin stiffness)
®0 e
length scale: .
2D Vi )Ni L A 3
L, = ape > r) ~ - In(r/a) — oo (In(r/a))
see also: | Aranson
et al., PRB (1998) T

two-vortex problem

= noise-activated unbinding for a single pair (at exp small rate)



microphysics

Many pairs: Corrections to Kosterlitz-Thouless flow

quantum master
equation

dat
stochastic GPE

\A

0.10
equilibrium compact KPZ
0.08 KT flow "
RG flow
0.06
04 R
0.0 _ vortex MACTO
| unbinding physics
0.02
OOO K—l — D—l
0.0 : : : : 0.5
A B > inv. superfluid stiffness




microphysics

Many pairs: Corrections to Kosterlitz-Thouless flow

quantum master

equation
de 21242 dy s 2\ 1 dT T /1
— = 12- = iy _ -
dl T dl [ el’ * 4e2D? \ 4 * Y dl 2e2D2 \ 4 T
1 stochastic GPE "
e= K~
0.10
equilibrium
0.08 KT flow compact KPZ
0.06 modified o "
non-equilibrium
Y RG flow
0.04
macro 4
physics
0.02
= vortex unbinding for
0.00 ’ el any value of the noise
OO 01 02 03 04 05 Strength, no phase
e ® -, transition
H % > o« ° e




Competing length scales and suppression of KT

e two emergent length scales in complementary approaches:

167 D3 2D
L* = ape€ A2 A L’U — a’O € A
KPZ length vortex length

algebraic

sub-exponential

exponential

equilibrium KPZ free vortices

e numerical confirmation of two-scale scenario in 1D
(defects: vortices in (1+1)D space-time)

L. He, L. Sieberer, SD PRL (2017)
e 2D lattice simulations encouraging to see KPZ

Deligiannis et al., PRR (2022)



Competing length scales and suppression of KT

e two emergent length scales in complementary approaches:

167 D3 2D
L* = ape€ A2 A L’U — a’Oe A
KPZ length vortex length
4
algebraic .

i sub-exponential noise level

! O #

i exponential ® ?

P
KPZ free vortices
L I non-equilibrium strength
e (v

equilibrium

equilibrium limit

e numerical confirmation of two-scale scenario in 1D L — —
(defects: vortices in (1+1)D space-time)

L. He, L. Sieberer, SD PRL (2017)
e 2D lattice simulations encouraging to see KPZ

Rosterlitz-Thouless physics fragile to
non-equilibrium perturbation

=

Deligiannis et al., PRR (2022)



A phase transition driven by non-equilibrium strength

A

L. He, L. Sieberer, E. Altman, SD, PRB (2015)
L. He, L. Sieberer, SD, PRL (2017)



L. He, L. Sieberer, E. Altman, SD, PRB (2015)
see also: K. Yi, V. Gladilin, M. Wouters, PRB (2015)

Sequence of Scales L. He, L. Sieberer, SD, PRL (2017)

e direct numerical solution of driven-dissipative GPE in one dimension

e Study temporal instead of spatial coherence function (near equilibrium) _ _
numerical evidence

A equilibrium diffusive Subexponentiali ed>_(por<1jentizl
alt—t'|*/? KPZ scalina | 'ii’;ni;,e
* / _ -
b=t
| : : !
: i disordered S
I
| i ~ e_c|t_t/| g 10
: <
| I 10
1 1
l |
| . > 1 10
l l It — ']
_ E./o
e Crossover scale T.~0 2 T,~e e/
noise level
algebraic exponential

= no spatial vortices in 1D —> what causes the emergent length scale beyond KPZ?



Space-time vortices in 1D: dynamics of phase slips

* Physical origin: compactness of phase field

27n periodic boundary cond.

A
_ topologically nontrivial phase field
. .................................. ::. ConflgurathnS On (1+1)D Space_tlme
vortex core |
J plane
i — i._y

e Vorticity condition 7{ dsV6O = 2mn
C

T any closed path enclosing vortex core

* unbound at infinitesimal noise level (weak non-equilibrium)

. . . 2\ —1 —1/2 _—x°/(4Dt
- interaction potential:  (0; + DO;)” " ~ (Dt) [2g=a"/(4DY) cf. 2D static equilibrium: V2 ~ log(|x|)

- explains qualitative features

1. temporal scaling (random uncorrelated charges)  (¢*(z,t)¥(z,t)) ~ e clt='l

E./o (

2. noise level dependence of crossover scale 1, ~ e mapping to static 2D active smectic A liquid crystal)

Toner and Nelson, PRB (1984)



Strong non-equilibrium: Compact KPZ vortex turbulence

In search of the phase diagram for XP condensates

noise level
o)

physics in strong non-
equilibrium condition

?

P>\

non-equilibrium strength



Strong non-equilibrium: Compact KPZ vortex turbulence

* In search of the phase diagram for XP condensates: 1+1 dimensions

noise level

O

color code: vortex density on
space-time plane

B,

Noise activated vortices (TV)

KPZ / equiliorium dominated  §  °~  _ _ _ _ AL ____. Vortex turbulence (VT)

physics < >
much bigger parameter space & new _ o N o
phases: Veresci, PRR (2023) first order non-equilibrium phase transition  non-equilibrium strength
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* In search of the phase diagram for XP condensates: 1+1 dimensions

noise level
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color code: vortex density on
space-time plane
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: Vortex turbulence (VT)
physics <

>
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Phase transition driven by non-equilibrium strength

e ualitative reason: competition in lattice regularized model (compact KPZ)

0 X = SVE[ ]+AVNH £

Y Y
equilibrium  non-equilibrium

lattice site
>>z':v<9i=9z‘+1—97: Vi =K} cosx; VN:)‘ZSinXJ
J j
VE/N,@' = 5i quj = (5z'j—|—1 — 5z'j
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Phase transition driven by non-equilibrium strength

e ualitative reason: competition in lattice regularized model (compact KPZ)

0 X = SWﬂ]+AWﬂ] £

Y
equilibrium
lattice site
>>L' = V0; = 0,11 — 0,
0
V, =
E/N,i 5X7,

S=D+ DT =387

fixed point
structures

attractive repulsive

=> emergent Liouville thm.

diV[AVN] =0

non-equilibrium

Vi :KZCOSXj VN = )\Zsinxj
J

j
Dij = 0ij+1 — Oij

A=D-DV'=-A"
hyperbollc elliptic

= high dimensional
configuration space
= transition to chaos



Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven
SU mmary SO far Open Quantum Systems, Reports on Progress in Physics (2016)

Driven open many-body systems: challenge to theory

microphysics > macrophysics

@Iany-Body Master Equatioa ma1p'|;ing [ Keldy;r’:ef;rnaﬁtional J

e mapping opens up QFT toolbox: =

e symmetries: eq. vs. non-eq.

e control of IR fluctuations: understanding low dimensional

gapless phases out of equilibrium

e flexible choice of degrees of freedom: KPZ vs. vortices 2D: L, < Ly 1D: L,> L,
(time scales)



4. Principles for universality in driven open quantum matter

G >
microphysics »  Mmacrophysics

e Field theory: a tool to distill universal and emergent macroscopic phenomena from a given microscopic physics

e Keldysh field theory: enabling this transition in out-of-equilibrium systems

e Guiding principles:

e equilibrium vs. non-equilibrium stationary states

= equilibrium conditions encoded in thermal symmetry, violated explicitly in Lindblad-Keldysh
field theory

* mixed vs. pure states
x = classical and quantum scaling solutions can exist in and out-of-equilibrium
e weak vs. strong symmetries: fine structure of symmetries in Keldysh framework

= weak symmetry: Goldstone modes if spontaneously broken

= strong symmetry: conservation laws and hydrodynamic modes (Noether theorem)




Weak vs. strong symmetries
in the Keldysh formalism

REVIEWS OF
MODERN PHYSICS

VorLume 20, Numser 2

AprriL, 1948

Space-Time Approach to Non-Relativistic
Quantum Mechanics

R. P. FEYNMAN

Cornell University, Ithaca, New York

Non-relativistic quantum mechanics is formulated here in a different way. It is, however,
mathematically equivalent to the familiar formulation. In quantum mechanics the probability
of an event which can happen in several different ways is the absolute square of a sum of
complex contributions, one from each alternative way. The probability that a particle will be
found to have a path x(¢) lying somewhere within a region of space time is the square of a sum
of contributions, one from each path in the region. The contribution from a single path is
postulated to be an exponential whose (imaginary) phase is the classical action (in units of %)
for the path in question. The total contribution from all paths reaching x, ¢ from the past is the
wave function ¥(x, £). This is shown to satisfy Schroedinger’s equation. The relation to matrix
and operator algebra is discussed. Applications are indicated, in particular to eliminate the
coordinates of the field oscillators from the equations of quantum electrodynamics.

1. INTRODUCTION

T is a curious historical fact that modern
quantum mechanics began with two quite
different mathematical formulations: the differ-
ential equation of Schroedinger, and the matrix
algebra of Heisenberg. The two, apparently dis-
similar approaches, were proved to be mathe-

" matically equivalent. These two points of view
were. destined to complement one another .C\u
to be ultimately synthesized in Dirac’s trans-

formation theory.
This paper will describe what is essentiallv a

classical action® to quantum mechanics. A proba-
bility amplitude is associated with an entire
motion of a particle as a function of time, rather
than simply with a position of the particle at a
particular time.

The formulation is mathematlcally equivalent
to the more usual_formula

. ——

amenta]ly new rul :ﬁow-

T {. Nt of view offers a
distinct advantage For example, if two systems

F T T .




more details: Sieberer, Buchhold, SD, ROPP (2016);
Sieberer, Buchhold, Marino, SD, arxiv (2023)

Concept: Symmetries in the Keldysh formalism

e closed time path

\/ \/ + contour \/ \/ |
Z =trp(t) = p(tr)¢ $0(to) = /D¢i625[¢i]
lf =400 /\ /\ - contour /\ /\ to = —00




more details: Sieberer, Buchhold, SD, ROPP (2016);
Sieberer, Buchhold, Marino, SD, arxiv (2023)

Concept: Symmetries in the Keldysh formalism

e closed time path

\/ v + contour \/ \/
7 =trp(t) = rltg p(to) /D%Die (1]
ty = +00 /\ /\ - contour /\ /\ t() —

e Lindblad-Keldysh action HL = H[4], L+ = L[]

left action  right action

N /
S[¢i]:/tx[¢+zat¢+—ﬂ+— I —ZZ’YQ(QLT N L AN La,_)}



more details: Sieberer, Buchhold, SD, ROPP (2016);
Sieberer, Buchhold, Marino, SD, arxiv (2023)

Concept: Symmetries in the Keldysh formalism

e closed time path

\/ \/ + contour \/ \/
7 =trp(t) = g p(to) /D%Die [1+]
ty = +0o0 /\ /\ - contour /\ /\ t() —

e Lindblad-Keldysh action HL = H[4], L+ = L[]

left action  right action

N /
S[¢i]:/tx[¢+zatw+—ﬂ+— I —ZZ%(QLT N L AN La,_)}

 basis separating responses and correlations: . = %(%ﬁ +Y_), Y, = %(TM — )

“classical field’ ‘quantum field’



more details: Sieberer, Buchhold, SD, ROPP (2016);
Sieberer, Buchhold, Marino, SD, arxiv (2023)

Concept: Symmetries in the Keldysh formalism

e closed time path

\/ v + contour \/ \/
7 =trp(t) = rltr)g p(to) /D¢i€ [1+]
Ly = +oc /\ /\ - contour /\ /\ t() _

e Lindblad-Keldysh action HL = H[4], L+ = L[]

left action  right action

N /
S[wi]:/tx[w+zﬁt¢+—H+— I —ZZ%(QLT Lot — LY Loy — L La,_)}

 basis separating responses and correlations: . = %(%ﬁ +Y_), Y, = %(TM — )

“classical field’ ‘quantum field’

e symmetries have contour structure, e.g. global U(1):
Vi (t,x) = e *F Py (1, x)

e symmetry generators X+, X— < X=X+ +X-)/2, X¢=(x+—x-)/2

Ue(l) U-(1) Ue(1) Uy(1)

in-phase out-of-phase



more details: Sieberer, Buchhold, SD, ROPP (2016);
Sieberer, Buchhold, Marino, SD, arxiv (2023)

Concept: Classification of symmetries

Buca, Prosen, NJP (2013)
e overview: strong and weak symmetries Lieu et al., PRL (2020)

e focus: continuous global symmetry U(1)

e strong/quantum symmetries: independent transformations on both contours

U.(1) x Uy(1)

= conservation laws, gapless hydrodynamic modes (Keldysh Noether theorem)

* weak/classical symmetries: both contours ‘in phase’, [, ( 1 )explicitly broken, ', = 0

Uc(1)

= spontaneous breaking of ‘classical’ symmetry: gapless Goldstone modes (Keldysh Goldstone theorem)



Concept: Classical/weak symmetry

« recall generic Lindblad ¢p* model ( single particle pump )

:

Sip = —ilH. p| +Dlp] = LI (manyooy
| S

o — gg;r( (% — 1) ox + %(&L&X)Q ( single-, two-, ... body loss )

Dol = [ B pde— Hndlopl + % [ 6o~ 3oldunll +

single particle pump single particle loss
72 972 121272
X

two particle loss



Concept: Classical/weak symmetry

« recall generic Lindblad ¢p* model ( single particle pump )

:

Sip = —ilH. p| +Dlp] = LI (manyooy
S

o — gg;r( (% — 1) ng 4+ %(&L%)Q ( single-, two-, ... body loss )

Dol = [ B pde— Hndlopl + % [ 6o~ 3oldunll +

single particle pump single particle loss
72 972 1777252
/{/[gbxpgbx 9 be gbxﬂa}]
X
e symmetries (and recall all examples above!): two particle loss

e U.(1) invariance: both contours transform ‘in phase’

A

b — eXg

o butno U,(1)invariance

e interesting physics is associated to the spontaneous breaking of U.(1)



Concept: Classical/weak symmetry, spontaneous breaking

e associated Keldysh action (semiclassical limit)
Landau-type ¢* functionals

. oH. OH e
> :/ A Sor T igr | +2090500) Mo - / A*2[ralel + KalVoe|® + galdel]
t,x c c

o U.(1) invariance: ¢, — e'X<¢,, Pg — eixc%
4 Ha

e condensation forr; =y, — Yy < O (stat. state determined by Ha alone)
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Landau-type ¢* functionals

. SH. M
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o U.(1) invariance: ¢, — e'X<¢,, Pg — eixc%
4 Ha

e condensation forr; =y, — Yy < O (stat. state determined by Hd alone)

e visually clear:
= sombrero potential with degenerate manifold of minima

= system chooses one of the minima spontaneously

= excitation along this manifold costs no action




Concept: Classical/weak symmetry, spontaneous breaking

e associated Keldysh action (semiclassical limit)
Landau-type ¢* functionals

. SH. M
7 /tx A 5o oot St 2nse M :/ddfﬁ[ralcbc\Q+Ka\V¢c\2+ga\¢c\4]

Y

o U.(1) invariance: ¢, — e'X<¢,, Pg — eixc%
4 Ha

e condensation forr; =y, — Yy < O (stat. state determined by Hd alone)

e visually clear:
= sombrero potential with degenerate manifold of minima

e

= system chooses one of the minima spontaneously

= excitation along this manifold costs no action

gbc,O

e more generally valid (incl. beyond semiclassical limit): Keldysh Goldstone theorem  more details: reviews

If a global continuous weak symmetry is broken, there is an exact zero mode (R/A sector).




Application: KPZ in driven open Bose gas

e Goldstone mode construction:
e promote classical symmetry generator to slow dynamic field, 6. — 6.(¢, X)

C
« derive its action, S;[d,0,, . . . |: depends only on derivatives of 0(z, X) by symmetry '




Application: KPZ in driven open Bose gas

e (Goldstone mode construction:
e promote classical symmetry generator to slow dynamic field, 6. — 6.(¢, X)

« derive its action, S;[d,0,, . . . |: depends only on derivatives of 0(z, X) by symmetry

e field parametrisation (drop index c):

o classical field: ¢ (1, X) = 4/p(t, x)e® 5 0e R

=> identify phase as the Goldstone mode
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e functional integral: /D Ge, Oy gy D, /D p,0,C, C"le



Application: KPZ in driven open Bose gas

e (Goldstone mode construction:
e promote classical symmetry generator to slow dynamic field, 6. — 6.(¢, X)

o derive its action, S;[d,0,, . . . |: depends only on derivatives of 0(z, X) by symmetry

e field parametrisation (drop index c):

o classical field: ¢ (1, X) = 4/p(t, x)e® 5 0e R

=> identify phase as the Goldstone mode
o =>quantum field: ¢, (1, X) = {(1,x)e"™, L € C

e functional integral: /D Ge, Oy gy D, /D p,0,C, C"le

¢c,0 _ /—poeiw/Q

 eliminate all gapped modes: density fluctuations p(¢, X) = p, + Op(¢, X) => Goldstone mode action

_ / DODIe=5<72 . Sypy — / g [ate _ DV2 — % (V)2 — Aé]
t,x

A . K Ue K Ue g r
0 = —2i\/poC, D:KC(KZUF—), A_de(Kd ) A:—l(1+—2), pp = —-2

Uq Uq

= role of conjugate quantum /noise field played by combination of original noise fields ( = (1 + %(2
= equivalence MSRJD <—> Langevin: KPZ equation (4 = 0O at equilibrium)



Concept: Conservation laws and quantum/strong symmetry

more details: Sieberer, Buchhold, SD, ROPP (2016);

e example 1: dephasing Lindbladian [, = n; Sieberer, Buchhold, Marino, SD, arxiv (2023)

A

= particle number conserved, [n;, N| = 0V 1

= independent phase rotation symmetries on both contours U, (1) x U_(1) = U.(1) x U,(1)

= simple intuition: no number exchange with the bath



Concept: Conservation laws and quantum/strong symmetry

more details: Sieberer, Buchhold, SD, ROPP (2016);

Sieberer, Buchhold, Marino, SD, arxiv (2023)

e example 1: dephasing Lindbladian lALa = N,

= particle number conserved, [n;, N| = 0V 1

= independent phase rotation symmetries on both contours U, (1) x U_(1) = U.(1) x U,(1)

= simple intuition: no number exchange with the bath

e example 2: for any Hamiltonian, strong = weak symmetry

S[wi]:/tx [¢+zat¢+—H+— I —ZZ’VQ(ZLT Loy — LY Loy — L La,_)]

N— 7 J - 7

contour diagonal contour coupling contour diagonal

= the exchange of physical quantities (‘charge’) is via the fluctuation term



Concept: Conservation laws and quantum/strong symmetry

o Keldvsh Noether construction: more details: Sieberer, Buchhold, SD, ROPP (2016);
y Sieberer, Buchhold, Marino, SD, arxiv (2023)

® promote ec,q — HC,q(ta f) 4

e change of action:

e vanishing variation: 05 L0 — OuJt, =0 or 8tJ§,q — —Vfc,q continuity equation
q,C
where universally for time-local non-relativistic dynamics JY =), + Yotbg = Vi + YT ab
and .J, , is model specific JO = Pithg + Pibe = PIap — Prah_
e Noether charges:
U, (1): N, = /d2x<J§> =0 U,(1): N.= /d2x<J2> =N
redundancy

= non-trivial classical charge (with finite expectation value) only for quantum symmetry

e constructing hydrodynamic action: Sy = S |0,0,, ...

= Hamiltonian system, quantum symmetries are broken infinitesimally by infinitesimal regularization

= quantum symmetries are not preserved under RG transformations (spontaneously broken): emergence of
dissipation at large distance



Application: KPZ in equilibrium closed Bose gas

Keldysh analog to non-linear fluctuation hydrodynamics: C.
Mendl, H. Spohn, PRL (2012); H. Spohn, J. Stat. Phys. (2014)

e 1d Hamiltonian:
H = [ do 12100 + Nl

e Keldysh action (without coupling to bath)
S — /dt dx Z O-(w;iatwa o H[w:‘;a wa])
o=

* two relevant strong/quantum symmetries:
° U(l)q — particle number conservation

e translations — momentum conservation

= expected hydrodynamic equations:

- Continuity 1D Bose Gas: Kulkarni, Lamacraft, PRA (2013);
Spin chains: De Nardis, Gopalakrishnan, Vasseur, PRL (2023)
= Euler



Closed equilibrium Bose gas: Symmetry based derivation of KPZ

Keldysh analog to non-linear fluctuating hydrodynamics: C.
Mendl, H. Spohn, PRL (2012); H. Spohn, J. Stat. Phys. (2014)

e derive hydrodynamics from Keldysh via Noether reasoning — naturally generates conserved noises
e expand in symmetry generator fluctuations:

Ug(1) = o (2, t) = @O (z, 1) Ty Yo(a,t) = Yola +oxg(,1))

e (global invariances — quantum fields 6’q, X, appear only with derivatives (omit index ‘C’)

AS = /t 04(0:p — 02(vp)) + Xq(91(pv) — ADap™ + Z(pv* + (94/P)"))

neglect (Qquantum
pressure terms)

o With density p and superfluid velocity vp = 2%(1//*6)61// — o ™) = po. o

e equation of motion for Hq,)(q: continuity, Euler equation



Closed equilibrium Bose gas: Symmetry based derivation of KPZ
® expand p = py + Op

0:0p = pp0zv 4+ v00p
P00v = 2Xpp0,0p + N0 0p? 4+ Z povOyv? + Z0,(6pv?)



Closed equilibrium Bose gas: Symmetry based derivation of KPZ
® expand p = py + Op

V00
P00v = 2Xpp0,0 A+ N00p? 4+ Z povOyv? + Z0,(6pv?)

e linearized time evolution — propagating sound waves (special to 1D)

e diagonalizeviav, =v X cp, ¢ =1 /2/1,00 emergent KPZ from sound modes: H. van Beijeren, PRL (2012)

o consider fluctuations around comoving frames v_(x, t) = f.(x F ct, t) removes all linear terms

parameters: functions of the
ones above
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Closed equilibrium Bose gas: Symmetry based derivation of KPZ
® expand p = py + Op

V00
P00v = 2Xpp0,0 A+ N00p? 4+ Z povOyv? + Z0,(6pv?)

e linearized time evolution — propagating sound waves (special to 1D)

e diagonalizeviav, =v X cp, ¢ =1 /2/1,00 emergent KPZ from sound modes: H. van Beijeren, PRL (2012)

o consider fluctuations around comoving frames v_(x, t) = f.(x F ct, t) removes all linear terms

parameters: functions of the
ones above

®* symmetries:
o parity: v(t,x) = — v(t, — x), 0p(t, x) — + op(t, — Xx),
e innew coordinates f.(¢,x) = — f_(¢, — x)

e add back conserved noise + dissipation on the path integral — 2 coupled Burgers equations

® concrete parameter set: decouple under RG Ertas, Kardar, PRL (1992)

e KPZ scaling for dispersion of sound wave packages in comoving frame

o Keldysh — Can systematically take the 7' — O limit (all non-linearities irrelevant, z = 2)
Pereira et al., PRL (2006)



Summary: two symmetry based routes to KPZ in 1D Bose gases

G >
microphysics »  Mmacrophysics

driven open Bose gas closed equilibrium Bose gas

e weak vs. strong symmetry

spontaneous breaking of weak symmetry strong symmetry
—> soft Goldstone modes in open system —> soft hydrodynamic modes in closed system
(adds possibility for vortex defects) analogous C. Mendl, H. Spohn, PRL (2012)

—_ a _ a
S = 50,07, ... S = 5[0,67, ..]
e pure vs. mixed states
K 0.
P* ~ k" : KPZ T > 0: non-linearities relevant, KPZ z = 3/2
(PX ~ k? dark state, fine tuning needed) T=0: non-linearities irrelevant, suggests z = 2
e equilibrium vs. non-equilibrium
no (infinitesimally small breaking enough) yes (very peculiar to 1D) A
C. Fontaine, PRL (2023)

o > > — < < < O







Keldysh theory general: A. Kamenev, Field theory or non-equilibrium systems,
Cambridge University Press

OUt“ne Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven Open
Quantum Systems, Reports on Progress in Physics (2016);

L. Sieberer, M. Buchhold, J. Marino, SD, Universality in Driven Open Quantum
Matter, arxiv (2023)

1. From the Lindblad equation to the Lindblad-Keldysh functional integral

e Lindblad equation for driven open quantum matter Op = —i|H, p| + L|p]
e construction of Lindblad-Keldysh functional integral

2. KPZ equation in exciton-polariton condensates
eil[®] _ /Dé@eisM [®+6P]

* background: semiclassical limit, classifying eq. vs. non-eq. states
e from XP to KPZ: absence of algebraic order out of equilibrium
e compact KPZ and non-equilibrium phase transition A

3. Principles of universality in driven open quantum matter

* the principles: eq. vs. non-eq.; pure vs. mixed states; weak vs. strong
symmetries

e application: 1D KPZ in open vs. closed systems

4. Macroscopic non-equilibrium phenomena from weak non-equilibrium drive

¢ non-equilibrium O(N) models: phase structure, limit cycles
® novel non-equilibrium criticality at onset of a limit cycle
* route towards KPZ via breaking of time translation symmetry

5. Quantum aspects: topology in driven open quantum matter

e fermion topological dark states in Lindblad evolution
* universality of topological response: pure states, mixed states



4. Macroscopic non-equilibrium phenomena from
weak non-equilibrium drive

® archetypical example: KPZ in low dimension

g A

physics of gapless modes in a
stable phase of matter

eq. 14 *
/ 1

e non-equilibrium O(N) models: phase structure, limit cycles

— Non-eq.
L ————

e novel non-equilibrium criticality at onset of a limit cycle

physics of gapless critical
modes at a second order
phase transition

* gspinoff, in stable phase: route towards KPZ via breaking of time

translation symmetry



Emergent non-equilibrium: Dynamical limit cycles as candidates

€q. eq. eq.
VS.
non-eq. — —  NON-eq.
L U oD
micro macro MICro macro

- dynamical limit cycle phases / time crystalline order: non-equilibrium collective

effects, in classical and quantum systems, ruled out at equilibrium
P. Bruno, PRL (2013); Volovik, JETP Letters
(2013); Watanabe, Oshikawa, PRL (2015)

Walter et al. PRL (2014); lemini et al. PRL (2018); Dutta, Cooper PRL (2019); Buca et al. Nat. Comm. (2019)

- experimental realizations in cold atomic systems

c ATS o
< L‘ 0.5 :
'yl ‘\A m Dogra et al., 0 { Kongkhambut et al.,

3|4
|1 A =l TR '
v D Science (2019) E 45} f/ ) Science (2022)
T \\W
I .t &\%ﬁ// |
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Approach: Effective field theory

Fruchart et al., Nature 2021;

microscopic Hanai et al., PRL 2019; Sieberer et al.,
Suchanek, Kroy, Loos, arxiv . PRL (2013)
(quantum) model 2023; Heyl et al., arxiv (2023) driven ari
internal symmetries ( ) magnets d”Ve”t
A active (quantum Mitra. Millis condensates
equilibrium broken ’ !
X matter PRL (2010)
coarse graining
Mmesoscopic nonequilibrium symmetry based, semiclassical effective field theory

(stochastic Langevin equations <=> MSRJD field theory)

fluctuation
corrections

non-equilibrium long wavelength theory, full phase

macroscopic
diagram

length



Approach: Effective field theory

Fruchart et al., Nature 2021;

microscopic Hanai et al., PRL 2019; Sieberer et al.,
Suchanek, Kroy, Loos, arxiv . PRL (2013)
(quantum) model 2023; Heyl et al., arxiv (2023) driven ari
internal symmetries | magnets drlvent
. i il condensates
equilibrium broken active (th:antum) ';";'Ir_a’z'\gq'gs’
matter ( ) Outline:
2. search for
. relevant
coarse graining olatforms
Mesoscoplc nonequilibrium symmetry based, semiclassical effective field theory
(stochastic Langevin equations <=> MSRJD field theory)
_ 1. identify
corrections minimal setting

non-equilibrium long wavelength theory, full phase

macroscopic
diagram

length



Effective field theory: The non-equilibrium O(/N )model

Microscopic

. equilibrium: (mesoscopic) O(N) model as workhorse of stat. mech. & near-equilibrium dynamics
* purely symmetry based

Mesoscopic

Macroscopic

relativistic O(N') model ¢* potential
P +(r=ZV¥+ip)p =0
p=¢ - ¢



Effective field theory: The non-equilibrium O(/N )model

Microscopic

. equilibrium: (mesoscopic) O(N) model as workhorse of stat. mech. & near-equilibrium dynamics
- purely symmetry based
- slow dynamics of order parameter ¢ & possibly conservation laws Mesoscopic

Macroscopic

Hohenberg-Halperin model A noise (exploring configurations
Hohenberg, Halperin, RMP (1977) beyond deterministic)
P +2y—2V )0, @ +(r—Z'V-+ip)p + =0

p=¢-¢



Zelle, Daviet, Rosch, SD, arxiv:2304.09207

Effective field theory: The non-equilibrium O(/N )model

Microscopic

. equilibrium: (mesoscopic) O(N) model as workhorse of stat. mech. & near-equilibrium dynamics

* purely symmetry based

- slow dynamics of order parameter ¢» & possibly conservation laws Mesoscopic
* non-equilibrium setup:

- non-thermal pumps & losses (e.g. laser) — nonconservative interactions

- N0 conservation laws — no hydrodynamic modes

W

Macroscopic

nonconservative forces
(breaking equilibrium / thermal symmetry)

PN .
¢+(2y ZV2+up)a¢+u dtqu +(r=Z'V24+ip)dh +E=0 o
p=9¢-9¢



Zelle, Daviet, Rosch, SD, arxiv:2304.09207

Effective field theory: The non-equilibrium O(N )model

Microscopic

. equilibrium: (mesoscopic) O(N) model as workhorse of stat. mech. & near-equilibrium dynamics

* purely symmetry based

- slow dynamics of order parameter ¢» & possibly conservation laws Mesoscopic
* non-equilibrium setup:

- non-thermal pumps & losses (e.g. laser) — nonconservative interactions

- N0 conservation laws — no hydrodynamic modes

Macroscopic

nonconservative forces
(breaking equilibrium / thermal symmetry)

PN .
¢+(2y ZV2+up)agb + u’ atpq/) +(r=Z'V24+ip)dh +E=0 o
p=9¢-9¢

pump > loss = “antidamping” y < O: tuner < 0
stabilized by u, u’, triggers time crystalline limit triggers equilibrium O(V)

cycle transition



Phases of the non-equilibrium O(N) model

- homogeneous (0+1), non-linear mean field (deterministic) equation

2P + Q=22+ up)o,p +udpd + (r— 2% + 0@ +K=0

Y l

. disordered phase: ¢, = 0

No symmetries broken, O(N) intact Static Order Disordered Phase
po70,9=0 ¢, =0
. statically ordered phase: ¢, = 4 /pge; A2 e pr
usual symmetry breaking ¥ /x 7
O(N) - O(N_ 1) & 2ndorder PT
2O
\\9@0@\ ' i
- time crystalline order: RGP Time Crystal
¢ (¢) periodic function OV & A :
5(1) P8 . 2 po#0, ¢ #0

a) rotation on a circle Wl

b) amplitude oscillations along fixed

axis



Aspects of phase diagram I: emergent equilibrium

- full problem: (d+1) dimensions, stochastic equation (or functional integral)

Ph + Q2y—ZV2 +up)o,d + udpd + (r—Z'V2+p)p +E=0

Y
Static Order Disordered Phase
- emergent equilibrium behavior (non- po70,9=0 ¢ =0
equilibrium perturbation irrelevant)
- phase transition in Model A
universality class of Hohenberg- Time Crystal

Halperin

po# 0, #0




Aspects of phase diagram Il: the CEP transition

- full problem: (d+1) dimensions, stochastic equation (or functional integral)
Ph + Q2y—ZV2 +up)o,d + udpd + (r—Z'V2+p)p +E=0

Y

- order-to-order transition: symmetry
Static Order Disordered Phase

protected Critical Exceptional Point (CEP) .
Po70,¢9=0 ¢, =0

- giant non-equilibrium fluctuations, super-
thermal mode occupation: 2 possibilites

- symmetry restoration (weak
interaction)
- fluctuation induced first order b ¢ Time Crystal

transition controlled, full resummation B po £ 0, ¢ #0

of diagrams possible (strong int.)

Zelle, Daviet, Rosch, SD, arxiv:2304.09207, to appear in PRX



Aspects of phase diagram Il: the CEP transition

- full problem: (d+1) dimensions, stochastic equation (or functional integral)

Ph + Q2y—ZV2 +up)o,d + udpd + (r—Z'V2+p)p +E=0

- order-to-order transition: symmetry
Static Order

protected Critical Exceptional Point (CEP) .

- giant non-equilibrium fluctuations, super-
thermal mode occupation: 2 possibilites

Y

T

Disordered Phase

- symmetry restoration (weak
interaction)

- fluctuation induced first order
transition controlled, full resummation
of diagrams possible (strong int.)

Daviet, Zelle, Rosch, SD, to appear in PRL

-
-------
-
e
- -
e
-—

Time Crystal

po# 0, #0




Aspects of phase diagram Il: the CEP transition

- full problem: (d+1) dimensions, stochastic equation (or functional integral)

Ph + Q2y—ZV2 +up)o,d + udpd + (r—Z'V2+p)p +E=0

- order-to-order transition: symmetry

Y

1T
Disordered Phase

bs =

protected Critical Exceptional Point (CEP) Static O.rder
po#0,9=0
- giant non-equilibrium fluctuations, super-
thermal mode occupation: 2 possibilites
- symmetry restoration (weak
interaction) %\0@6‘

 fluctuation induced first order
transition controlled, full resur

-
-------
-
- - =
- -
e
I——

Time Crystal

£0

of diagrams pomng | direct transition — novel universality, focus here

Daviet, Zelle, Rosch, SD, to appear in PRL




Direct transition: oscillatory vs. rotating phases

- competing non-equilibrium couplings

Ph + 2y—ZV2 +up)o,d +uopd + (r—Z'V2:+p)p +E=0

- generalization of van der Pol (vdP) oscillator to T
= O(N) field (vdP: N = 1) DIET) spmmvels b. =0
= ¢ dimensions
= noise DT S e — ——
U —u

- two possible phases A
=1 — u < 0: vdP oscillations of amplitude o

B
along spontaneously picks axis v

=1 — u > (0 constant rotation, fixed
Van der Pol phase Rotating phase

amplitude, spontaneously picks orbit (only O(N) = O(N — 1) O(N) — O(N — 2)
— — — —

for N > 1)




Direct transition — emergent symmetry

- at transition y = 0: /

- Finite frequency scale \/; =

- Hinders straight-forward RG

. field parametrization for y = 0: fast scale w,
. (1) = y,(£)cos wyt + y,(1)sin wyt

‘X1 )X E R”: slow degrees of freedom
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- Hinders straight-forward RG

. field parametrization for y = 0: fast scale w,
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‘X1 )X E R”: slow degrees of freedom

- at transition: y,, y, condense
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Direct transition — emergent symmetry \

- at transition y = 0:

- Finite frequency scale \/; =

- Hinders straight-forward RG

. field parametrization for y = 0: fast scale w,
. (1) = y,(£)cos wyt + y,(1)sin wyt

‘X1 )X E R”: slow degrees of freedom

- at transition: y,, y, condense

')?1 ')?2 = 0:
')?1 ||)?21

Rotation
Oscillation (vdP)

R

- symmetries of slow degrees of freedom

(rotating wave approximation, RWA):

. time translation acts as SO(2):

X _, (cosa —sina X1
1 sina cosa /) \ y,

° reason.

- arbitrary shift wyt — wyt + ain

parametriz. of ¢



Direct transition — emergent symmetry \

- at transition y = 0:

- Finite frequency scale \/; =

- Hinders straight-forward RG

. field parametrization for y = 0: fast scale w,
. (1) = y,(£)cos wyt + y,(1)sin wyt

‘X1 )X E R”: slow degrees of freedom

- at transition: y,, y, condense

XX =0
1

Rotation
Oscillation (vdP)

R

- symmetries of slow degrees of freedom

(rotating wave approximation, RWA):

. time translation acts as SO(2):

X _, (cosa —sina X1
1 sina cosa /) \ y,

° reason.

- arbitrary shift wyt — wyt + ain

parametriz. of ¢

= direct transition: O(N) X SO(2) breaking




The O(N) X SO(2) model

- effective dynamics at transition (RWA, or symmetry based): O(N) X SO(2) invariants
2 2
SH, SH, { p=(xi+x3 :
8txa -+ 5Xa + €ab 6Xb +£a — 07 (CL, b) S {172} T — i (X% T X%) T (Xl ) X2)2
k; > 0: p condenses = rotation
B 4. 2 2 2] VI g o  Ki _ o
H = [d T [(Vxl) + (Vx5) } + 5Pt 3P +T k; < 0: 7 condenses = vdP oscillation

O(N) symmetric ¢, =0

Van der Pol phase Rotating phase
O(N) — O(N —1) O(N) — O(N —2)




The O(N) X SO(2) model

- effective dynamics at transition (RWA, or symmetry based): O(N) X SO(2) invariants

2 2
SH, SH, { P (Xl 2 ,
HXat 0Xq Gt 0Xp T =0 (ab)e{l2} =7 (i —x3)" + (x X2)’
k; > 0: p condenses = rotation
2
H;, = /d%; [(Vxl) + (Vx5) } + zlp + %pQ + %7‘ k; < 0: 7 condenses = vdP oscillation
- equivalent: generalized noisy Gross-PitaevskKi
N Y
¥ = X1 11Xz € C O(N) symmetric ¢, =0
(10, — ZV° + i) + 3 (¢ Y)Y+ (w Yy +€=0
| u —u
Z = Ze+iZa, ¥ =Vdr § = ge +iga, K= K + ik A
<>
= N = 1 van der Pol <& driven-dissipative v
Bose condensation Van der Pol phase Rotating phase
O(N) — O(N —1) O(N) — O(N —2)

driven Ising: Avni et al., arxiv (2023)



The O(N) X SO(2) model: Equilibrium vs. non-equilibrium

- effective dynamics at transition (RWA, or symmetry based): O(N) X SO(2) invariants
2 2
SH, SH, { P (Xl 2 ,
atXa T 5Xa + €ab 5Xb T £a — 07 (a7 b) < {172} T — i (X% — X%) + (Xl . X2)2
k; > 0: p condenses = rotation
B 4. 2 2 2] VI g o  Ki _ o
H = [d T (Vx1)"+ (Vo))" | + 5Pt 3P +T k; < 0: 7 condenses = vdP oscillation
equilibrium non-equilibrium
- equilibrium limit: thermal symmetry
¢ SatiSﬁed iff irreversible
Z, g couplings
HCZJHd,]ZZZg—dZ...
reversible
couplings /




The O(N) X SO(2) model: Equilibrium vs. non-equilibrium

- effective dynamics at transition (RWA, or symmetry based): O(N) X SO(2) invariants
2 2
SH, SH, { p=(xi+x3 :
OXa ¥ 0Xq T cab 0Xp T8 =0, (a,b)€1l,2) T = i (X% - X%) + (X1 - X2)2
k; > 0: p condenses = rotation
B 4. 2 2 2] VI g o  Ki _ o
H = [d T (Vx1)"+ (Vxs)"| + SPt P+ oT k; < 0: 7 condenses = vdP oscillation
equilibrium non-equilibrium
* equilibrium limit: thermal symmetry
- satisfied iff irreversible
Z g couplings
HCZJHd,]ZZZg—dZ...
- N = 1 : emergent equilibrium (with universal neq
corrections) Sieberer, Huber, Altman, SD PRL (2013) reversible
couplings
coarse graining / RG > /
*@
Microscopi Mesbscopic Macroscopic

equilibrium broken equilibrium restored



RG flow of the O(INV) X SO(2) model, N > 2

- dynamic RG in d = 4 — ¢ to leading two-loop order:
- equilibrium: O(N) X O(2), well known (frust.

magnets) 1

equilibrium surface

10%. A

Calabrese, Parruccini, Nucl. Phys. B (2004); Delamotte, Mouhanna,

Tissier PRB (2004)

*  non-equilibrium perturbations are relevant 0.5 10

= equilibrium fixed points unstable to infinitesimal | G_—=3___ 0y
breaking of equilibrium conditions, opposite | ul I
N = 1: spontaneous breaking of eq. 05 2 WE.__

= pair of novel perturbatively accessible non- A
equilibrium fixed points -1

= new non-equilibrium universality class

K:Zk > (: transition to rotation 2*¢ order (to

oscillation: fluctuation induced 1% order) 3 dimensional projection of RG flow



Nonequilibrium fixed point of O(N) X SO(2) model

critical exponents: scaling form

K. 0 ~ g7 ER(g ig" e, qy Y, C(q, 1) ~ g FTIC(tqt, iq" e, qyTY)

response (dynamic susceptibility) correlations

z: dynamical exponent 7 ~ x*, mean field: 7y, = 2

. . —U . . _ N — 2 N — 3
v: correlation length £ ~ ¥, mean field: v, = 1/2
77: anomalous dimension, mean field 7 = 0 Re[n — n']|—0.343¢2|— 1. 46¢2
1": anomalous response, 77 # 1’ = asymptotic N |-0353¢2|—1.49¢*
violation of FDR See Daviet, Zelle, Rosch,

V> 2 Me | sD: arXivi2312.13372

1. competition of coherent/dissipative effects

2Teff (q )

0))

Im y%(g, w) = €(q, ®) defines T.4(q)

= L~ q”‘”’ diverges universally at transition into rotating phase

= can be measured via Stokes - Anti-Stokes




Where to look for it — |. Driven Ferrimagnet

Microscopic Mesoscopic Macroscopic

. strategy |: driven O(N) models, additional SO(2) emergent

disordered

- example N = 2: Ferrimagnet

- 3d magnet: SO(2) in xy plane, non-
commuting Z, along z-axis gives
O2) ~Z,XSO2)
- laser drive (couples Goldstone and Ising

mode)
equilibrium phase diagram

Xy ordered

ferrimagnet (ferro/antiferro) paramagnet
I I )T
T, Ty

g —— Z, <«— 0Q)

exp: e.g. Surgers et al. Nat. Comm. (2014); Omi et al. PRB (2021)



Where to look for it — |. Driven Ferrimagnet

Microscopic

. strategy |: driven O(N) models, additional SO(2) emergent

- example N = 2: Ferrimagnet
- 3d magnet: SO(2) in xy plane, non-
commuting Z, along z-axis gives
O2) ~Z,XSO2)
- laser drive (couples Goldstone and Ising

mode)

equilibrium phase diagram

| Xy ordered
ferrimagnet (ferro/antiferro) paramagnet
—
C TN
g —— Z, «<— 0Q)

exp: e.g. Surgers et al. Nat. Comm. (2014); Omi et al. PRB (2021)

driving power

Mesoscopic Macroscopic
static
order
: rotating
order
novel
universality

paramagnet

static
_ Xy magnet

L 4
L
>
‘L;

rotating

ferrimagnet fluctuation

<
(o)
-

ST catastrophy
-

equilibriug ferrimagnet y

infinitesimal drive sufficient to activate
limit cycle

= driven magnets: small non-equilibrium perturbation gives rise to strong macroscopic effect!




Where to look for it — Il. Exciton-polaritons, magnon condensates

Microscopic Mesoscopic Macroscopic

. strategy Il: realize O(IN) X SO(2) directly & break equilibrium

- breaking of equilibrium conditions: lossy & incoherently pumped systems

- ingredients: two U(1) symmetric d.o.f.s and one exchange symmetry

U)1: vy = expliy )iy, U : o = exp(i0 )¢, Zo: { e
* or equivalently

U(1>S . "p:I: — eXP(i93)¢i> U(l)a : vazlz — eXp(:I:iea>w:|:7 L { Zii— : z;

U(l)s =~ SO(2) U(l)y X 7Zgo >~ O(2)



Where to look for it — Il. Exciton-polaritons, magnon condensates

Microscopic Mesoscopic Macroscopic

. strategy Il: realize O(IN) X SO(2) directly & break equilibrium

Exciton-polaritons

- breaking of equilibrium conditions: lossy & incoherently pumped systems

- ingredients: two U(1) symmetric d.o.f.s and one exchange symmetry

U(1)s : s — explif )b, U(1)_: g — expli0_ )y, - { o
* Or equivalently YIG
_ . . ) . ¢+ — w_ a Fl’iroht;ing
U(]')S . ,(pzl: — eXp(Zes)wia U(l)a . va:I: — eXp(:l:ZHa)wﬂ:a ZQ . w_ N ¢+ Pumping 9
U(1)s ~ SO(2) U(1)a % Zo ~ O(2) é =

Injected
magnons

- exciton-polaritons: polarization degree of freedom

- magnon condensates in yttrium iron garnet (YIG): condensation in £kggc

Ky~ Cond?nsates/ Keeo

Wave vector

= realizations of relevant symmetry group in various current platforms




Limit-cycle phase: Goldstone modes in preparation

- limit cycle as spontaneous breaking of time translation symmetry:
- equation of motion (for slow d.o.f.) / action is time translation invariant
- limit cycle breaks time translations spontaneously
- Goldstone theorem: there must exist a soft mode

- example: rotating phase

symmetry breaking: O(N) - O(N — 2)
=>N—-1+ N -2 = 2N — 3 Goldstone modes

2N — 4 rotations of the circle

Goldstone of
time translation

+ rotation along circle

= 2N — 3 gapless modes



Goldstone mode of time translation in preparation

- limit cycle as spontaneous breaking of time translation symmetry:
- formally: ¢ (7) limit cycle solution = ¢ (¢ + £;) also limit cycle solution
= continuous manifold of stable states, parameterized by f,

- Goldstone construction: promote constant symmetry generator to slow dynamic field, f, = 6(%, X)

derive its EoM



Goldstone mode of time translation in preparation

- limit cycle as spontaneous breaking of time translation symmetry:
- formally: ¢ (7) limit cycle solution = ¢ (¢ + £;) also limit cycle solution
= continuous manifold of stable states, parameterized by f,

- Goldstone construction: promote constant symmetry generator to slow dynamic field, f, = 6(%, X)

derive its EoM

- Example: N = 1 van der Pol oscillator

02 + 2y + u® — Z,V)op + (0F + 2> = Z,V)p + & =0
. discrete internal symmetry only: Z, : ¢ — — ¢

-time crystal fory < 0 : ¢,(¢) = A cos wpt; resulting EoM:

00— KV?0+g(VO*+£,=0

= |imit cycles naturally host gapless excitations

= mechanism does not need continuous internal symmetry




Goldstone mode of time translation in preparation

- limit cycle as spontaneous breaking of time translation symmetry:
- formally: ¢ (7) limit cycle solution = ¢ (¢ + £;) also limit cycle solution
= continuous manifold of stable states, parameterized by f,

- Goldstone construction: promote constant symmetry generator to slow dynamic field, f, = 6(%, X)

derive its EoM

- Example: N = 1 van der Pol oscillator

02 + 2y + u® — Z,V)op + (0F + 2> = Z,V)p + & =0
. discrete internal symmetry only: Z, : ¢ — — ¢

-time crystal fory < 0 : ¢,(¢) = A cos wpt; resulting EoM:

00 —KV?0+g(VO*+¢&,=0 - |[KPZ equation!

Kardar, Parisi,
Zhang, PRL (1986)

= |imit cycles naturally host gapless excitations

= mechanism does not need continuous internal symmetry




Goldstone mode of time translation: A route to KPZ matter

- Goldstone mode of TT breaking in van der Pol oscillator & KPZ equation
2 2 _
00— KV-0+g(VO)"+&=0 Kardar, Parisi, Zhang, PRL (1986)

- preliminary numerical evidence (N=1 van der Pol equation in 1D on 128 lattice sites)

stretched exponential decay of two-time KPZ exponent 3
correlation function

) KPz:1/z =2/3
numerical: 1/z ~ 0.63

1.0 s

\~~
N
Ny

0.5k
100.0 B

= 0.0

10—0.5 B

(t)/C(0)
log(Env[C(t)/C(0)])

-0.5

0 200 400 600 800 10710k ' '
10! 102 103




Goldstone mode of time translation: A route to KPZ matter

- Goldstone mode of TT breaking in van der Pol oscillator & KPZ equation
2 2 _
00— KV-0+g(VO)"+&=0 Kardar, Parisi, Zhang, PRL (1986)

- preliminary numerical evidence (N=1 van der Pol equation in 1D on 128 lattice sites)

stretched exponential decay of two-time KPZ exponent 3
correlation function

) KPz:1/z =2/3
= numerical: 1/z ~ 0.63

1.0 s

\~~
N
Ny

0.5k
100.0 B

= 0.0

10—0.5 B

(t)/C(0)
log(Env[C(t)/C(0)]

-0.5

0 200 400 600 800 10710k '
10! 102 103

‘ t

. route to realizations of KPZ matterind = 2?

- exciton-polariton condensates
- 2d arrays of current-driven Josephson junctions

* magnon condensates

= robust (time translation symmetry protected) realization of KPZ dynamics with
many possible incarnations




Summary and perspective: Active quantum matter

- quantum materials are usually hard to drive away from thermal equilibrium
- but soft modes can be activated: weak non-equilibrium perturbation can lead to strong non-

equilibrium macroscopic effects

gapless phases gapless (critical) points

onset of TT breaking

driven ferrimagnet

driving power

paramagnet

. static
L » Xy magnet

rotating
ferrimagnet

S

S
o
=

= non-equilibrium sensitivity of non-linear sigma models for bigger groups?

= role of topological defects out-of-equilibrium?
= general mechanism stabilizing new universality classes of nonthermal matter?



5. Quantum aspects: Topology in
driven open quantum matter

e dissipation engineering: inducing topological states out of equilibrium
equilibrium vs. non-equilibrium
* ‘topology beats dissipation’: response of a pure non-equilibrium topological insulator

weak vs. strong symmetry

* ‘topology beats mixedness’: quantised non-linear response for mixed states

mixed vs. pure states




Pure states: Order by dissipation

WAYA

KA

SD, A. Micheli, A. Kantian, B. Kraus, H.P. Buchler, P. Zoller, Nat. Phys. (2008);
B. Kraus, H.P. Buchler, SD, A. Micheli, A. Kantian, P. Zoller, PRA (2008);
F. Verstraete, M. Wolf, J. I. Cirac, Nature Physics 5, 633 (2009).

Microscopic “Thermodynamic” Long wavelength
Quantum Optics Many-body physics Statistical mechanics



Guiding Question

e Equilibrium: dissipation/friction enhances the statistical degree of disorder, entropy increases

0SS >0

second law of thermodynamics

e Qf1: Can this be reversed in a many-body entropy

4 )

quantum system? OUtﬂOW\@ (e.g.”éier)
many-body 1
<, |
0:S < 0
g dissipative environment y
e A: Yes, if dissipation is suitably combined Ot Ssysteny > 0 but O Ssyst < 0

with coherent drive

e Q2: Is it possible to create genuine many-body quantum mechanical

e Long range phase coherence
e Entanglement
e Topological order

order by dissipation?



Concept: Dark states in Lindblad equations

\

environment

J

e quantum master equation Lindblad operators
N,/ b L1yt - |
B p) + k> (LipL] — 3{L!Li, p})
~— L
coherent evolution driven-dissipative evolution

e Key concept: Dark states
L;|D) =0 Vi

= time evolution stops when p = |D)(D| *

*for e.g. H|D) = E|D)

drive



Concept: Dark states in Lindblad equations

e guantum master equation Lindblad operators

(9 — —[H ]_I_ (L LT_ l{LTL/}) [ \drive
0= —1H,p|+ K iPLy; — 514y Ly, p j
1\ J 17 _/ .
Y ~ L environment )
coherent evolution driven-dissipative evolution

e Interesting situation: unique dark state solution 4

Hilbert space

L8

8

dark subspace

= you can enter, but never leave *

= directed motion in Hilbert space p — |1D){(D|

. = dissipation removes entropy, increases purity
for e.g. H|D) = E|D)



Order by dissipation:
Bosons

WAYA

KA

SD, A. Micheli, A. Kantian, B. Kraus, H.P. Buchler, P. Zoller, Nat. Phys. (2008);
B. Kraus, H.P. Buchler, SD, A. Micheli, A. Kantian, P. Zoller, PRA (2008);
F. Verstraete, M. Wolf, J. I. Cirac, Nature Physics 5, 633 (2009).

Microscopic “Thermodynamic” Long wavelength
Quantum Optics Many-body physics Statistical mechanics



Dark states: From quantum optics to many particles

e optical pumping: three internal (electronic) levels  Aspect et al., PRL (1998); Kasevich, Chu, PRL (1992)

N —

g+1) |D>
dark state bright state
\D> ~g+1) + ’9 1) 1B) ~|g41) — |9-1)




Dark states: From quantum optics to many particles

e optical pumping: three internal (electronic) levels  Aspect et al., PRL (1998); Kasevich, Chu, PRL (1992)

N —

g+1) |D>
dark state

D >~\g+1 +!g 1)
e 1 atom on 2 sites: external (spatial) degrees of freedom (atoms on optical lattice)

— /A

aT—I—a Vac
o e/ (@l +a)

symmetric
superposition




Dark states: From quantum optics to many particles

e optical pumping: three internal (electronic) levels  Aspect et al., PRL (1998); Kasevich, Chu, PRL (1992)

N —

g+1) |D>
dark state

D >~\g+1 +!g 1)
e 1 atom on 2 sites: external (spatial) degrees of freedom (atoms on optical lattice)

— /A

(a] + al) vac)

symmetric
superposition

. UQVCM:E i

- combination of drive and dissipation enables purification

e N atoms on M sites (optical lattice)
\ e I BEC) = (Zaz) lvac)
12



Dissipative Many-Body State Preparation
e Lindblad operators for BEC dark state: W

Li = (a;r + a;r+1)(az' — Qit1) L;|BEC) =0 Vi 4

= Long range phase coherence/ boson condensation from quasilocal dissipative operations




Dissipative Many-Body State Preparation

NATATA
e Lindblad operators for BEC dark state: KA

L= (a;r + a;r+1)(0w: — Qit1) L;|BEC) =0 Vi 4

= |Long range phase coherence/ boson condensation from quasilocal dissipative operations

e Uniqueness of stationary solution can be shown

= QOrdered phase reached from arbitrary initial state

— p(t) — |BEC)(BEC| for t — o0



Dissipative Many-Body State Preparation

WATATAR
e Lindblad operators for BEC dark state: KA

L= (a;r + a;'r+1)(0n: — Qit1) L;|BEC) =0 Vi <

= |Long range phase coherence/ boson condensation from quasilocal dissipative operations

e Uniqueness of stationary solution can be shown

= QOrdered phase reached from arbitrary initial state

— p(t) — |BEC)(BEC| for t — o0

e Experimental realizations:

Entanglement generation

p = |D){D|
D) — %(\ooom +1111)

GHZ state of
four ions

Universal open-system quantum
simulator,
Blatt group, Nature (2011)



Dissipative Many-Body State Preparation

e Lindblad operators for BEC dark state:

Li = (a] +a}y1)(a; — aiy1)

e Uniqueness of stationary solution can be shown

; /5 YA

L;|BEC) =0 Vi

-

= |Long range phase coherence/ boson condensation from quasilocal dissipative operations

= QOrdered phase reached from arbitrary initial state

— p(t) — |BEC)(BEC| for t — o0

e Experimental realizations:

Entanglement generation

p=|D)(D
1
D) = 5(10000) + [1111))
GHZ state of
four ions

Universal open-system quantum
simulator,
Blatt group, Nature (2011)

Long range quantum correlations

T —_ —_ — Steady ——
,gii — — —  State —
- e &B-- S e —p— —
x M aux. — (reset — = ( — —
.- — - — e -r == e e e
0.6 , ] ,
Experiment : 024} Experiment
<>'j 0.4+ - |wo) ; (>§_‘ ' \ i === |yo)
fl_‘- 0'2- \‘ l’n‘l :' fl_‘" 0 O" l'l l: “| :' “i :"“ "°“ 1“\ l“ ,"\ 4
@" 0.0q Ngtrematmartug a0 L | @h ViAWY K
% 0.2 W%
0'4 g/J=06,L=18 ¥ 0.24 ¢ g/J=1.0,L=18
o 2 4 6 8 10 12 14 16
li - K

cooling the quantum Ising model by engineered dissipation
Google Quantum Al collaboration, arxiv (2023)



Fermions:
Topological order by dissipation
In a dissipative Kitaev chain

s g o gt Pt g i

O (OO0 O0+~0 O~0 O—0O O—0| O

SD, E. Rico, M. A. Baranov, P. Zoller, Nat. Phys. (2011)
Review: C.-E. Bardyn, C. Kraus, E. Rico, M. Baranov, A. Imamoglu, SD, NJP (2013)

Microscopic “Thermodynamic” Long wavelength
Quantum Optics Many-body physics Statistical mechanics


http://xxx.lanl.gov/find/quant-ph/1/au:+Diehl_S/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Rico_E/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Baranov_M/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Zoller_P/0/1/0/all/0/1

Topological States in Condensed Matter

Nayak et al., RMP (2008)
e Characteristics of topological states of matter Hasan and Kane, RMP (2010)
Qi and Zhang, RMP (2011)

e New paradigm for ordered states of matter: beyond Landau’s local order parameters

> > > > 2> > > >
> > > > 5> >>fo >
> > > > >} A > >
> > > > 2L > > >
> > > > > > > > >
> > > > > > > > > P
> > > > > > > > >
> > > > > > > > D
> > > > > > > >
> > > > > > >> >

magnetization
= Nonlocal “order parameters”. Topological invariants visible locally

classification: Schnyder et al. PRB (2008); Kitaev (2009)

- . .
Topological order not visible by local probes based on Altland and Zimbaver. PRB (1997)




Topological States in Condensed Matter

Nayak et al., RMP (2008)
e Characteristics of topological states of matter Hasan and Kane, RMP (2010)
Qi and Zhang, RMP (2011)

e New paradigm for ordered states of matter: beyond Landau’s local order parameters

> > > > >>>fs >
> > > 3> > >
> > > > > > > > >
> > > > > > > > > P
> > > > > > > > >
> > > > > > > > D

> > > > > > > >
> > > > >LE > »
S>> >
O e e e e e e o

magnetization
= Nonlocal “order parameters”. Topological invariants visible locally

classification: Schnyder et al. PRB (2008); Kitaev (2009)

- . .
Topological order not visible by local probes based on Altland and Zimbaver. PRB (1997)

e (Observable consequences: bulk-boundary correspondence

= robust edge states (e.g. Majorana fermions)

= may carry non-abelian exchange statistics \

Majorana edge

e Applications: topological quantum memories and computing mode

e Systems: e Quantum Hall systems

* topological insulators/superconductors



Topological States in Condensed Matter

NEF AR 410

Nayak et al., RMP (2008) e RS

e Characteristics of topological states of matter Hasan and Kane, RMP (2010) A 4 1 d
Qi and Zhang, RMP (2011) 1 : 1 :::: : : :

e New paradigm for ordered states of matter: beyond Landau’s local order parameters 1111481111
magnetization

= Nonlocal “order parameters”. Topological invariants visible locally

classification: Schnyder et al. PRB (2008); Kitaev (2009)

- . .
Topological order not visible by local probes based on Altland and Zimbaver. PRB (1997)

,Q Can we prepare such states efficiently out-of-equilibrium?

Is topology uniquely tied to ground or equilibrium states?

e (Observable consequences: bulk-boundary correspondence

= robust edge states (e.g. Majorana fermions)

= may carry non-abelian exchange statistics \

Majorana edge

e Applications: topological quantum memories and computing mode

e Systems: e Quantum Hall systems

* topological insulators/superconductors



Kitaev's quantum wire (Hamiltonian scenario)

e spinless superconducting fermions on a lattice H=)_
i

e Hamiltonian in Bogoliubov basis H = Z €;

two inequivalent
representatives

a; = A4

-9 -9 =0 -9 =9 =9

trivial phase

ﬁ—!
physical site

~'|'~

—]a:.ralurl +Aa;a;. +h.c. —,u(a

G;|G) = 0V

Kitaev, Physics Uspekhi (2001)

.'_

i~

a—

superconductor

complex basis
H =c¢ aial
a = L (c1 +icp)
2
Majorana (real) basis

H = %6 C1C2

fermion as onsite pairing
of two Majoranas



Kitaev's quantum wire (Hamiltonian scenario) Kitaev, Physics Uspekni (2001)
—

onductor

e spinless superconducting fermions on a lattice

superC

e Hamiltonian in Bogoliubov basis H = Z eZ&TZLZ a;|G) =0V1
e two inequivalent ocall
representatives quaslioca
. N, — l + _ + T)
CLZ 'L — 2 a/Z_|_1 CL’L—I_]. ajz a/
=9 09 -9 09 09 -9 0 0=—=0 00 O—0 O0—0 0—0 O
ﬁ—J
physical site
trivial phase nontrivial phase
bulk edge
- BCS p-wave superfluid in - unpaired zero energy Majorana edge
ground state modes, or

- gapped Spectrum - hon-local BOQOIiUbOV fermion



Dissipative Majorana quantum wire

e reconsider simplemost Lindblad operators and dark state condition:

Li — (CLI—I—GJ,:-[_|_1)(CI,¢—CL7;_|_1) ECQLAZ LZ|D> =0V
®* main insight:
o aj boson creation => D) = |BEC, N) fixed number BEC dark state
. CL,}L fermion creation => D) = |BCS, N) fixed number BCS pair dark state

e this example: IBCS, N) = |Kitaev, V)



Dissipative Majorana quantum wire

e reconsider simplemost Lindblad operators and dark state condition:

Li — (CLI—I—GJ;-[_|_1)(CI,¢—CL7;_|_1) ECQLAZ LZ|D> =0V
®* main insight:
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Mechanism: Fixed number vs. fixed phase Lindblad operators

e spinless fermions for simplicity SD, W. Yi. A. Daley, P. Zoller, PRL (2010) 4

e fixed number Lindblad operators e fixed phase Lindblad operators
L; = ClA, ;= CJ +re 4
<~
e resulting dark state * resulting dark state (with AN ~ 1/v/N)
IBCS,N) = GTV|vac) IBCS,0) = exp(reG")|vac)

® requirements

translation invariant creation and annihilation part antisymmetry
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J
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Topological field theory far from equilibrium

@/S W 4% AL dAL —A_dA_

microphysics > macrophysics

F. Tonielli, J. Budich, A. Altland, SD
PRL (2020)



Motivation: Quantum states vs. quantum dynamics

e quite general quantum evolution:

Oip = —i[H,pl + v Y (LapLl, — 3{L! La,p})
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Lindblad operators
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e simple example: damped harmonic oscillator (quantum cavity)
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Motivation: Quantum states vs. quantum dynamics

e quite general quantum evolution: eliminate environment Lindblad operators

R Y A roATT 1 ATA/ ( \drive
815:0 — _Z[Hap] + /{Z(LO&IOLQ IR §{LaLOM/0 ) ‘j

A\ J

v ~ environment
coherent evolution driven-dissipative evolution

e enter topology:

e topology is encoded in the state (wave function)

e observables are oftentimes dynamical responses (to gauge fields)

e example: Chern insulator (e.g. quantum Hall)

cf., for single particle problems: Albert, Bradlyn, Fraas, Jiang, PRX (2016)
following Avron, Fraas, Graf, J. Stat. Phys. (2012); Avron, Fraas, Graf, Kenneth, New J. Phys. (2010)
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Motivation: Quantum states vs. quantum dynamics

e quite general quantum evolution: eliminate environment Lindblad operators
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A\ J

v ~ environment
coherent evolution driven-dissipative evolution

e enter topology:

e topology is encoded in the state (wave function)

e observables are oftentimes dynamical responses (to gauge fields)

e example: Chern insulator (e.g. quantum Hall)

Questions:
Is there a topological response in irreversible out of
equilibrium dynamics?
Are there chiral edge modes (reversible) on top of a
dissipative bulk (irreversible)?

cf., for single particle problems: Albert, Bradlyn, Fraas, Jiang, PRX (2016)
following Avron, Fraas, Graf, J. Stat. Phys. (2012); Avron, Fraas, Graf, Kenneth, New J. Phys. (2010)
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Different dynamics
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* unique ground state ® unique dark state
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Lindblad scenario
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dissipative topological superconductors: SD, Rico, Baranov, Zoller, Nat. Phys. (2011),
dissipative Tls: Goldstein, SciPost (2019); Shavit, Goldstein, PRB (2020)

Different dynamics

Hamiltonian scenario Lindblad scenario
@ | * unique ground state ® unique dark state
CU :
N H|D) =0 L.|D)=0 Va
Ex.: Chern insulator [ — ( ;:1 ) Ex.: diSSipatiVG Chern insulator
2
H :/% (dg - o) g Z/iﬂl Vitlo Vg E/ZT 0. lq Ly, = ¢I,251a Ls 4 =1y 5l5.
q q q
band 1 /
) ) \“—/
l1,x|D) = lg,x|D> =0 x A) e
band 2 AN
= « (micro) reversible / unitary e irreversible / dissipative
© e far from equilibrium: detailed
g, * thermal equilibrium (detailed balance) balance vﬂ)lated

Sieberer, Chiocchetta, Taeuber, Gambassi, SD, PRB (2015)

Op = —i[H, f] 0ip =ty (LapLl, — 3{LiLa,p})



Analysis of dark state Lindbladian

[ Many-Body Master J [ Keldysh functional J { VY wconowr VY )
Equatlon Integral ly =400 /\ /\ - contour /\ /\ to = —00

e strongly interacting problem, but dark state exactly known: self-consistent Born mean field approximation
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Analysis of dark state Lindbladian

[ Many-Body Master J [ Keldysh functional J { VY wconowr VY
Equatlon Integral ly =400 /\ /\ - contour /\ /\ to = —00

e strongly interacting problem, but dark state exactly known: self-consistent Born mean field approximation

t ZI ll _ O LT a 1= lTlPoﬂPTll
(L, L)t = <o  with o _
— 1 (Yo i)l = nijly

e effective action in single particle sector:
-‘- — =
L1,2 — lla L3,4 — l2 Y — ny =-y
e problem equivalent to linear Lindblad equation

Z ’Yq IOZJr - ZT l ,qla plT,qla,q] ’Vq — W‘dq|
a=1,2,q

e robustness: emergent dissipative single-particle dissipative gap: Yq=0 = YM

e after mean field approximation: particle number conservation masked / quantum symmetry spont. broken
(cf. Halperin-Hohenberg models with conserved charge: no quantum symmetry)

= |nterpretation: system acts as its own bath
= Quantization of the response? How does the system remember its number conserving origin?



Microscopic gauge-matter action: minimal coupling and response

e resolution: full functional integral knows about number conservation, lost only by approximation

= first couple to the gauge field, then do the approximations




Microscopic gauge-matter action: minimal coupling and response

e resolution: full functional integral knows about number conservation, lost only by approximation

= first couple to the gauge field, then do the approximations

e gauge theory: global U.(1) x U,(1) —>local U.(1) x U,(1)

e then, covariant derivative (minimal coupling)

8/ﬂpzt — (au o iAi)wj:




Microscopic gauge-matter action: minimal coupling and response

e resolution: full functional integral knows about number conservation, lost only by approximation

= first couple to the gauge field, then do the approximations

e gauge theory: global U.(1) x U,(1) —>local U.(1) x U,(1)

e then, covariant derivative (minimal coupling)

Opth+ — (Oy — 1AL )Y P O
k4

e resulting theory: /"" o —

Z — /D[¢*7¢]625f[¢*7¢714] ~ /D[w*’w]eiSSCB[w*awaA] — G%trlog[G_l[A]]

iS[A]

€

T

self-consistent Born Gaussian integration



Microscopic gauge-matter action: minimal coupling and response

e resolution: full functional integral knows about number conservation, lost only by approximation

= first couple to the gauge field, then do the approximations

e gauge theory: global U.(1) x U,(1) —>local U.(1) x U,(1)

e then, covariant derivative (minimal coupling)

0o+ — (O — 1AL )Y P O
o

e resulting theory: ,f.:"“ o —

7 /D[¢*7¢]6i5f[¢*,¢w‘l] ~ /D[w*’w]eiSSCB[w*awaA] _ Q%trlog[G_l[A]] — 5[4l
self-conlistent Born Gaussijn integration
e Electromagnetic response: all possible contributions in 1-loop approximation
S1AqA,] = / [% P (ApcOvApg  +Au 00 Ay ) + MB.B, + MzBﬂ Br = €;;0;Aj 1

= () = —1 quantised
= subleading Maxwell-like terms



Complementary symmetry analysis

microphysics macrophysics
Laughlin, PRB (‘ 981)‘ ¢
Key ingredients: Laughlin argument
physically: technically:
* adiabaticity > o many-body damping gap (replaces Hamiltonian gap)

® no particles lost on the way \: * U.(1) x U,(1) ‘strong’ invariance (number conservation)
)

e pure states (but see outlook e |arge gauge invariance (number quantization)

= universally in- and out of equilibrium



Complementary symmetry analysis

microphysics macrophysics
Laughlin, PRB (‘ 981)‘ ¢
Key ingredients: Laughlin argument
physically: technically:
* adiabaticity > o many-body damping gap (replaces Hamiltonian gap)

* no particles lost on the way \: * U.(1) x U,(1) ‘strong’ invariance (number conservation)
)

e pure states (but see outlook e |arge gauge invariance (number quantization)

= universally in- and out of equilibrium

Implications:
e standard Chern-Simons action emerges (dissipative corrections subleading in derivative expansion)
v
SCS[A] — 4— A_|_ dA_|_ — A_ dA_
T

= contour decoupled Hamiltonian structure w/ quantized coefficient on top of purely dissipative bulk
e Dbulk-boundary correspondence: sharp chiral edge models (subleading width)

W = vq + iDq2 v determined by Lindblad parameters



Topological field theory for mixed quantum states

Z. Huang, X. Sun, SD, PRB (2022)



Prerequisite: spectral and purity gaps

e setting: quadratic (lattice) fermion action (e.g. after mean field decoupling)

w_KT wc
S = /%bc,% ( . 2P >(¢q>

® robustness of classification scheme: 2 gaps boles of retarded Green’s function

(w—K)™" |w

e spectral gap: no zero modes of spectral matrix K = H — 1D A
>
e purity gap (fermions): no zero modes of Hermitian covariance matrix purely =X
Hamiltonian \
T [ dw 1 1 purely
p— <[¢a7¢b]> — —22/ 27‘(‘ (w — pr — KT dissipative

static single-particle correlations

* intuition of purity gap: two-band chiral model in 1D (SSH) R

7l = 1 pure state
'y = ng -0 7| <1

71, | = 0 purity gap closing

= chiral winding ceases to be well defined once there is a purity gap closing
= concept well defined in- and out of equilibrium
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Z. Huang, X. Sun, SD, PRB (2022)

Topological field theory for mixed states: approach

e assume spectral and dissipative gap => restrict attention to density matrix

e approximate density matrix by Dirac stationary state (‘modular Hamiltonian’: H not necessarily generator of
dynamics; equilibrium: G = H)

p=cC G- [VRGI 0= 00 tme {afal) =25,

1=1

e spatial gauge fields by minimal coupling of spatial derivatives:
0; — 0; + Z'A,f(t, X)
= thread flux in spatial directions

e temporal gauge fields by minimal coupling of time derivative:
Orp = —i(Afp— pAy) + L[p]  AF = /w* (%) A7 (£, %)P(x)

= thread flux in temporal directions

e object of interest: effective gauge response action S[A]

i [ At _GTAC] —i [T A~ i A9 __ATAC
Z[A] _ tr[e I5 dtAg o G[AS ]C Is thO] _ tr[e fth(ie CG[A,L]] _ eiS[A]
tl‘[ [A ]] tr[e_G[qu]]




Z. Huang, X. Sun, SD, PRB (2022)

Topological field theory for mixed states: approach

e assume spectral and dissipative gap => restrict attention to density matrix

e approximate density matrix by Dirac stationary state (‘modular Hamiltonian’: H not necessarily generator of
dynamics; equilibrium: G = H)

p=cC G- [VRGI 0= 00 tme {afal) =25,

1=1

e spatial gauge fields by minimal coupling of spatial derivatives:
0; — 0; + Z'A,f(t, X)
= thread flux in spatial directions

e temporal gauge fields by minimal coupling of time derivative:
Orp = —i(Afp— pAy) + L[p]  AF = /w* (%) A7 (£, %)P(x)

= thread flux in temporal directions

e object of interest: effective gauge response action S[A]

i [ At _GTAC] —i [T A~ i A9 __ATAC
Z[A] _ tr[e I5 dtAg o G[AS ]C Is thO] _ tr[e fth(ie CG[A,L]] _ eiS[A]
tl‘[ [A ]] tr[e_G[qu]]




Z. Huang, X. Sun, SD, PRB (2022)

Topological field theory for mixed states: approach

e assume spectral and dissipative gap => restrict attention to density matrix

e approximate density matrix by Dirac stationary state (‘modular Hamiltonian’: H not necessarily generator of
dynamics; equilibrium: G = H)

p=cC G- [VRGI 0= 00 tme {afal) =25,

1=1

e spatial gauge fields by minimal coupling of spatial derivatives:
0; — 0; + Z'A,f(t, X)
= thread flux in spatial directions

e temporal gauge fields by minimal coupling of time derivative:
Orp = —i(Afp— pAy) + L[p]  AF = /w* (%) A7 (£, %)P(x)

= thread flux in temporal directions

e object of interest: effective gauge response action S[A]

Z14] = trfe’ Jo dtAg , —G[A?]c —i [T thO_] _ tr[eifﬁdtﬁl?ie—cé’[Af]]
tl‘[ GA; ]] tr[e_G[qu]]




Z. Huang, X. Sun, SD, PRB (2022)

Topological field theory for mixed states: toy example

e topological field theory in 0+1 dimensions: single fermion mode

A

H= mzﬁ%@ stationary state p = e~ PH B=1/T
e gauge field: minimal coupling, only O-component ag = ]{thg

e partition function and effective action can be computed exactly

Z]A9] = (15143 S[AY] = —Lag + FE Re{ 2 In[cos(%) 4 i tanh(Z2) sin (%))}

= reduces to (0+1) Chern-Simons term at T =0:
(48] = 3(-1 + sign(m)] $ 45(0)

= but preserves topology for any T: large U(1) gauge transformation produces quantized coefficient

ag — ap + 2 = S|2FT?T = 27l1[—1 +sign(m))] € 2nZ

e generalisation to 2n+1 dimensions: Dirac Hamiltonian

H= /dQ”xﬂT(x)Hgﬁ(x) H = Z@'Oéi + ma?" T {o/:, oﬂ} = 20;; /5 — e—BH

=1

= topological contribution to effective action computed exactly based on the Atiyah-Singer index theorem
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Topological field theory for mixed states

e starting point Dirac stationary theory in arbitrary dimension (eq./neq.)

e compute the full topological contribution to the real time electromagnetic response (e.g. odd spacetime dim.)

spatial gauge field dependence
only dim.less ratio: 1

urity ga ConlA;] = S . A, O A
aoz%thg purity gap 2 (27)n! w14 m n

/ / Chern character density

S p— Ch % dtdan Z[CLO ’ 5 | T H C(Qn) c [A’L] —|— (terms from current conservation)

temporal gauge field dependence

-
Chern number <-> mixedness of <-> external magnetic
<-> topology of state Z(ao, 8|ml) = —2iIncos( > 5 °) + Ztanh(5|?‘)81n(zo)]

e non-linear in temporal gauge field

= |inear response observables non-quantized (for mixed states)
e reduction to standard result for pure states 511_{11 Tlag, Blm|] = ao

@)

= |inear response observables quantized for pure states (ground or not)

e number quantization: large U(1) invariance T[ao + 27, Bim]] = Z]ag, B|m|] + 27

: _ generalizes ‘ensemble geometric phase’
= non-linear response observables can be quantized Bardyn, Wawer, Altland, Fleischauer, SD PRX (2017)
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<-> topology of state Z(ao, 8|ml) = —2iIncos( > 5 °) + Ztanh(5|?‘)81n(zo)]

e non-linear in temporal gauge field

= |inear response observables non-quantized (for mixed states)
e reduction to standard result for pure states 511_{11 Tlag, Blm|] = ao

@)

= |inear response observables quantized for pure states (ground or not)

e number quantization: large U(1) invariance T[ao + 27, Bim]] = Z]ag, B|m|] + 27

: _ generalizes ‘ensemble geometric phase’
= non-linear response observables can be quantized Bardyn, Wawer, Altland, Fleischauer, SD PRX (2017)
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Observable topology in mixed quantum states

e physical interpretation: ensemble geometric phase position operator
27T A ZQ—WX XA - AT o~ . .
S[CLO («75) — TCU] = ImInTr ( pe" £ — £LiC; Cy (1+1 dimensions)
)
e detection: Mach-Zehnder interferometer ‘1>
Sjoequvist et al., PRL (2000)
A (b) ----

u<8i>®zf\+(6§< 8)@1 U=eT 4 E %&DN B

interferometer  fermion system
. .. O OOT kout
® signal e.g. in interferometer arm | > % : - °o ‘O>
—i iskX ¢ kin *7e
trle”"XpU + h.c.| ~ cos[xy — arg(e""" )] N
: e 1D fermi t
* mesoscopic setup for reasonable visibility (N ~ 40) ermion system
Ok = f — ez(kin — kout)
e alternative: full counting statistics of position operator Z. Huang, SD, arxiv (2024)
R , . real space Fourier space
P(z) = Tr[pé(z — X)) = / dge =" tr[pe’tX]  [Tew o e
g...- Sl | by
—> Fourier component g = 2% P . : o e d
0 'l .:.u..._——l-.'.'.l —11—0 - -

0 W mod 50
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Summary & perspective: Topology out-of-equilibrium

* topological states can be prepared by targeted non-equilibrium cooling @_\
[ J

® topology provides robust ordering principle

= ‘topology beats dynamics’: pure eg. vs. neq. states feature Chern-
Simons response

= ‘topology beats mixedness’: non-linear quantised observables exist

for stationary state in- and out-of-equilibrium

d= d=2
BDI /AR
. . . . . D T, € =-=~ 7
e gquantised topological order parameters for entire periodic table o ZZZ .
2V~ 27
Al 7,
Z. Huang, SD, arxiv (2024) al e I
C \\;:....
® novel entropy driven topological phase transitions in mixed quantum states?
(b)
ShiE SEENER
* connection to error thresholds in stabilizer codes? WISt
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